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Introduction

A central problem in probability theory and statistical physics is to understand how large
interacting systems relax to equilibrium. For linear Markov chains (Glauber dynamics,
Kawasaki dynamics, and their relatives) this question has a rich theory, with spectral
gaps, logarithmic Sobolev inequalities, and coupling methods providing sharp quantitative
answers. These chains are also the standard tool for sampling, where the same estimates
that describe relaxation to equilibrium bound the cost of the algorithm, and they have the
further advantage of being simple to implement. This thesis addresses the same question for
a class of nonlinear evolution equations. We consider Boltzmann-type evolution equations

of the form
dps
dt

where p; is a probability distribution on a configuration space €2, and the collision product

=DPtopt — Pty (0.1)

pt o py is defined through a probability kernel Q(7 | 0,0’). The kernel takes as input
two independent configurations o, 0’ € 0, each sampled from p;, and produces an output

configuration 7 € €, with law

pop(r) = [ pdo) [ () Q(r [ 0,0, (02

A classical example is Kac’s caricature of a Maxwellian gas [Kac59], which captures
essential features of the Boltzmann equation [Bol72] in a simplified setting; see also [Bas+22]
for a discrete version of Kac’s model. Such nonlinear equations admit a natural probabilistic
representation in terms of random binary trees [Wil51; McK67]. A key structural property
is the existence of comservation laws, associated to quantities that remain invariant under
the collision product. Each conservation law gives rise to a family of stationary measures,
which determine the possible limiting distributions of the dynamics.

For instance, in Kac’s model, where €) = R is the set of one-dimensional velocities and
collisions conserve the kinetic energy, for any initial distribution py on R with mean zero
and finite variance one has convergence to the centered Gaussian distribution with the same
variance as pg. Understanding the rate of convergence to equilibrium has been a longstanding
question, and even in this simple setting it presents significant challenges [Kac56; Vil02;
Vil03; Car+10; DGR09].

In this work we focus on a combinatorial counterpart of the Boltzmann equation, where

Q) is the Boolean cube, and the analogue of the Maxwellian equilibrium is played by a high-



dimensional Gibbs measure, such as the Ising model on a graph. At infinite temperature,
the model reduces to a version of the recombination equations commonly studied in
population genetics [RSW92; RRS98; CP24]. When interactions are present, however, the
system becomes substantially richer, and analyzing its convergence to stationarity raises
new challenges. This thesis develops a quantitative theory of convergence to equilibrium

for two important families of Gibbs measures: the Ising model and the Hardcore model.

0.1 The models

We consider two models from statistical physics: the Ising model and the Hardcore model.
Both were introduced as toy models to describe mathematically physical phenomena known
as phase transitions. Their mathematical study has since attracted interest across several
fields of research, including probability theory [Mar97; Geoll; FV17], computer science
[Wei06; Sly10; GSV16], combinatorics [BW99], and social science [Kel85; CFL09)].

Both models belong to the family of graphical spin systems, which model interactions
through a graph. Given a graph G = (V, E), the states of the system are called configurations
o = (04, 1 € V), consisting of an assignment of a value o; from a list S, called spin, to each
vertex of the graph, which in our case will take the form S = {—1,+41} for the Ising model,
where spins represent the magnetic moment of a particle, and S = {0, 1} for the hardcore
model, where spins represent occupation, with 1 indicating the presence of a particle and 0
its absence. A statistical weight is then assigned to each configuration, depending on the
interaction between spins along the edges of the graph.

We now present each model with its precise mathematical definition. Throughout, we
use the notation [n] = {1,--- ,n} to identify the set of vertex of the graph V' = [n] of the
underlying graph.

0.1.1 Ising Model

The Ising model is one of the most studied models in statistical mechanics. It plays a key
role in the rigorous understanding of phase transitions. We refer e.g. to [FV17; Dum23]
for background and key facts.

The model is defined as follows. Let @ = {—1,1}" denote the set of spin configurations.
The Ising model is defined through the Gibbs distribution

1

- I~ OO ) e
pan(o) = 70 exp(2zz7je[n]Jw0203 + Zze[n}hzaz) , o€ Q, (0.3)

)

where J = (J; j); je[n is the interaction matrix, h = (h;);c[y) is the external magnetic field,
and Zjj is the partition function ensuring normalisation, so that jjj is a probability
measure over (). We assume that J is a real symmetric matrix and h is a real vector. When
h = 0 we simply write ;.

When J = aAg, where a € R and Ag is the adjacency matrix of an undirected graph
G with n vertices, then p ;) represents the Ising model on the graph G' with external field



h and interaction strength a. If ¢ > 0 the model is called ferromagnetic, while it is called
antiferromagnetic if a < 0.

A classical example is the Curie-Weiss model (or mean-field Ising model), where the
interaction matrix is given by J; ; = B/n for all 4, j € [n], with § > 0 denoting the inverse
temperature. This corresponds to the Ising model on the complete graph with interaction
strength a = /n. Other examples include disordered systems such as the Sherrington—
Kirkpatrick model, where J; ; = %gij, where ¢;; = gji, 1 < j, are i.i.d. standard normal
random variables, or the Ising model on a random d-regular graph with interaction strength
a € R, where d > 3 is a fixed integer, in which case J = aAg, where A is the adjacency
matrix of a random d-regular graph with n vertices.

It is well known that if the interaction is sufficiently weak, the Gibbs measure exhibits
rapid decay of correlations, and the system can be sampled efficiently through Markov
chain algorithms such as Glauber dynamics; see [Mar97] for a comprehensive review in the
case of the integer lattice. Weakness of the interaction can be formulated in several ways.
A classical approach is to use a Dobrushin condition, see [Dob68]| and [Hay06]. We also
refer to [CLV23; Bla+22] and references therein for some recent extensions based on the
concept of Spectral Independence introduced in [ALG21].

Here we study a nonlinear counterpart of the above classical results. That is, the linear
evolution represented by a Markov chain such as Glauber or Kawasaki dynamics, in our
case will be replaced by the quadratic evolution defined by a dynamical system such as
(0.1).

We shall see that for a natural class of collision kernels, whose definition depends on J,
one can obtain a general convergence result stating that the nonlinear process converges, for
all initial distributions, to the target Gibbs measure (0.3) for a suitable choice of external
fields h. Here an important role is played by the conservation laws of the dynamical
system. Moreover, we shall obtain quantitative convergence statements under a suitable
weakness hypothesis on the interaction J. Our results for the Ising model are obtained in

collaboration with P.Caputo and have recently appeared in the paper [CM25].

0.1.2 Hardcore Model

In this model, a configuration assigns to each site an occupation variable o; € {0,1},
subject to the hardcore constraint: no two adjacent sites can be simultaneously occupied.
In other words, a configuration is an independent set of the graph G.

Formally, given a graph G = (V, E) with |V| = n, let Q¢ denote the set of independent
sets of G, i.e. configurations o € {0,1}" such that o;0; = 0 for all {i,j} € E. The Gibbs

measure with parameter A > 0 is

lo|
MG,)\(U) = Z)C\l()\)

1(0 € Qg), lo| = >; 04, (0.4)

where Zg(A\) = > ,¢cq o Nl is the partition function, which normalizes the measure. The



parameter A plays the role of a fugacity: larger values of A favor configurations with more
occupied sites. In analogy with the weak interaction regime for the Ising model, one can
find a low-fugacity regime, often called the uniqueness regime for the hardcore gas, such
that the model exhibits rapid decay of correlations and natural randomized algorithms
such as Glauber dynamics provide efficient sampling, see e.g. [ALG21; CLV23|.

In this setting, the uniqueness threshold is given by

(A—1)21

Ac(A) = A28

(0.5)
where A denotes the maximum degree of G.

This value can be understood as the critical fugacity of the infinite A-regular tree:
for A < A¢(A) there exists a unique infinite-volume Gibbs measure, while for A > \.(A)
uniqueness fails, marking the presence of a phase transition [Kel85]. This threshold is also
sharp from a computational perspective, see [Wei06] and [Sly10; SS12; GSV16]. We refer
to Section 0.4 for a full explained computational picture.

In our work, we shall develop a nonlinear counterpart to the above picture. Namely, we
study convergence to stationarity of a nonlinear process of the form (0.1), for a collision
kernel, whose definition depends on the graph G, that will guarantee the convergence
to the Gibbs distribution (2.1) for a suitable choice or A\. As we will see, the collision
conserves the initial density and thus, given any initial distribution p on ¢, we obtain
convergence to the target ug , where A is such that ug )\ and p have the same density
a. This picture holds provided o < 1/(A + 1). Moreover, we shall derive quantitative
convergence results in the uniqueness regime, that is for initial densities corresponding to
a fugacity A < A\¢(A). The conservation law also makes these dynamics natural candidates
for sampling: since the density is preserved along the evolution, the process converges to
the target measure without any knowledge of the corresponding fugacity, which is precisely
the situation one faces when the model is parameterized by its density rather than by A.
Direct simulation of the nonlinear evolution is prohibitively expensive, but this can be
bypassed by approximating it with a finite particle system, which yields polynomial-time
samplers both at prescribed density and, using a different collision kernel, at prescribed
marginal vector. We discuss this in Section 0.4. All our results for the hardcore model are
obtained in collaboration with P. Caputo, Z. Chen, M. Abbaszadeh, and A. Sinclair, and
is appeared recently in the paper [Min+26].

0.2 Exchange dynamics

To define equation (0.1) for these models, it is convenient to work with the following version
of the kernel @ introduced in (0.2). Rather than specifying only the law of the output

configuration 7, we prescribe the joint law of the pair (7, 7’) produced by the collision: this



is encoded in a kernel Q(c,0’;7,7), related to @ by
Q(r|o,0')= Z Q(o,0's7, 7).

Working at the level of pairs is natural for exchange dynamics, where (7, 7’) is obtained from
(0,0’) by swapping spins, and makes the conservation laws of the dynamics transparent.

The precise definition of the kernel @ will be given in later sections. For the moment,
let us only observe that Q consists of two main ingredients: a mechanism, which prescribes
how the new pair (7,7’) is generated from (o, 0’) and encodes the conserved quantities
of the system, and a rate, which determines the likelihood of each such transition as a
function of the current configurations. These nature of the kernel determines the family of
stationary measures of the nonlinear process.

We focus on exchange models: when two configurations o and ¢’ collide, they produce a
new pair by exchanging one spin of o with one spin of ¢’. For the hardcore model we allow
exchanges between oy, o, where k, £ are pairs of sites chosen uniformly at random. In the
case of the Ising model we have an additional layer of structure, in that we exchange oy, 0y,
where ¢ € [n] is chosen uniformly at random, and & is chosen according to the distribution
K(4,-), where K is a symmetric stochastic matrix, the transport kernel.

Two transport kernels play a central role in this thesis. The single-site model corresponds
to I = I, so that only spins at the same site may be exchanged. The mean-field model
corresponds to K(¢, k) = 1/n for all ¢, k, so that every pair of sites is exchanged with
equal probability. Both are special cases of the multi-component mean-field model: given a
partition A of the site set [n], the kernel K 4 allows exchanges uniformly within each block
of A and forbids exchanges across different blocks. See Subsection 1.1.1 for a detailed
definition.

In the Ising model, the proposed exchange is accepted with a probability that depends
on the Gibbs weights of the configurations involved in the swap, chosen so as to make
the kernel Q reversible with respect to the product pjy ® py. In the hardcore model,
the exchange is accepted whenever it produces two valid independent sets, and rejected
otherwise. In both cases the collision kernel O satisfies the detailed balance condition with
respect to the product of two copies of the target Gibbs measure, which guarantees that
every measure in the target family is a stationary solution of equation (0.1).

We refer to later sections for a detailed discussion. For the time being, we point out
that in both models the total spin count is conserved by each collision. It follows that in the
hardcore model the density a(p;) = LEq~p,[|o|] is a conserved quantity, and the nonlinear
dynamics will converge to the unique stationary distribution of the form (2.1) with the same
density as the initial distribution pg. Similarly, in the Ising model with transport kernel
K 4, the dynamics preserves the A-magnetization profile m 4(p;), defined as the vector of
average magnetizations within each block of A, and the nonlinear dynamics will converge
to the unique stationary distribution of the form (0.3) with the same magnetization profile

as the initial distribution pg.



0.3 Main results

We now state the main results of the thesis. We present them for the two models separately,

following the order in which the arguments are developed.

0.3.1 Qualitative convergence.

The first result establishes that, for the Ising model, the exchange dynamics always converges,
regardless of the interaction strength. The notion of convergence we use throughout is the

total variation distance, defined for two probability measures p,q € P(Q2) by

Ip—dllrv = 5 3 Iplo) — a(o)].
A=Y

Theorem 0.1 (Convergence — Ising model, informal; see Theorem 1.5). Let J € R™*"™ be
any symmetric interaction matriz and let K be any symmetric stochastic matriz with irre-
ducible components forming a partition A. For any initial state py whose A-magnetization

profile is non-degenerate, the solution p; of the nonlinear exchange dynamics (0.1) satisfies
lpt — panllry — 0 ast — oo,

where h is the unique external field, constant on each block of A, such that pjy has the
same A-magnetization as pg. Moreover, the A-magnetization profile is constant along the

evolution.

Theorem 0.2 (Convergence — hardcore model, informal; see Theorem 2.2). Let G be any
graph with mazimum degree A > 3. For any initial state po with density a(pg) € (0, ﬁ),

the solution p; of the mean-field hardcore exchange dynamics satisfies
lpe — papllTy — 0 ast — oo,

where A = A(po) is the unique fugacity such that pg \ has density a(pg). Moreover, the

density is constant along the evolution.

We note that Theorem 0.2 holds for densities up to 1/(A + 1). This is optimal since
already with density & = 1/(A 4 1) one can have an example violating the convergence in
Theorem 0.2. For example, take the complete graph with A 4 1 vertices and consider the
probability measure which gives mass 1/(A + 1) to each singleton. In this case one has
a(p) = 1/(A + 1) and the system is frozen at the initial state with p, = p for all ¢ > 0.

The proofs of both theorems rest on a common strategy. The first ingredient is the
H-theorem: the relative entropy is non-increasing along the dynamics for any fixed Gibbs
measure pu, and the monotonicity is strict at a non-stationary state. The second ingredient
is an rreducibility property: along any trajectory, the probability of every configuration

eventually becomes and stays uniformly bounded away from zero. Together, these two



facts force convergence to the unique stationary state selected by the conserved quantity;
see Section 1.2 for the Ising Case and Section 2.2 for the Hardcore Case.

This approach to the convergence of quadratic systems has its roots in the classical
theory of the Boltzmann equation and the subsequent developments in the context of
Mass Action Kinetics [Feil9]. In our context it was used by [RSW92] for non-interacting
recombination models, and was subsequently developed in [CS24b] for the interacting
single-site Ising dynamics. In both cases the argument to obtain the irreducibility relies on
a fragmentation structure that is available only when exchanges are restricted to spins with
the same label. When the transport kernel IC allows exchanges between spins at different
sites, a new difficulty arises: the fragmentation alone is no longer sufficient, and must be
combined with a mixing step induced by K within each block of the partition A. For the
Ising model our analysis covers all symmetric transport kernels.

For the hardcore model the proof of irreducibility is rather different. A key feature of
the irreducibility argument for the Ising model is that it can be reduced to the convergence
of the same model in the non-interacting case J = 0, which is simple and tractable. This
reduction is not available for the hardcore model: the hard exclusion constraint cannot
be relaxed, and there is no simple non-interacting limit to compare the system with. The
irreducibility argument therefore requires genuinely new combinatorial ideas, developed in
[Min+26] for the first time; see Subsection 2.2.2.

0.3.2 Quantitative entropy decay.

The qualitative convergence results stated above give no information on the speed of
convergence. A natural quantity to measure this speed is the relative entropy (or KL-
divergence) of p; with respect to the target Gibbs measure: for v, u € P(£2),
v
Z v(o) logﬂ if v < p,
H(v | p) =4 octh u(o)

400 otherwise,

(0.6)

where v < i denotes absolute continuity of v with respect to u. By Pinsker’s inequality,

Ipe — pllFy < 3 H(pe | 1),

the decay in relative entropy also implies decay of total variation distance to stationarity.
A classical feature of nonlinear dynamics of Boltzmann type is that relative entropy is
non-increasing along solutions; this is the content of the celebrated H-theorem, which
has been at the heart of kinetic theory since Boltzmann’s original work. The H-theorem
identifies H(p; | 1) as a Lyapunov functional, but does not by itself say at what rate this
functional decays.

Exponential decay of the relative entropy H(p; | 1) is equivalent to a functional inequality

relating H(p; | p) to its time derivative, which gives rise to a nonlinear variant of the



so-called modified logarithmic Sobolev inequality (MLSI). Establishing such nonlinear MLSI
inequality is notoriously difficult: in the Boltzmann setting, this is known as the Cercignani’s
conjecture, whose investigations led to impressive developments in the last few decades,
see e.g. [Vil03].

In the linear Markov chain setting, by contrast, the corresponding family of inequalities,
namely the standard log-Sobolev inequality and its modified version, is one of the most
studied tools for quantifying convergence to equilibrium of Markov chains; see e.g. [DS96;
Mar97; CP07; CDP09; Cap23] for an introduction. In recent years there has been substantial
progress [BB19; Ana+21; CP21; Bla+22; HS23; CE22; CS24a; BBD24a).

Our approach is to bridge the nonlinear and linear settings via Kac’s program [Kac56;
Car+10; MM13]: we will show that a nonlinear MLSI for the dynamics p; can be deduced
from a (uniform-in-N) linear MLSI for an associated N-particle system. This reduces the
nonlinear inequality to a linear one, at the price of having to deal with a high-dimensional

setting.

The main quantitative contributions of this work are the following two theorems, one

for each model.

Theorem 0.3 (Entropy decay — Ising model, informal; see Theorem 1.7). Let J € R™*™ be
nonnegative definite with largest eigenvalue \(J) < %, and let J = max; > |Jij|. For any
partition A of [n] and any initial state pg, the solution p; of the nonlinear multi-component

mean-field Ising exchange dynamics satisfies

H(ps | pgn) < H(po | pyp) e ™™, t>0,

where h is the unique external field compatible with the A-magnetization of pg, and the rate
satisfies )
r> (- 2A(J))% e 187,
For the next result we introduce the critical density

Ac(A)

@(B) =17 (A+DA(A)’

(0.7)

This corresponds to the occupation ratio of the complete graph with A + 1 vertices for the
hardcore model with fugacity A.(A), see [DP23].

Theorem 0.4 (Entropy decay — hardcore model, informal; see Theorem 2.4). Let G be a
graph with mazximum degree A > 3. For any 7,0 > 0 and any initial state pg with density
a(po) € (7, (1 = 0)ae(A)), the solution p; of the mean-field hardcore exchange dynamics
satisfies

H(p; | pan) < e "™ H(po | pa,n),

for a rate r = r(~,0,A) > 0, where A\ = X(pg) is the unique fugacity matching the density
of po-



The rate in Theorem 0.3 is of order 1/n, which is optimal: even at zero interaction

(J = 0), the relative entropy cannot decay faster than e~¢/"

for some constant ¢ > 0;
see [CS24b]. It is also uniform over all choices of partition A and all values of the conserved
magnetization. To our knowledge, Theorem 0.3 is the first instance of a high-dimensional
interacting spin system for which Kac’s program can be fully implemented quantitatively,
yielding uniform exponential relative entropy decay independent of the conserved quantities.
It is worthy of note that this situation is in sharp contrast with the classical Boltzmann-Kac
model in kinetic theory; see [Kac56; Vil02; Car+10].

Both theorems are proved by implementing Kac’s program: one lifts the nonlinear
equation to a linear mean-field N-particle system, proves a uniform MLSI for it, and
transfers the estimate back to the nonlinear equation as N — oo via Entropic and Fisher
Chaos, which in turn are based on the Local Central Limit Theorem. The two models
require different constructions of the particle system and different methods to establish the
MLSI, reflecting their different structures.

For the Ising model, the N-particle system is a reversible Markov chain on {—1, +1}V"
whose invariant measure is ,uGJZ’N conditioned on a fixed A-magnetization profile, the multi-
canonical Ising measure. Inspired by recent work on Kawasaki dynamics [BBD24a], we
derive the uniform MLSI for this system (Theorem 1.10) by using stochastic localisa-
tion [CE22; BBD24b]. This technique allows us to decompose the multi-canonical measure
into a mixture of simpler measures, for each of which the the MLSI can be derived from
log-concavity of the associated generating polynomials [CGM21; Ana+22] ; see Subsection
1.4.3 and Subsection 1.4.4. The quantitative transfer between components uses entropy
factorisations in the spirit of the recent work [CCP25].

For the hardcore model, the N-particle system is a Kawasaki-type exchange dynamics
on fixed-size independent sets of the disjoint union of N copies of G. Following the recent
works [Jai+23; JPV26], we prove the MLSI for this exchange dynamics by first reducing
the density to a low-enough value, and then by proving a Log-Sobolev inequality for the

Down—Up walk on fixed-size independent sets; see Section 2.4.

0.3.3 Wasserstein contraction.

Alongside the entropy-based results, we establish exponential decay in the L!-Wasserstein

distance induced by the Hamming metric. Recall that the Hamming distance between two

configurations 0,0’ € Qis |Dy /| = #{i € [n] : 0; # 0}}; the corresponding Wasserstein
distance on P(€2) is

Wi(p,q) = inf 7(0,0") | Dy o], 0.8

)=t 3 700 IDecd 05)

where I'(p, q) is the set of couplings of p and ¢. This distance is methodologically significant
for two reasons. First, unlike the total variation distance — which, as noted in [CLL25],
need not be monotone along the nonlinear dynamics — W is monotone decreasing along

the nonlinear evolution, making it a natural Lyapunov functional. Second, the proof



is direct: it rests on an explicit coupling of two solutions starting from different initial
conditions, without any auxiliary particle system or functional inequality. Kac’s program,
by contrast, requires a Local Central Limit Theorem, a uniform MLSI for the N-particle
system, and Entropic Chaos estimates. The two approaches are thus complementary:
Wasserstein contraction is simpler and self-contained; on the other hand, entropy decay
requires more work while covering a larger temperature range in the Ising model, and a

larger density range in the hardcore model.

Theorem 0.5 (Wasserstein contraction, informal; see Theorems 1.11 and 2.3). The

following exponential decay in W1 holds.

+ (Nonlinear multi-component mean-field Ising Model.) If J = max; Y |Ji;| < %, then

for any initial state po,
Wi (e, pran) < Wilpo, pan) e =™, e=3(1-10J),

where h is the unique external field compatible with the A-magnetization of pg.

o (Nonlinear Hardcore model.) If a(py) < m, then

Wi (e, pan) < Wilpo, pan) e s/, e=1-3(A+1)a(po),

where X = X(pp) is the unique fugacity matching the density of po.
We remark that, in both cases, one has

Ipe — pllry < ne st/m,

since ||p — qllrv < Wi(p,q) < n for all p,q € P(2). The rate ¢/n has the correct n-
dependance: even at zero interaction, the bound decays no faster than e=°/" for some
constant ¢ > 0; see [CS24b; RRS98]. For the Ising model, Wasserstein contraction requires
J < 1/10, which is more restrictive than the A(J) < 1/2 of Theorem 0.3, so entropy decay
covers a strictly larger regime at the cost of a deeper analysis. Similarly, for the hardcore
model, the Wasserstein condition on the density is more restrictive than the density range

in Theorem 0.4.

0.4 Sampling Hardcore Model with nonlinear dynamics

Sampling from discrete high-dimensional distributions is a fundamental problem in computer
science. Many important applications, such as statistical estimation, causal inference, and
experimental simulation, rely on massive samples drawn independently and approximately
from a complex target distribution. Developing fast samplers for general distributions is
thus a crucial task. In this thesis we focus on the hard-core model, and in particular on the

sampling problem associated with nonlinear dynamics.
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One of the most popular methods for generating samples approximately from a target
distribution is the Markov Chain Monte Carlo (MCMC) method. This involves simulating
a suitable Markov chain for a sufficiently long period and outputting the final state. Among
the various MCMC methods, Glauber dynamics, also known as the Gibbs sampler, is a
standard approach widely used in many applications. At each step, this dynamics picks a
random coordinate and updates it according to the conditional marginal distribution with
all other coordinates fixed.

The Glauber dynamics for the hard-core model has a simple description. If the current
state is o € Q¢, we pick a vertex v € V uniformly at random and let o/ := o U {v}. If
o' ¢ Q¢, then we set the new state T = o; otherwise, we set 7 = ¢’ with probability IJ%A,
and 7 = ¢’ \ {v} with the remaining probability 1%\ It is easy to verify from elementary
Markov chain theory that this process is ergodic (i.e., irreducible and aperiodic) and
converges to the Gibbs distribution pc \ as the number of updates tends to infinity. Its
utility as an algorithm for sampling from pg \ thus depends on its rate of convergence.

Let A be the maximum degree of the graph. Recent research has determined the exact
threshold A.(A) as in (0.5) for the phase transition between fast and slow convergence of
the Glauber dynamics. Specifically, the Glauber dynamics converges rapidly whenever
A < A(A) [ALG21; Che+22; CE22; Che+25], and can be exponentially slow when
A > A(A) [MWWO09].! Here, the speed of convergence is characterized by the mizing
time, which is the time until the distribution of the chain is close to pg » in total variation
distance. Thus, Glauber dynamics provides an efficient sampling algorithm for the hard-core
model at all fugacities A < A\ (A).

While fugacity is the classical parameterization of the hard-core model in statistical
physics, many modern applications actually call for alternative parameterizations in terms
of the density or occupancy probabilities of vertices in the independent set. The density of

the hard-core model, defined as

1
o = OZ(MG,A) = HEMG,AHO’Hv

describes the average (normalized) size of an independent set drawn from the hard-core
model.?2 The map \ — a(pa,y) is strictly increasing and gives a one-to-one correspondence
between the fugacity A € (0,00) and the density « € (0, imax/n), Where ipay is the size of
a largest independent set; see Appendix B.1.2. Thus, we can alternatively parameterize
the hard-core model using « and represent its Gibbs distribution as ug. This approach
is applicable when we want to sample at a specific density but do not have access to the
corresponding fugacity.

We can extend the density to a finer parameterization in terms of the vector of marginal

occupation probabilities of the vertices. To introduce this, we first consider a generalized

!This computational phase transition actually coincides exactly with a physical phase transition on the
A-regular tree, defined by the onset of long-range correlations between vertices in the independent set; see,
e.g., [Weil6].

*Throughout, we write n = |V| for the number of vertices in G.
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version of the hard-core model in which each vertex has a distinct fugacity. Given a vector

of positive fugacities A = (A, )vey € (0,00)", we define the Gibbs distribution as

II X where Zg(A):= > [ Mo

vioy=1 0€Qq vioy=1

NG,/\(U) = ch()\)

If A\, = A for all v € V, we recover the hard-core model ji )\ with uniform fugacity A\. We

now define the marginal vector m = (m,)ycv € (0,1)" as

my= _Pr (o,=1).
O~UG A
Analogously to the bijection between fugacity A and density o mentioned above, there is
also a one-to-one correspondence between the fugacity vector A € (0,00)" and the marginal
vector m € Pfy; see Appendix B.1.1. Here, Pig denotes the independent set polytope (i.e.,
the convex hull of vectors in €2g), and Ppg its interior. Therefore, the hard-core model
can alternatively be parameterized using the marginal vector m, with associated Gibbs
distribution denoted by ug%.

In this thesis, we study the sampling problem when we are given either the density a or
the marginal vector m, while the corresponding fugacity A or, respectively, fugacity vector
A are unknown to us. The Gibbs distribution pu@ or ¢ is known as the maximum entropy
distribution: it is the unique distribution supported on ¢ that achieves maximum entropy,
when either the density or the marginal vector is fixed [Jay57a; Jay57b]. Maximum entropy
distributions have been extensively studied for their applications in exponential families,
machine learning, and combinatorial optimization: see, e.g., [Kap89; WJ08; OSS11; SV14b;
Asa+17; SV19; CKV20; MSP22] for representative examples.

As a concrete toy example, consider a social network in which edges between two
people represent mutual friendships. We want to select a committee from a distribution
that is “as random as possible” (to prevent predictability or manipulation), subject to the
constraints that no two selected individuals are friends and that each individual v is chosen
with a given probability m, (e.g, one important scenario is to set m, = ¢ uniformly across
individuals, thereby ensuring fairness of the selection). To achieve this, we should sample
from the maximum entropy distribution over independent sets with marginal vector m,
which corresponds to the Gibbs distribution pg%.

It is important to note that, without access to the fugacity parameter(s) A or A, we
cannot implement the Glauber dynamics for the hard-core model specified by a density «
or a marginal vector m. Indeed, the classical approach to this problem is to first estimate
the fugacity parameter(s) given the density or marginals, and then use Glauber dynamics.
This approach is known as solving the “inverse problem”; and is well studied; see [NZB17]
for a survey and [SV14b; BGS14; Mon15] for related results. Solving the inverse problem
is in general a complex learning task relying on methods such as bisection or gradient
descent, and involves tuning multiple parameters and the use of sampling or inference as

subroutines. In the appendix, we sketch these approaches in the context of the hard-core
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model and compare them with our new algorithms.

This discussion motivates the central question we aim to address in this thesis, namely:

o Is there an efficient and easy-to-implement stochastic process that samples directly

from the hard-core model with a given density or marginal vector?

0.4.1 Nonlinear dynamics as Gibbs sampler

To address the algorithmic question above we consider a discrete time version of (0.1)
specialized to independent sets. Namely, one iteration of the discrete-time dynamics is

described by the quadratic map

T:pr—pop:= Z p(a)p(a) Q(- | o,0"), (0.9)

0,0 €QG

where @ is based on exchange dynamics described in Section 0.2. For our sampling problem,
we consider two different types of exchange collision kernels: mean field, suited for the
density parameterization, and the second, single site is suited to the marginal vector
parameterization. Recall that the mean-field kernel allows exchanges between any pair of
vertices, while the single-site kernel only allows exchanges at matching vertices. We call
the associated nonlinear dynamics, defined as in (0.9), the mean-field and the single-site

dynamics respectively, and denote their one-step maps by Ti,¢ and Tg.We refer to Figure 1

for an illustration.

’ .0.
mean-field

— v
o<:>o : o
g exchange
p c<>¢ <Z>o v o
u u

Figure 1: An illustration of the mean-field (left) and single-site (right) exchange kernels.

exchange

v
<
O single-site
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We can now explain why nonlinear dynamics are well suited to the sampling problem
we want to solve. First, updates in nonlinear dynamics do not require knowledge of
the fugacities. Second, as follows directly from the definitions of the corresponding
collision kernels, the mean-field dynamics preserves the density, i.e. a(Tne(p)) = a(p)
for all distributions p over )¢, while the single-site dynamics preserves the marginal
vector, i.e. m(T(p)) = m(p); see Lemma 2.11 for the mean-field case. Moreover, both
dynamics converge to a Gibbs distribution, a non-trivial fact stated in Proposition 0.6
below. Consequently, when initialized with the desired density or marginal vector, they

converge to the corresponding maximum entropy distribution.
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Proposition 0.6 ([Min+26]). Consider the mean-field and single-site nonlinear dynamics

on independent sets in a graph G = (V, E) of mazimum degree A.

(1) If p is a distribution on Qg with density o = a(p) satisfying 0 < a < ﬁ, then

Jim T3 (p) = pigy.
(2) If p is a distribution on Qg with marginal vector m = m(p) satisfying 0 < m, < ﬁ
forallv eV, then
Jlim T (p) = g3

We omit the proof, which amounts to establishing an irreducibility property for the
discrete-time process: for all large enough times, every state is reached with positive
probability, uniformly over the initial distributions. For the mean-field kernel, this property
is proved in the continuous-time setting in Section 2.2.2, and the argument adapts easily
to discrete time; the single-site kernel is handled similarly. Full details can be found in
[Min+26, Propositions 3.5 and 3.7], for the mean-field and the single-site case respectively.

While nonlinear dynamics in principle provide a simple and elegant solution to our
sampling problem, a number of substantial technical challenges remain if we are to turn
this idea into an efficient algorithm. First, in contrast to linear Markov chains, which have
a well-established theoretical foundation and extensive literature, research on nonlinear
dynamics is very limited. For instance, we have a comprehensive understanding of the
convergence of Markov chains, under simple conditions, at an exponential rate. However,
for nonlinear Markov chains, there are no general conditions that ensure convergence, at
any rate, to a unique stationary distribution.> Additionally, many techniques, such as
coupling and functional inequalities, that have been successfully applied to the analysis of
the speed of convergence, or mixing time, of Markov chains do not have immediate analogs
in the nonlinear case.

Furthermore, while nonlinear dynamics may be straightforward to describe, their
efficient implementation is not trivial. As is clear from (0.9), each iteration of the dynamics
requires two independent samples from the current state. Consequently, to obtain a sample
after t iterations, 2! independent samples from the initial distribution are needed, which
is computationally prohibitive. In contrast, a linear Markov chain can be simulated by

following the trajectory of a single sample.

3Notable exceptions for general nonlinear Markov chains are [And+11] and [But14], but the conditions
for convergence that these works require are far too restrictive to apply in our setting. A famous open
problem known as the “Global Attractor Conjecture” [Feil9] postulates the convergence of any nonlinear
dynamics under fairly mild conditions.
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0.4.2 Algorithms via particle systems

The direct implementation of nonlinear dynamics can be prohibitive because generating a
single sample from T'(p) requires two independent samples from p. Consequently, producing
an output from T%(p) after ¢ iterations necessitates 2 independent samples from the initial
distribution p.

Applying Lemma 2.15 iteratively, used in the proof of Theorem 0.5, and comparing

the Wasserstein and total variation distances, one deduces that for every distribution
p € P(Qg) with a(p) < 73@1“),

T (p) — pllvv < me™=/m,
where ¢ := £(a) is as prescribed in the lemma. This means that our mixing time is
t = O(nlogn) and the overall runtime becomes exponential. We claim that similar result
of Lemma 2.15 can be established for the single site case, leading to the same negative
conclusion for Ty, see [Min+26, Theorem 4.3 and Lemma 4.4].

We can overcome this obstacle using the idea of particle systems, a concept from
kinetic theory dating back to Mark Kac [Kac56]. The idea is to approximate the nonlinear
evolution via a finite population of N particles o9, i = 1,..., N, each represented by an

independent set ¢ € Q¢, which undergo pairwise collisions
(e, o)) s (70, 70

where the pair (7(9), 7)) is obtained from the pair (¢(?, o)) through the exchange of
two bits Uq(f) and a&j ), according to a choice of sites u,v that matches the behavior of
the nonlinear collision kernel. This evolution is actually a (linear) Markov chain on the
set Qg ; crucially, it is efficiently implementable (provided N is not too large). Moreover,
one expects that if the number of particles N is sufficiently large, then the particle system
should approximate the evolution of the nonlinear dynamics. In particular, since the
nonlinear dynamics converges to the desired Gibbs distribution, then after sufficiently
many steps the law of a typical particle should be close to this target measure.

This suggests the following general algorithmic template:

(1) Initialize N particles so that the relevant conserved quantity (density « or marginal

vector m) has the desired value.
(2) Run the corresponding particle-system chain for ¢ steps, where t is large enough.
(3) Output one particle.

The analysis of this algorithm involves two main steps. First, we show that, for N
sufficiently large, the one-particle marginal of the stationary distribution of the particle
system is close to the desired hard-core measure. Second, we bound the mixing time of

the particle-system chain, which determines how large ¢ should be. Combining these two
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steps shows that the output particle is approximately distributed according to the target
measure in polynomial time.

For the mean-field dynamics, we carry out this program for densities up to the critical
density a.(A) and obtain a new sampling algorithm for the hard-core Gibbs distribution

parameterized by the density.

Theorem 0.7 (informal version of Theorem 3.9). There is a sampling algorithm (Al-
gorithm /) such that, for any graph G on n vertices with maximum degree A > 3, any
density 6 < a < (1 —d)ac(A) where § € (0,1), and any approximation error € € (0,1), the
algorithm runs in time* 6(%) and outputs an independent set from a distribution pae on

Qg satisfying

| atg — pcllTv < e.

We note that the critical threshold «.(A) in Theorem 0.7 is the best possible, beyond
which the sampling problem becomes computationally hard. Specifically, in Theorem 3.11,
we show that there is no polynomial-time algorithm to sample from u¢ for any fixed
a € (a(A), ﬁ), assuming NP # RP. This result follows from an adaptation of the
approach used in [DP23] for proving the hardness of sampling from pg (- | |o] = an)
under the same regime (that is, uniformly random independent sets of size an).

The proof of Theorem 0.7 follows the two-step strategy mentioned above. For the
first step, let uﬁfa be the stationary distribution of the mean-field particle-system chain,
where M = | Nna| is the prescribed total occupation over all particles. This distribution
is uniform over all N-particle configurations with total occupation M. Equivalently, it
can be viewed as N independent samples from pug conditioned on the event that the
total number of occupied vertices over all the particles is exactly M. We prove that this
conditioning does not significantly change the law of a typical particle. The intuition is that
M is chosen close to the expected total occupation under the product measure (u%)®N,
and fixing one particle o only changes the required total occupation of the remaining
particles by |o|, which is at most n. When N is large, this change is small compared to
the fluctuations of the total occupation over all particles. We make this intuition precise
using local central limit theorem estimates, which show that the one-particle marginal of
u%’fa is within variation distance € of u@ when N = 6(%) For the second step, we use
entropy contraction for the mean-field particle system to show that the particle-system
chain converges to ,u%fa within time 6(]\7 n). This step relies crucially on a recent result
from [Jai+23; JPV26], which allows us to obtain a tight entropy production bound for the
particle system at all subcritical densities. Therefore, outputting one particle from the
resulting configuration gives a sample close to ug:.

We go on to provide an analogous analysis for the particle system simulation of the

single-site dynamics.

“Hereafter, we use 5() to suppress dependencies on (logn,log(1/¢)).
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Theorem 0.8 (informal version of Theorem 3.18). There is a sampling algorithm (Al-
gorithm 6) such that, for any graph G on n vertices with mazimum degree A > 0, any
marginal vector m € (0,1)V such that 6 < m, < 2(27__31) for allv € V where § € (0,1),
and any approximation error ¢ € (0,1), the algorithm runs in time 5(2—2) and outputs an

independent set from a distribution pae on Qg satisfying

| tatg — pé llTv < €.

Remark 0.9. In fact, our sampling algorithm works as long as all marginals are less

than where cqo is the smallest constant such that the Glauber dynamics for

1
CCOI(A+1) ’
sampling g-colorings on any graph of maximum degree A (not necessarily bounded) mixes in

nearly linear time whenever ¢ > c.1A. Under the widely believed conjecture that Glauber

1-6
A+1

for any 6 € (0,1), matching the constraint in Theorem 0.6. This would not contradict the

dynamics has optimal mixing when ¢ > A 4 2, we would achieve the marginal bound

hardness derived from [DP23] as discussed immediately following Theorem 0.7, since that

hardness corresponds to constraints on the global density rather than individual marginals.

The proof of Theorem 0.8 is again based on the two steps as before, but the ingredients
are different from the density case in Theorem 0.7. Let ¥ = (r,),cy be an integer vector
with r, = Nm,, and let ,uﬁ’\s;f be the stationary distribution of the single-site particle-system
chain. This distribution is uniform over all N-particle configurations in which exactly r,
particles contain vertex v, for every v € V. Equivalently, it can be viewed as N independent
samples from p¥ conditioned on having these exact vertex counts. For the first step, we
show that this conditioning does not significantly change the law of a typical particle. By
a standard relative entropy argument, it is enough to show that the exact-count event has
sufficiently large probability under (,u,gf)®N. To lower bound this probability, we first use
concentration inequalities and a union bound to show that the vertex counts are close to
their expected values with high probability, and then compare the probabilities of nearby
count classes. This shows that, for N = 6(’;—5), the one-particle marginal of p » is close
enough to ugt with € total variation error. For the second step, we prove rapid mixing of
the single-site particle-system chain by comparing it with Glauber dynamics for proper
colorings of an auxiliary graph constructed from G and 7. This gives mixing after 6(N n)
many steps. Combining these two steps shows that, after running the chain for its mixing
time and outputting one particle, the output distribution is close to pg-.

We remark that, while our algorithms based on particle systems are crucially inspired
by the nonlinear dynamics, their analysis does not depend on the convergence rate of those

nonlinear dynamics, nor do they imply such a rate.

We conclude the introduction by comparing our algorithms based on nonlinear dynamics
with more classical approaches that involve solving the inverse problem (i.e., learning the
relevant fugacities given the density or marginal vector). The formal statements and proofs

are included in Appendices B.1.1 and B.1.2, and we summarize them here.
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To sample from pg with a specified density o < (1 —6)a.(A), we can begin by utilizing
the bisection method (as outlined in Algorithm 8) to estimate the corresponding fugacity A
of the hard-core model. Then, we can generate samples using efficient sampling algorithms,
such as Glauber dynamics, based on this value of A. The running time of such an algorithm
is 6(8%), whereas our algorithm achieves a faster running time 6(%)

To sample from the distribution pg¢ with a specified marginal vector m, we can utilize
the gradient descent method (see Algorithm 7) to determine the fugacity vector A. Once
we have (an estimate of) X, we can sample from pg x using Glauber dynamics. The
running time for this algorithm is 6(?—22), which is more efficient than what we claimed in
Theorem 0.8 for our algorithm. It is thus interesting to see whether our analysis can be
improved to match this quadratic running time. One possibility is to apply strong local
central limit theorems as we did in the mean-field case; however, this becomes technically
much more challenging in the single-site case and the bounds we have been able to obtain
so far are not sufficient to establish the desired result.

The gradient descent algorithm works when all marginal probabilities are less than
ac(A). We note that our algorithm is potentially effective over the wider range of marginals
up to ﬁ, assuming the widely accepted mixing conjecture on colorings (see Theorem 0.9).
This raises the interesting question of whether the sampler based on gradient descent could
also work efficiently in this regime.

In summary, we see that in the prescribed-density case, our nonlinear dynamics based
algorithm has a better performance guarantee than the traditional learning method. In
the prescribed-marginal case, however, the performance guarantee for our algorithm is
slightly worse than that of the gradient descent approach. Nevertheless, in both cases, our
algorithms have the advantage of being very simple to implement, involving only the direct
simulation of a particle system of suitable size with no additional computation. Moreover,
they represent a potentially powerful new computational paradigm whose full power is far

from fully understood.

0.5 Overview of the chapters

Chapter 1: Nonlinear Ising Model. This chapter develops all our results for the
Ising model. With the exception of the Wasserstein contraction (Theorem 0.5), the results
of this chapter appeared in the preprint [CM25]. The chapter is organised as follows.
Section 1.2 establishes the structural properties of the nonlinear dynamics: detailed
balance, conservation of magnetization, characterisation of stationary states, and proof
of Theorem 0.1. Section 1.3 contains the proof of Wasserstein contraction (Theorem 0.5
for Ising Model), based on an explicit coupling. Section 1.4 contains the proof of the
uniform MLSI for the particle system, via stochastic localisation and entropy factorisation.
Section 1.5 completes Kac’s program by transferring the MLSI to the nonlinear equation
via Entropic and Fisher Chaos, thereby proving Theorem 0.3.

Chapter 2: Nonlinear Hardcore Model. This chapter studies the nonlinear hard-core
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dynamics with the mean-field kernel and establishes its convergence to equilibrium. Part of
the material comes from joint work with Abbaszadeh, Caputo, Chen, and Sinclair [Min+26].
Section 2.2 establishes structural properties of equation (0.1) and proves Theorem 0.2,
including the irreducibility argument specific to the hard-constraint setting. Section 2.3
contains the proof of Wasserstein contraction (Theorem 0.5 fo the Hardcore model). The
uniform MLSI for the hardcore particle system is proved in Section 2.4. Section 2.5 then
completes Kac’s program for the hardcore model (Theorem 0.4), establishing propagation
of chaos by means of a local central limit theorem.

Chapter 3: Algorithmic Applications to Hardcore Model. We presents the
algorithmic consequences of the nonlinear dynamics for the hard-core model. The material
is joint work with Abbaszadeh, Caputo, Chen, and Sinclair [Min+26]. Section 3.1 introduces
the mean-field and single-site particle systems in discrete time and establishes their mixing
properties. Section 3.2.1 turns these into an algorithm for sampling u¢ at a prescribed
density « as in Theorem 0.7, and Section 3.2.2 proves a matching hardness result, showing
that the regime a < a.(A) in which the algorithm operates is optimal, see Theorem 3.11
for a detailed statement. Finally, Section 3.2.3 treats the prescribed marginals case, where
the single-site particle system yields a polynomial-time sampler for ug, as presented in
Theorem 0.8.

0.6 Related work

Equation (0.1) appears across several fields. In kinetic theory it is a central object
of study [Vil02]; in chemistry it appears as mass-action kinetics [Feil9]; in biology it
models genetic recombination [RSW92; RRS98]; in computer science it underlies genetic
algorithms [Gol89; Mit98] and random sampling [SV14a]. The framework of nonlinear
Markov chains [McK66] provides a convenient unifying language.

The spin-system version of equation (0.1) was introduced as Reversible Quadratic
Systems in [CS18], where relative entropy decay was analysed for recombination models at
infinite temperature. Quantitative mixing and cutoff results for non-interacting models
were subsequently obtained in [CP24; CLL25|. The first quantitative results for an
interacting quadratic system — exponential total variation decay at high temperature for
a single-site model — appear in [CS24b]. The present work extends those results in three
directions simultaneously: arbitrary transport kernels, arbitrary magnetization profiles,
and exponential decay in relative entropy rather than total variation.

Proving exponential entropy decay for kinetic equations is notoriously difficult [Vil03;
Car+10; MM13; Bon+18; EFS20]. Kac’s program and the associated concept of Propa-
gation of Chaos [Kach6] are central tools; we refer to [MM13] for a detailed analysis in
the Boltzmann setting and to [CD22] for a recent survey. In the linear setting, MLSI
inequalities for conservative spin systems (Kawasaki dynamics) under spatial mixing condi-
tions have been studied in [Yau96; CMRO02], but they do not provide uniformity in the

number of particles N in the mean-field setting that is relevant to our problem. Our
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approach, inspired by recent developments in Kawasaki dynamics [BBD24a|, achieves this
uniformity via stochastic localisation [CE22; BBD24b], entropy factorisation [CCP25],
and the log-concavity of generating polynomials of strongly Rayleigh measures [CGM21;
Ana+22].

For the hardcore model, the Kac program naturally leads to the analysis of an exchange
dynamics for fixed-size independent sets, which is reversible with respect to the canonical
ensemble. Canonical ensembles for the hardcore model were previously studied by Davies
and Perkins [DP23]. The log-Sobolev inequality for the Down-Up walk that underpins
our MLST is due to [Jai+23; JPV26], which is the first instance of optimal mixing for
sub-critical fixed-size independent sets. To our knowledge, the present work is the first
to study a nonlinear evolution equation of the form (0.1) whose stationary measures are
Gibbs measures of the hardcore model; the hard exclusion constraint makes this setting
genuinely new compared to all previously studied instances of nonlinear spin dynamics.

The exponential decay in terms of Wasserstein distance, stated Theorem 0.5, rests on
coupling techniques that are novel and differ from those used for linear Markov chains. For
instance, considering the nonlinear hardcore model case, the well-known path coupling
argument for Markov chains [BD97] cannot be applied directly to nonlinear dynamics. This
is because creating a path between two independent sets either requires the inclusion of non-
independent sets along the path, or alters the density or marginal vector of the intermediate
independent sets, which poses considerable challenges for analysis. Additionally, the
traditional coupling approach requires showing that the expected one-step contraction in
Hamming distance occurs for two variables Xy and Y generated from any pair of coupled
initial distributions p and ¢. Thus, it is sufficient to consider fized initializations, such that
Xo = z¢ and Yy = yp (in other words, p and ¢ are both delta measures). However, for our
analysis, both p and ¢ must have the specified density or marginal vector, and our coupling
analysis critically depends on this fact.

Moreover, these coupling techniques yield a simpler route to convergence results, and at
the same time cover a broader parameter regime. For the single-site dynamics for the Ising
model as in Theorem 0.5, for instance, they give convergence whenever max; »; |Jij| < %07
strictly improving on the range obtained in [CS24b] with a more elaborate recursive

construction.
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Chapter 1
Nonlinear Ising Model

This chapter is entirely devoted to the analysis of the nonlinear exchange dynamics for the
Ising model. The content presented here is based on the article [CM25].

For the sake of completeness, we briefly recall the mathematical definition of the model.
Let © = {—1,+1}" denote the spin configuration space. The Ising model is defined through

the Gibbs measure
1
,LLJ,h(O') = Eexp (% Z Jijoioj + Z h; Ui) , o€,
’ 1,J€[n] 1€[n]

where J € R™ "™ is a symmetric matrix, referred to as the interaction matriz, h € R™ is the
vector of external fields, and Zj;, is the normalizing partition function.

The results discussed in this chapter were already presented informally in the introduction
of this thesis. Here, we expose them in full detail, providing the complete statements of

the theorems together with their proofs.

1.1 Introduction and main results

1.1.1 The collision kernel

A collision between two spin configurations (o, ') € 2 x Q consists in the exchange of the
(-th spin of o with the k-th spin of ¢/, that is

(0,0") = (Si(0,0%), Sk(o',00)), (1.1)
where Sp: Q2 x {—1,1} — Q is the configuration defined as

ag; 1fz7£€,

a ifi==~¢.

SZ(U’ a)i = {

The sites (¢, k) at which the exchange occurs are chosen by picking ¢ uniformly at random

in [n] and then by picking k according to a prescribed symmetric stochastic n X n matriz,
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denoted K (¢, k), which we refer to as the transport kernel. In order to guarantee the
reversibility of our system with respect to the Ising measure, the proposed exchange (1.1)

is accepted with probability

17 (Se(o,04,)) s (Sk(o’, 00))

p(o) pi(o’) + ni(Se(o, 01)) pr(Sk(o’, 00))’ (1.2)

ps(lk|o,0’) =

and is otherwise rejected. Summarizing, the pair (o,0’) € Q x Q produces the new pair

(1,7") € Q x Q according to the probability kernel on  x Q given by

n

> K k) Q5 (o0 7, (1.3)

0k=1

O(0,o's7.7') =

where, for each pair of sites ¢, k € [n], Q?k is the probability kernel on 2 x 2 defined as

Q?k(a, o, 7)) =psl,k|o,0")1(r = S(o,0%), 7 = Sk(o’,00)) +
+ (1=ps,k|o,0"))1(T = 0,7 =0'), (1.4)

and we use the notation 1(F) for the indicator function of the event E. If A denotes the
set of equivalence classes corresponding to the irreducible components of the kernel /C, it
follows that Q§ satisfies the detailed balance condition with respect to w5 ® pyp, for any
choice of external fields h € R™ such that h is constant over every subset A € A:

win(@)sn(0) Q5 (0,0"s7,7') = pyn(T)psn(r) Q5 (1,75 0,0'),

for arbitrary (o,0’),(7,7") € @ x @ and h € R" such that h; = h; for all i, j € A, for all
A € A; see Lemma 1.13.

In conclusion, for any given interaction J € R™*™ and any transport kernel K, we have
constructed a probability kernel Q§ on 2 x ), which satisfies the detailed balance condition
with respect to ., ® p 4, independently of the choice of h, provided h is constant over

the irreducible components of .

Nonlinear dynamics

Let P(£2) denote the set of probability measures on 2. Given the collision kernel Q%, the

nonlinear evolution on P(2) is defined by the dynamical system

dp

— J— p— 1.5
T = PoP =P Po=Dp, (1.5)

for some initial value p € P(f2), where po g € P(Q), for p,q € P(Q), denotes the
commutative collision product defined as
1
pog(r)=5 > (@@)alo")+p(0)a(0)Qs(o,0"s 7, 7). (1.6)

o0, 7'EN
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Note that this has the form (0.2) with
Q(T ’ g, 0/) = ZT’EQ Q,}(U’ O-/;Tv T/) :

For any J € R™™ and any stochastic matrix I, the Cauchy problem (1.5) has a unique
solution p; € P(Q), t > 0, for any initial state p € P(£2). This can be seen by standard
existence and uniqueness results, see e.g. [BBS15] for related statements. Moreover, a
representation of the solution based on random binary trees can be obtained, see e.g.
[CCGO0; CP24; CLL25] for similar constructions. Here, we are interested in the structure
of the stationary states of (1.5), that is the set of p € P(Q2) such that p; = p, and in
the analysis of the convergence to stationarity. As we will see, the set A of irreducible
components of the kernel I determines the conservation laws of the dynamical system
(1.5) and the set of stationary states is fully determined by J and A. The following are

some examples of kernels K to keep in mind.

Example 1.1 (Single-Site Dynamics). If K(i,7) = 1(i = j) for all 4,5 € [n], exchanges are
allowed only between spins at the same site. With the notation (1.4), the collision kernel

is given by

Q§(JU 7,7 ZQ (0,0 ;7,7").

In this case the partition associated to K is made of singletons: A = ({i},7 € [n]). The
system (1.5) is the continuous-time counterpart of the nonlinear Single-Site Dynamics
introduced in [CS24b].

Example 1.2 (Mean-Field Exchange Dynamics). If K(i,7) = 1/n for all i,j € [n], the
proposed exchanges are uniformly chosen between all pairs of sites. The collision kernel is
given by
K /.
QY (o, 0y, 1) = n2 ZQ (0,07, 7).

k=1
In this case the partition A consists of a single component A = {[n]}, and the process (1.5)

is a nonlinear analogue of a mean-field Kawasaki dynamics.

The two examples discussed above are both covered by the general class of examples

defined as follows.

Definition 1.3 (Multi-component Mean-Field Exchange Dynamics). Fix an arbitrary
partition A of [n], and define the matrix K = K 4 by

1 .
Ka(b ) = {IA’ if £,k € A for some A € A, (L7

0, otherwise,

In this case, the nonlinear dynamics associated to the kernel Q% in (1.3) is referred to as

the Nonlinear Multi-component Mean-Field Exchange Dynamics.
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Definition 1.4. Given a partition A of [n], and p € P(Q), we define the A-magnetization

profile as the vector

mA(p) = (m(va) ) Ae A) ) m(p7 A) = ‘I Zp[o—d 5
LeA

1

|
where ploy] is the expected value of the spin at site ¢ according to p. The vector m 4(p) is
in [—1,1]4, and we say that p is A-regular if m4(p) € (—1,1)%, that is if |[m(p, A)| # 1 for
all A € A. We write P4(Q2) for the set of p € P(Q2) that are A-regular.

We note that in Example 1.1, specifying the vector m4(p) € [—1, 1]™ is equivalent to
giving all the single-site marginals of p, while in Example 1.2, m4(p) € [—1, 1] is just the
global mean magnetization of p.

The fist result is the following general convergence theorem, which summarizes the
main properties of our nonlinear dynamical system. We use the notation I' 4 C R" for the

set of external fields that are constant over each element of the partition A:
F'a={heR": hy=h;, Vi,je A, VAc A}.

It can be shown that for each p € P4(€2) there is a unique vector h € I' 4 depending only
on J and m4(p), such that m4(p) = ma(psp); see Lemma 1.14.

Theorem 1.5. Fiz a symmetric matriz J € R™ "™ and a symmetric stochastic n X n
matriz KC. Let A denote the partition of [n] induced by the irreducible components of K.
A probability p € Pa(Q) is a stationary state if and only if p = pyp for some h € T' 4.
Moreover, the expected values m(py, A), A € A, are independent of t > 0. Finally, for any

initial state p € P4(2), one has the convergence
Hptil'I/J7h”Tv — 07 t*)OOa

where || - ||Tv denotes the total variation distance and h is the unique vector h € T’ 4 such

that ma(p) = ma(prn)-

Remark 1.6. We note that the requirement that p be A-regular in Theorem 1.5 is not

essential, as it can be removed if one allows the external fields h to take the value £oo.

Theorem 1.5 establishes convergence to stationarity, but it does not provide infor-
mation on the speed of convergence. The next results address this question under a

high-temperature assumption on the interaction matrix J.

1.1.2 Entropy decay

We restrict to the case of Multi-component Mean Field Dynamics, that is we take IC = K 4
as in Definition 1.3 with an arbitrary choice of the partition A.
Recall the definition of relative entropy given in (0.6).

Our main quantitative result is formulated as follows.
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Theorem 1.7. Let J € R™"™ be a nonnegative definite matrixz with largest eigenvalue
AJ) < 3, and let J = MaXicn] 2 jefn] |Jij|- Then, for any partition A of [n], the nonlinear
system (1.5) defined by J and IC, with KK = KC 4 given in (1.7), satisfies

H(pe | pyn) < H(plpgp)e ", t>0, (1.8)

for any p € PA(Y), where h is the unique vector h € T' g such that ma(p) = ma(psn), and

the positive constant o satisfies
2 —16J
r> & (1—2X(J))%e 1%,

Remark 1.8. We note that the estimate (1.8) implies exponential decay in total variation
as well. Indeed, by Pinsker’s inequality, ||p; — pnll3y < 2H(pe | pp). Using H(p | pyp) <
maxyeq log(1/u (o)), which can be bounded by Cn, where C' = A(J) + 2h + log(2) and
h = maXe[y) |hi], it follows that, in the setting of Theorem 1.7, for all p € P4(£2), one has

Cn _,
lpe = manlley < 4/ =-e bz, (1.9)

In particular, Theorem 1.7 is a quantitative version of Theorem 1.5 under the additional
assumption on the spectral radius of J, which can be regarded as a high temperature
requirement. It is worthy of note that the rate « is bounded below independently of the
choice of partition 4. In the single-site case of Example 1.1 this reproduces essentially the
same rate that was obtained, under a more restrictive high temperature constraint, for the
discrete-time version of the single-site model in [CS24b].

By comparison with the non-interacting case J = 0, we note that the rate a has the
optimal dependence with respect to the dimension n, up to a constant factor. For instance,
in the single-site case, one can use a coupon collector argument to show that if J =0 and
the initial distribution p is all +1 with probability 1/2 and all —1 with probability 1/2,
then the left hand side in (1.9) is at least ce‘ﬁ, t > 0, for some absolute constant ¢ > 0;
see [CS24b].

The estimate in Theorem 1.7 is equivalent to a certain nonlinear logarithmic Sobolev
inequality, which provides a lower bound on the relative entropy dissipation in terms of the
relative entropy; see Section 1.5.1 below. Rather than establishing such a bound directly,
to prove Theorem 1.7 we follow the strategy introduced by Mark Kac in his seminal 1956
paper [Kach6], that is we approximate the nonlinear evolution of one particle by a linear

mean-field type Markov process involving a large number of particles.

1.1.3 Kac’s program

We consider a system of N € N particles {o(i),i = 1,...,N}, where each o(i) =
(01(4),...,0n(i)) is a spin configuration in Q@ = {—1,+1}". In words, the process is

described as follows. Independently, each ordered pair of particles (i, 7), including i = 7, is
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updated at the arrival times of a Poisson process with rate 1/N. When an update occurs
at particles (i, j), a site ¢ is picked uniformly at random, a site k is picked according to the
transport kernel K(4, k), and then with probability p;(¢, k | o(i),o(j)) the ¢-th spin of the
i-th particle is exchanged with the k-th spin of the j-th particle, while with probability
1—ps, k| o(i),o(5)) the particle configuration is left unchanged. Using the notation

(1.1), the exchange can be written as

(0(i),0(5)) = (Se(o(i),0(i)k) s Skl (5); o (i)e);

0.k 0k

with the understanding that when ¢ = j this is replaced by o (i) — o(i)"*, where o (i)
denotes the configuration o (i) after the exchange (04(), 0% (7)) — (ox(7),0¢(i)). Here the

probability ps(¢, k| o(i),o(j)) is defined by

bk|o(i),oy 147
btk | (i), 0(5)) = {p‘]( ML(Z-)(M)) W) +#7 (1.10)

RGO CGoL A

where we use the notation (1.2). This defines a continuous-time Markov chain with state

space QY = {1, +1}"¥" which is described by the infinitesimal generator

LyF(o) = — Z > KK ps(l k| o(i),0(5)) VEEE(a), (1.11)

Zj 14,k€n]

where o € QN F: QY — R, and the gradient operator V> is defined by

o(u) u# 1,7,
VIR R (o) = F(o"%) — F(o), with "% (u) := ¢ Sp(0(d),0(j)k) uw=1d, (1.12)

with the convention that, when i = j, then o™%**(u) = o (u) if u # i, and o>k (i) = o (i)0F.
We may picture the system as a spin exchange dynamics in a N X n grid, with
exchanges occurring between sites (4, ¢) and (j, k). By construction, the Markov chain is
reversible with respect to the product measure u?N . Since only pairs (¢, k) belonging to
sites within the same equivalence class are exchanged, to turn the Markov chain into an
irreducible process we need to impose a constraint of fixed magnetization in each block
Bn.a:={(i,0), i € [N],£ € A}, A€ A. To this end, we need the following definitions.

Definition 1.9. Given a partition A of [n], we write D4 n for the set of all vectors
a = (a(A), A€ A) € [0,1]" such that N|A|a(A) is a nonnegative integer. Given A, Dy
is called the set of A-density profiles. Given o € D 4 v, we define

o= {0 € OV Ticin Ceeaoe(i) = (2a(A) — 1)NJA|, YA€ A} (1.13)
It follows that the Markov chain with generator (1.11) is irreducible in the state space
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QN ,«, for every choice of o € D 4 n. Moreover, the probability measure

pn e = 13N (] Qna) (1.14)

obtained as tensor product of ;i restricted to {0y, is the associated unique invariant
distribution. We refer to jn, 7o as the multi-canonical Ising measure.

Our main result concerning the particle system is the following modified log-Sobolev
inequality (MLSI), with bounds that are uniform in N and in the density profile & € D 4 n.
To introduce the relevant quantities, observe that the Dirichlet form associated to the

reversible pair (Ln, un,jq) is given by

n

N

ENgalFG) Z >° K k)una [pi(lk] o), 0()VHIRE VRG],
j=10k=1

(1.15)

for functions F, G : Qxn o — R. Recall that the entropy of a function F' > 0 with respect to
a probability measure p is given by Ent, F' := pu[F'log F] — p[F]log pu[F].

Theorem 1.10 (MLSI for the particle system). Let J € R™*"™ be a nonnegative definite
matriz with largest eigenvalue \(J) < 1/2, and let J = MaX;e(n] X jeln] |Ji j|. Then, for
any partition A of [n], for any N > 2, and o € D n, the Markov chain with Dirichlet
form (1.15) defined by J and K = K 4 given in (1.7), satisfies

5N7],Q(F, log F) > TEntMN,J,a F,
for all F > 0, with constant o such that
> L(1—2A(J))2e 107 (1.16)

It is well known that a MLSI of the form (1.16) is equivalent to an exponential decay
statement for the relative entropy, with decay rate given by the same constant «. That is,
for any initial distribution v on Qy 4, the distribution v; := vetfN of the particle system

at time ¢ satisfies

Hy(ve | punga) < HN(v | pnge)e ", t>0, (1.17)

where Hy denotes the relative entropy for distributions on Q. The key feature of the
bound in Theorem 1.10 is the independence on N and o € Dy . This, together with
so-called Entropic Chaos and Fisher Chaos results for our system, will allow us to transfer
the result (1.17) on the linear particle system to the desired entropy decay estimate (1.8)

for the nonlinear system, as stated in Theorem 1.7; see Section 1.5.
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1.1.4 Wasserstein decay

The results presented in this subsection concern the multi-mean-field case described in
Definition 1.3, namely the choice of the transportation kernel K 4 associated with a given
partition A of the set [n]. Recall the definition of Wasserstein metric (0.8).

Theorem 1.11. Fiz a partition A of the set [n]. Let J € R™ "™ be a matriz such that
J = maXiep) Xjepn il < +5- Then the nonlinear system (1.5) defined by J and K4
satisfies

Wi(pe, ap) < Wilp, pp)e /"

for any initial state p € P(Q2), where h € R™ is the unique external field in T 4 such that
m(lu’J,h7A) = m(pa "4)} and & = %(1 - 107)
Remark 1.12. Theorem 1.11 implies exponential convergence to equilibrium in total
variation for the multi-mean-field dynamics. More precisely, let p; be the solution of the
nonlinear system (1.5) defined by the interaction matrix J and the kernel K 4 associated
with a given partition A of the set [n]. Then
e = 1) llTv < me=/™,

where € = %(1 —10.J), under the restriction J < %07 and h(p) € R™ is the unique external
field in T' 4 such that m(up), A) = m(p, A).

This follows from the coupling characterization of the total variation distance: for all
p,q € P(Q),

Ip—dllrv = inf Pyorn(o #0'),
7€l (p,q)

which is a standard identity (see, for instance, [LP17]). Denote p := pjpp). Using

Theorem 1.11, we obtain

— v = inf 7(o,0)1(0 # o’
o= wllrv =gt 3 wloo o £

< inf 7(0,0")| Dy o
vrer<pt,u>agég (7)1 Do.|
:Wl(ptalu/)

< e MWy (p, p) < neEm,

Here we used the elementary bounds 1(c # ¢’) < |Dy | < n.

The result of Theorem 1.11 does not depend on the choice of the partition of the set
[n]. Moreover, restricting to the case of single-site dynamics, i.e., A = {{i}, i € [n]}, yields
the correct order of decay, as already noted in Remark 1.8, and improves the condition on
J obtained in [CS24b].

However, the corresponding high-temperature assumption is more restrictive than the
one required in Theorem 1.7, since A\(J) < J < 1/10 here, whereas Theorem 1.7 only
requires A(J) < 1/2.
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Therefore, while this approach yields the correct exponential rate in terms of the
dimension n, it does not cover a wide range of interactions. We stress that the strategy
used to prove Theorem 1.7 is considerably more involved: it relies on Kac’s program
together with a uniform modified logarithmic Sobolev inequality for the associated particle
system (see Theorem 1.10). By contrast, the Wasserstein contraction argument follows

from a direct construction of a suitable coupling.

1.1.5 Plan of the chapter

General structural properties of the dynamical system are discussed in Section 1.2, which
also contains the proof of Theorem 1.5. The proof of Theorem 1.11 is in Section ??7. The
analysis of the associated Kac particle system, together with the proof of Theorem 1.10,
is presented in Section 1.4. Finally, in Section 1.5 we show how to transfer these results
from the Kac particle system to the nonlinear equation, thereby completing the proof of
Theorem 1.7. We conclude with some open problems about establishing exponential decay

to equilibrium without the high temperature assumption.

1.2 Structural properties of the nonlinear equation

The statements in this section hold for any integer n € N, for any fixed choice of the

symmetric matrix J € R™*™ and the symmetric stochastic n x n matrix K.

1.2.1 Preliminary facts

Recall the notation A for the partition of [n] induced by the irreducible components of K
and the set I 4 of external fields associated to A.

Lemma 1.13. The kernel Q§ defined by (1.3) satisfies

11 n () ap(0)Q5 (0,07, 7) = pyn(T)pan(r)QY (7,75 0,0"), (1.18)

for allh € Ty, and 0,0, 7,7 € Q.

Proof. Let pjp(¢, k|o,o’) denote the quantity defined in (1.2) with the difference that ys
is replaced by pj, with h € R™. By the definition of I 4, it follows that, whenever /, k

belong to the same irreducible class,
ps(l, klo,o’) = pin(l, klo, o), hely.
In particular, if (7,7") = (Se(0,0},), Sk(o’,0¢)), and h € T' 4, then
prn (o) ap(0)p(Cklo,o') = pyn(T) prn (7 )ps (6 k|, 7).

Since only pairs (¢, k) such that K(£, k) > 0 enter the definition (1.3) of Q¥, this shows
that the kernel Q% satisfies the claimed detailed balance (1.18). O
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Recall the Definition 1.4 of the magnetization profile m 4(p).

Lemma 1.14. Fiz a partition A of [n]. For any vector v = (va, A € A), withva € (—1,1),
for all A € A, there exists a unique choice of h € I' 4 such that ma(psp) = v.

Proof. We adapt the argument from Lemma 1 in [BE19]. We need to show that the map

ho— ma(psn)

is a bijection between I'4 and (—1,1)*. Using the change of variables 64 := Y ica hi,
A € A, this is equivalent to showing that the map

0 eR* — f(0):=Vp@) e (-1,1)*

is a bijection, where

geN €A

©(0) = log (Z edoaca GASA(U)MJ(U)) , salo) == |i” Z oj .

The Jacobian Vf = V?p coincides with the covariance matrix of the random vector
(s4)aea when o is distributed according to pu;, which is easily seen to be strictly positive
definite for all § € RA. Therefore, ¢ is strictly convex and f = Ve is injective. To show

that it is also surjective, it is sufficient to show that the image of f, Im(f), satisfies
dm(f) € A(—1,1)A.

Indeed, suppose by contradiction that there exists y € (—1,1)4 \ Im(f), and consider
the line segment [f(0),y]. Since Im(f) is open, this segment must intersect dIm(f) at
some point z. If 9Tm(f) € 9(—1,1)4, then z € d(—1,1)*A, which contradicts the fact that
(—1,1)4 is convex.

To prove dlm(f) C 9(—1,1)4, take w € OIm(f). Then there exists a sequence
(0) C RA such that limy_,o f(6x) = w. By continuity of f, the sequence () must be
unbounded, since otherwise one could extract a converging subsequence 6, — 6 € RA
which would imply that w = f(6) € Im(f). Therefore, there exists a subsequence (6},) and
some A € A such that (6})a — 400 or (6})4 — —oo. It follows that

wy = lim f(0))4 € {-1,1},
j—00
and therefore w € 9(—1,1)%. O

1.2.2 Entropy and stationary states

A distribution p € P(R) is called stationary if p o p = p, where the collision product “o” is
defined in (1.6). Equivalently, p is stationary iff p, = p, for all ¢ > 0. It follows from the
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reversibility in Lemma 1.13 that p 5 o pyp = pyp, for any h € I' 4, and thus all measures
tin, h € I' 4, are stationary. To characterize all stationary states we use the relative
entropy functional.

The following statement is a version of Boltzmann’s H-theorem from kinetic theory.

Lemma 1.15. Let p; denote the solution of (1.5) with initial datum p € P(Q2), and let
= pyp for some arbitrary, fived h € I' 4. Then,

%H@t | 1) = =Dyu(ft, fr), t >0, (1.19)

where fi := py/p, and the entropy dissipation functional D,, is defined by

IOA)).

Dl Z w(r)p(r) QN (r,7/; O'O')(f(T)f(T/)f(g)f(0,>)log(f(a)f(0/)

CTO' T’T

In particular, H(p; | p) is non-increasing in t > 0. Moreover, p € P(2) is stationary iff
the density f = p/u satisfies f(7)f(1') = f(0)f(c') whenever Q% (r,7';0,0') > 0.

Proof. For any p € P(2), setting f = p/u, and using Lemma 1.13, for any 7 € 2,

pop(T Z u(o QJ(UU .7) (f(o)f(o") = fF(r)f(7)) . (1.20)

0'0"7'

Therefore, differentiating the relative entropy,

d o d pt(T)
010 =3 ()] o5
S w(r)u() QN (7,7 0,0") (fu(r) i) — fulo) fi(0”)) log fi(T).

o,0' 1,7

Symmetrizing first with respect to 7 <» 7" and then with respect to (7, 7’) <+ (0, 0’), Lemma
1.13 shows that the above expression can be rewritten as (2.9). Note that D,(f) > 0, for
any function f : Q — R, since every summand in its definition is nonnegative. Now, if p is
stationary, then the density f = p/u satisfies D,,(f) = 0, and therefore, by positivity of s,
f(r)f(7') = f(o)f(o) whenever Q% (7,7';0,0") > 0. Conversely, if f(7)f(7') = f(o)f(co')
whenever Q% (7,7';0,0') > 0, then (1.20) shows that pop = p. O

We turn to a characterization of the stationary states. Let P4 (£2) denote the set of
positive distributions, that is the set of p € P(Q) such that p(c) > 0 for all o € Q. Clearly,
pyn € Py(Q) for any h € R".

Lemma 1.16 (Stationary measures). A probability measure p € Py(Q) is stationary if
and only if p = pyp for some h € I' 4.

Proof. We already know that ji;j, is stationary, for any h € I' 4. It remains to show that
these are the only positive stationary distributions. Fix u = 15, for some h € I' 4, and let
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p € P+(Q) be a stationary measure. From Lemma 1.15, f = p/u satisfies

f(J)f(U/) = f(SK(O-a O-;c))f(Sk(oJa U())a (121)

for all ¢, k € [n] such that (¢, k) > 0, for all 0,0" € Q. For any ¢, fix some k = k(¢) € [n]
such that (¢, k) > 0. For any o € Q and any j € [n], let o[j] € © denote the configuration
equal to +1 on all sites {1,...,j} and equal to o on {j + 1,...,n}. Setting ¢[0] = o, we
have:

ﬁ J*l)

where o[n] = + is the all + configuration. Define ¢;(a) := % where +%2 denotes

the configuration equal to a at site k and +1 elsewhere. Taking o = o[j — 1], 0/ = +, from
(1.21) with j = ¢ and k = k(j),

Fli—1) _ f(0m)
R A

Since ; is a positive function on {—1,+1}, we can write ;(a) = ¢;e?, a = £1, for some
constants ¢; > 0, h; € R. It follows that

(o) = Cexp (Sjemhio)

for some h € R”, where C > 0 is a constant. It remains to prove that A € I" 4. To see this,
note that by (1.21), whenever (¢, k) > 0 one has

(he — hy) (o), — o) =0,
for all o,0’. Tt follows that hy = hy if (¢, k) > 0. Therefore h € T 4. O

1.2.3 Conservation laws

Recall the Definition 1.4 of the magnetization profile m4(p) = (m(p, A), A € A).

Lemma 1.17. For all p,q € P(Q),

ma(poq) =gma(p) + 5ma(q).
In particular, if py is the solution of (1.5) with initial datum p, then %mA(pt) =0

Proof. By definition,

m<pOQ7 ‘A‘gphoZ

where

poalnl = 53 p0)ale) Y (oo, 7) + (o' 0w 7)) m

/ !

0,0 T,T
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Moreover,

1
Z Q’JC(U7 OJ; T, T/) T =0;+ E Z ]C(Z’ k)p](l, k | g, O-/)(O-;C - Ui)'

o k=1

Therefore,
1 K , , Ko , 1 , 1 & ,
2;(QJ(U,U;T,T)+QJ(U,U;T,T)) T = 5(01+0¢)+%;Ri,k(070)

where
R; (o, o) =K(ik) ps(ik | o, o )o —0;) —py(k,i| oo (o} — or)]

and we have used the symmetries p;(i,k | o,0") = py(k,i | o’,0). Since K(i, k) = K(k,1),

R; 1:(0,0') is antisymmetric in the exchange i <> k. Therefore, for any fixed A C [n],

Z R;k(0,0") = 0.

ikeA

In particular, using that K(i,k) = 0 when i,k do not belong to the same irreducible
component, this proves that for any fixed A € A,
1

S L pealn] = gm(p. 4) + m(a.4).

€A

1.2.4 Proof of Theorem 1.5

The key to the proof of Theorem 1.5 is the following statement about positivity of solutions,
that we refer to as the irreducibility lemma. Recall the notation P4(f2) for the set of

A-regular distributions.

Lemma 1.18 (Irreducibility). For any p € Pa(R2), there exists to > 0 and g9 > 0 such
that for all t > tg the solution p; of (1.5) satisfies

(1) >0, VT EQ. (1.22)

The proof requires several steps and is given in the next subsections. Here we show
how to prove Theorem 1.5 once we have Lemma 1.18. If p € P4(f2), then Lemma 1.18
ensures that p; € P4 (Q) eventually. Therefore, if p is A-regular and stationary, then it
must be in P4 (), and therefore by Lemma 1.16, p = pp, for some h € I' 4. Next, we
show that if p is A-regular, then p; converges as t — oo to a stationary state v. If this is
the case, then by the above discussion v = p ), for some h € I 4, and, using Lemma 1.14

and Lemma 1.17, h is the unique element of I" 4 such that m4(p) = ma(p.sp). Thus, the
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proof of Theorem 1.5 is complete once we establish the following statement.

Lemma 1.19. If p € P4(Q), then there exists a stationary state v such that py — v, as
t — o0.

Proof. Fix pn = pyp, for some h € I' 4, and p € P4(N2), and let Si(p) = p; denote the
solution of (1.5). By compactness, there exists a diverging sequence of times (tx)ren and
v € P(Q) such that

Si.(p) v as k— oo.

By Lemma 1.15, it follows that
Jim H(Su(p) | 1) = juf H(Si(p) | n) = Hv | p). (1.23)

Note that this holds for any u = pj4, h € I' 4. If v is stationary, then by Lemma 1.18
and Lemma 1.16 we know that v = pp, for some h € I' 4. Therefore, in (1.23) we can
take p = v, which then implies that H(S¢(p) | v) — 0, ¢ — oco. In turn, e.g. by Pinsker’s
inequality, this implies the desired convergence Sy(p) — v. Thus, it suffices to prove that v
is stationary.

Assume, for contradiction, that v is not stationary. Then, by Lemma 1.15 one has that
[ = v/p satisfies D, (f) > 0. Therefore, there exist u > 0 and 6 > 0 such that

H(Su(v) | p) < Hv | p) — du.

On the other hand, by the convergence S, (p) — v, and the continuity of S¢(-) and
H(- | p), there exists k € N such that H(S,(v) | ) > H(Sy,(S:,.(p)) | p) — 6u/2. Since
Su(St, (p)) = Su+t, (p), this would then imply

H(Sutt,(p) [ p) < Hw | p) = 0u/2,
which contradicts (1.23). This ends the proof. O

Thus, we have proved Theorem 1.5 assuming the validity of Lemma 1.18. We now turn
to the proof of Lemma 1.18. The strategy is based on ideas introduced in [CS24b] to prove
convergence for the discrete time version of the single site model in Example 1.1, where
the irreducibility was deduced from the analysis of a fragmentation process and a coupon
collector argument. However, the dynamics considered here differs from that in [CS24b]
in two respects: first, it evolves in continuous time, and second, exchanges are allowed
between any pair of sites. The passage to continuous time entails a natural modification
of the original argument, which is based on a representation of the solution in terms of
random binary trees. More substantially, allowing exchanges across arbitrary pairs of sites
requires a new analysis, since fragmentation and coupon-collecting arguments alone are

no longer sufficient; one must also account for the “mixing” within each class A € A in
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order to conclude. The proof is broken down into several steps. We start with a graphical

representation needed to take care of the continuous time nature of the process.

1.2.5 Graphical representation

We introduce some notation to handle binary rooted trees. The infinite rooted binary tree
is represented as the set T := {(#} Up>1 {0, 1}*, where () denotes the root, and an element
z € {0, 1}* represents a node in the k-th generation. For z € T we let || denote the length
of the sequence z, interpreted as the depth of the node x. We equip T with the partial
order < defined by saying that = < y, if || < |y| and y = (z, 2) for some z € {0, 1}¥I=1=]
where (x, z) denotes the concatenation of the two sequences. A finite rooted binary tree is

a finite subset v of T which satisfies the following:
1. For any z € v and any y € T, if y < « then y € .
2. For any x € v either {(z,0), (z,1)} C v or {(x,0),(x,1)} Ny = 0.

The set of maximal elements in v (for the order <) that is, its leaves, is denoted by

Liy):={zey : dyer, v =<y}

Given a finite rooted binary tree 7, and p € P(Q2), we define the distribution T (p)
recursively as follows. Assign to each node u in 7 a probability distribution v, € P(2), in
such a way that each leaf node u € L(7) is assigned the distribution p, and each internal
node is assigned the distribution resulting from the binary collision p; o p2, where the
measures [i1, /12 are assigned to its two children. The distribution T’ (p) is defined as the
distribution at the root of the tree obtained in this way. See Figure 1.1 for an illustration.

More generally, given a collection of measures (py,pa,...,pr) € P(Q)* and a binary
tree v with L leaves L(y) = {z1,...,zr}, we define T, (p1,...,pr) by assigning p; to the
leaf x;, and then recursively applying the binary collision rule at internal nodes up to the

root.

Figure 1.1: An example of a binary tree v with four leaves, and the corresponding measure
at the root: T, (p) = (((pop) op) op).
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We now define the binary branching process, namely a stochastic process (7:):>0 taking
values in the space of finite rooted binary trees. The process evolves as follows: start
with 79 = {0}, the single-node tree (the root). Each leaf of the tree is equipped with an
exponential clock of mean one. When a clock associated with a leaf x rings at time ¢, the
leaf splits, and two children (z,0) and (x,1) are added to the tree, making x an internal
node. Equivalently, v¢ can be interpreted as a first-passage percolation process on the
infinite binary tree T. Let (£;).eT be a collection of i.i.d. exponential random variables

with mean one. Define the passage time to a vertex x € T as

Ty 1= Zé'y, (1.24)
y<x
where the sum runs over all ancestors y of = (excluding z itself). Then, the random tree at
time ¢ is given by
vi={zxeT : 7, <t}. (1.25)

We denote by P the law of the random process (7:)i>0, and by E the associated
expectation. The following representation of the continuous time equation can be derived
as is [CLL25, Lemma 3.1] or, alternatively, as in [CP24, Section 3.2]. For completeness, we

give a proof.

Lemma 1.20 ([CLL25], Lemma 3.1). Let () be the branching process defined above.
Then, for any initial measure p € P(Q2), the solution py to the nonlinear equation (1.5) is
given by

pe = E[T5,(p)].

Proof. We set p; := E[T,,(p)] clearly we have py = p so we only need to show that p;
satisfies (1.5). Setting v4(7y) := P [+ = 7] we have

pe =Y (VT (p) = {0+ D )Ty (p). (1.26)
2 vA{0}

By definition of v one has (recall the notation (1.25))

ri({0}) = e’ and O(y) = 1{7¢{®}}Vt(70)Vt(’Yl) — (7). (1.27)

The second identity in (1.27) can be checked as follows. If v = {0}, then v4(v) = e™* and
the identity follows. If v # {(} then the first branching occurs at some time s € [0, ¢] and

we have .
n() = [ eI ds

and differentiating this expression yields the asserted identity.
By construction, if v # {0}, one has that T, (p) = T,0(p) o T;1(p). Thus differentiating
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(1.26) and using (1.27) we obtain

dpr = _eitp + Z [Vt(’yo)’/t(/yl)T'yo (p) © T’Yl (p) B Vt(V)T’Y(p)]

7#{0}
=—e"'p+ Y vV )Y )Ty (p) o Tyr(p) = D wi(3) Ty (p)
v v#{0}
=pope—pr,

where the sum in 7/, 7" runs over all finite binary rooted trees. This concludes the proof. [J

1.2.6 Reduction to discrete time and the case J =0
The discrete time version of the equation (1.5) is the dynamical system ®,,u € N, defined
by
Py(p) = Pu—1(p) 0 Pu—1(p), weN, @y(p)=p.
Therefore, adopting the notation introduced above, the probability measure ®,(p) can

be written as 11, (p), where I';, denotes the rooted regular binary tree with depth u; see

Figure 1.2 for an illustration.

(pop)o(pop)

bop

Figure 1.2: ®9(p) = (pop) o (pop) is the distribution at the root of the binary tree I'y
with depth 2.

We are going to compare the continuous time process with the discrete time approx-
imation, and then reduce to the simpler case J = 0. As above, we extend the notation
to include possibly distinct measures assigned to the leaves of the tree. Thus, we write
®,(p1,...,p2u) =T, (p1,- .., p2u), for the distribution at the root of the regular rooted
tree I, when the 2" leaves are assigned the distributions p1,...,po« € P(Q). Similarly, we
write ®0(py,...,pou) for the corresponding quantity when collisions are computed with
the J = 0 kernel Qo’C instead of Q§.

Lemma 1.21. Fix a symmetric, stochastic n x n matriz IC, and let A denote its irreducible
components. Fiz m € (-1, 1)“4. Suppose there exist a positive constant € := £(m,K) and a

positive integer u := u(m, K) such that
B (p1,...,pou)(T) >, VreQ, (1.28)
for every choice of (p1,...,pau) such that ma(p;) = m. Then, there exist constants ty > 0
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and gy > 0 depending only on m, K, J, such that for all p € P(Q2) with m(p) = m, the
solution py of (1.5) satisfies

() = €0, VT EQ, VE>1p. (1.29)

Proof. As a first step, we show that assumption (1.28) extends to the case of arbitrary

interaction J. Specifically, there exists a constant €1 := €1 (J, KC,m) > 0 such that

Py(p1, ...y pou)(1) > €1, (1.30)
for all 7 € Q, and for every choice of (p1,...,pau) such that m4(p;) = m. Indeed, observe
that

Qy=6,0 +(1-6,)0, dy=Le? (1.31)

where Q is a probability kernel on Q x € that does not require explicit specification, and
J 1= max; > 1Jijl. To prove (1.31) it suffices to use the definition (1.3) and note that

1

lk|o,o)> —,
pi(lk|o,0) Yy

for all 0,0’ € Q and ¢, k, € [n]. From the identity (1.31) it follows that, with probability
87 the collision is performed according to the kernel Q5. Since in the regular binary tree

Tr, there are N = 2" — 1 collisions, one can write, for any v € N, and any choice of
P1y...,Pou € P(Q),

(bu(pla o 7p2“) — 6(]]\/@2(1017 cee )pQ“) + (]- - 6§V)‘11(uap17 cee 7p2“)a

where U(u, p1,...,pau) € P(Q) is some unspecified distribution. Therefore, the assumption
(1.28) implies (1.30) with the same u and with g1 = 67
Now, fix p € P(2) such that m4(p) = m. Using the representation formula for p; from

Lemma 1.20, and considering the regular tree I'y,, one has the lower bound

pi(7) = E[T5,(p)(7)] = E[Ty,(p)(7); T'u C . (1.32)

On the event 'y, C 4, there exists a (random) vector (1, . . ., pou), where each u; € P(€)
is the result of recursive collisions along subtrees rooted at the leaves of I',. Due to the
conservation law in Lemma 1.17, each distribution p; satisfies ma(u;) = ma(p) = m, and

therefore the inequality (1.30) applies. It follows that, whenever T',, C 4,

T%(p)(T) = (I)u(,ulv cee 7:“2")(7—) > £1. (1-33)

In conclusion, for all 7 € Q,
pi(7) > erP(ly C ). (1.34)

To estimate the latter probability, note that I';, C ~, iff for each leaf x € L(T',), its
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associated arrival time satisfies 7, < t, where 7, is distributed as a Gamma(u, 1) random

variable; see (1.24). By a union bound, and using a standard tail estimate, for ¢ > u,
P, Cy)>1—2"% " (et/u)".

Choosing tg = to(u) > 0 such that the above probability is at least 1/2, one concludes the
desired bound (1.29) with g9 = ¢;/2. O

1.2.7 Proof of Lemma 1.18

According to Lemma 1.21, it suffices to establish that the assumption (1.28) is satisfied. Note
that in this case one actually obtains a slightly stronger statement, since the bound (1.22)
is uniform over all p € P(Q) with the given magnetization vector m4(p) = m € (—1,1)4.

We now focus on establishing the validity of the assumption (1.28). The set of stationary
measures consists of non-homogeneous products of Bernoulli measures m = 7%, where the
parameters o = (a;) € (0,1)" are constant within each component of the partition A, that
is

(o) = [lizimi(o4),

with 7;(0) = Be(oy), and a; = o for all 4, j € A, for all A € A; see Lemma 1.16. Moreover,
for any m € (—1,1) there is a unique vector a with a; = aj foralli,j € A, for all A € A,

such that the associated measure m = 7® satisfies m4(w) = m; see Lemma 1.14.

Lemma 1.22. Fiz m € (—1,1)4, and let 7 denote the associated product of Bernoulli
measures as above with m(w) = m. Then, for every e > 0, there exists u := u(e, I, m)
such that

193 (p1, - - - pan) — w1y <, (1.35)

for all choices of p1,...,pou € P(Q) with m4(p;) = m.

Before proving the lemma we show that the assumption (1.28) is satisfied if the lemma
holds. Indeed, since m € (—1,1)* one has 7, := minyecq m(c) > 0. Thus, by Lemma 1.22

with € = 7, /2, and by definition of the total variation distance,

(I)g(pla oy pou)(T) 2> 7(T) — % >e, Vre.

This ends the proof of Lemma 1.18 assuming the validity of Lemma 1.22.

1.2.8 Marked Partition Process

We prove Lemma 1.22 by deriving an explicit representation of the distribution ® (py, .. ., pau)
via a suitable discrete time fragmentation process, augmented with randomly walking
labels, which we call the Marked Partition Process (MPP). Let X = {0} U [n]| denote the
space of marks. At each time u € N, the marked partition process takes a value C* of the
form C* = (CY, ..., C%.), with each fragment C}* given by C}* = (A}, z}), where AY C [n]
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is called the spatial part, and z}' € X is called the mark of the fragment C}*. The spatial
parts are such that {A¥, i = 1,...,2"} form a partition of [n], for each u € N, that is
A} N AY =0 for i # j and U; A} = [n] (the sets A} can be empty). To define the evolution
of the process we introduce some more notation. For any x € [n] we let X*(u), for u € N
denote the Markov chain with initial state x and transition matrix . Similarly, we let
Y*(u), for u € N, be the Markov chain with initial state = € [n], and transition matrix

given by the lazy kernel )
n J—

£=lrs+ I,

n
where I is the identity n x n matrix. With this notation, the MPP C° C!,... is defined
as follows. At time 0, we start with the single fragment C° = (CV), where C?¥ = ([n],0).
Recursively, the process is defined by the following splitting and marking rules. If C* =
(C}, ..., C4.), then, independently for every ¢ = 1,..., 2% sample a uniform random variable
U € [n] and a uniform random variable B € {1,2,3,4}, and set C**! = (Cf“, A 02“;5}1),

according to the rules
1. if B =1, then (Cyt}, CotY)y = (CF, (0,0)),

2. if B =2, then (C3"},C3™) = ((0,0), C1),

3. if B=3,C = (A,0) and U € A, then (Cy™}, Co) = ((A\ {U},0), {U}, XY (1)),
((4,0),(0,0)),

5. if B =3, Cg = ({Z}ax)’ T e [n]a then (ngtlhcgjl) = (({Z}vyx(l))’ (@,0)),

4. if B=3,C! = (A,0) and U ¢ A, then (Cy:tL, Cutl)

6. if B = 4, repeat the B = 3 rules and then invert the order of (C& Cut!).

We remark that, since we start with C® = (C}), where C{ = ([n],0), the above rules are
such that a nonzero mark can only be assigned to a spatial part consisting of a single site.
Thus, the above rules yield a well defined evolution. Note that, by construction, the spatial
parts are such that (A}, i =1,...,2%) forms a partition of [n], at any time u. We remark
that the partition (A}') is monotone in the sense that it can only become finer with time,
until it consists only of empty sets or single sites with nonzero marks. One can define the

fragmentation time
H = min {u € N : all nonempty sets have nonzero marks in C*}.

For each time wu, there is at most one spatial part A} which can have cardinality larger
than 1, and, with probability 1/2 it loses one element every time the uniform random
variable U € [n] belongs to it. Therefore, the erosion of the largest spatial part can be
described by a simple coupon collecting process, where at each step, with probability 1/2,
a coupon is chosen uniformly at random, while with probability 1/2 no coupon is collected.

The fragmentation time H coincides with the first time where n distinct coupons have
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been collected, and thus a union bound gives

P(H >u)<n (1-4)" <ne7/?. (1.36)

We note that there is a natural representation of the Marked Partition Process in terms
of a regular binary tree. Namely, we can assign to each node of the rooted regular binary
tree with depth u € N, T', = {0} U¥_, {0,1}*, a marked set in such a way that the root
is assigned the set CY = ([n],0), and if the nodes with depth k are assigned, say from
left to right, the sets (C’{C e C’é‘“'k), then the nodes at the next generation are assigned,
respectively, from left to right, the sets (C’f“, el 5,;';11), with the pair (Cgitll, C’Z-H),
being assigned to the two children of the node corresponding to Cf. In this way, starting
from the root, the marks along any path is always 0 until the first time where it takes some
value = € [n], after which it evolves, along the unique branch with nonempty fragments,
with marks given the lazy Markov chain K. In particular, any marked set of the form
({i},x), x # 0, must be such that i and z belong to the same irreducible component A € A.

We now describe how the above defined process encodes the measure ®0 (p1, ..., pou).
For any u € N, and any realization of C*, for any vector p(u) = (p1,...,pau), define the
measure ¥ (p(u),C*) € P(Q) by the following rule. Given C* = (CY,...,C%.), there is at
most one marked set C* of the form (A,0), with § # A C [n] and mark 0, and all other
marked sets are either empty or of the form ({j},z;) for some j € [n| and some nonzero

mark z; € [n|. Forany 7 € Q, p e P(Q),i=1,...,2%, we define

pA(TA) it Cj' = (A,O)

Y(p, CY)(T) = { , ,
pa(7j) i CF = ({j}, )

In this formula, we use the notation p4 for the marginal at A of the measure p and p,
for the marginal at {z} of the measure p, and as usual 74 denotes the spin configuration
(2, © € A), with 7, denoting the spin at . Moreover, we adopt the convention that, when

A = (), then we set pa(74) = 1. Finally, we set

o
U(pu),C*)(r) = [] ¥(pi, Ci) (7).
i=1

Note that ¥(p(u),C") € P(Q2), for any u, any choice of the distribution vector p(u) =
(p1,-..,p2u), and for any realization of the MPP (C*,u =0,1,...). In words, ¥(p(u),C")
is obtained by taking products of the marginals over the largest spatial part (A,0) in the
marked partition C*, and the marginals over the single sites identified by the nonzero
marks, with the caveat that the marginal of ¥(p(u),C") on the single sites appearing with

a nonzero mark is given by the single site marginal identified by the nonzero mark.

Lemma 1.23. For anyu € N, 7 € Q, any p1,...,p2u € P(Q),
O (p1, - pou) = E[W(F(w),C)(7)] (1.37)
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where the expectation is over the MPP.

Proof. We use induction over u. Note that it is true at v = 0, since C* is given by the
single marked set C? = ([n],0) and ®%(p) = p. Let us check that for all p,q € P(9),

& (p, q)(7) = poq(r) = El(p, C1)(7)u(g, C3)(7)] = E [¥(p,q,C)(7)| . (1.38)

which is the identity (1.37) for u = 1. To see this, note that by definition of the collision
kernel Q' in the case J = 0 one has

1 1

(poa)(r) = 7p(r) + Ja(r) +

1
+ o > K(tk) [P[n]\{z}(T[n]\{e})Qk(Tf) + pr(7e) Q[n}\{f}(T[n}\{é})}v (1.39)
£,k€e[n]

where p4 denotes the marginal of p over a subset A C [n], and we use pj, for the marginal
of p over a single site {k}. Points (1) and (2) in the definition of the MPP take care of the
terms 1 p and 1 ¢ in (1.39). Moreover, points (3)-(4)-(5) provide the term

1
1 Penioy (T () €xv )y (707)

in (1.39). Finally, point (6) provides the term

1
1 Pxv ) () dpp oy (T o))

in (1.39). Taking the expectation over U, XU (1) yields (1.38).

Reasoning in the same way, one obtains, for any realization of C}, for all T,

¥(poq,C}) (r) = E [¢(p, 3 ) (e, C3 ) (m) | €Y (1.40)

where E[- | C#] denotes the expectation over one step of the MPP C¥ w (CytL cutl),
conditionally on C}'.

Assuming the validity of (1.37) at u, the formula for u + 1 can be derived by using
(1.38) applied to the collisions pg;_1 o py;, for every i = 1,...,2%. Indeed, setting ¢(u) =
(q1,---,q2u) wWith g; := po;_1 o pe;, by repeated application of (1.40), for all 7 € Q,

E [W(p(u+1),C")(7) | €%, 5 < ul

= TTE [¥(pai1, G5 (M (o2, G5 () 1 €7, s < ] = (qlw), C)(r).

i=1

Taking the expectation, and using the inductive assumption, one finds
E [W(pu+1),¢" )] = @0(qr, .., ga).
Since ®V(q1,...,q2u) = <I>2+1(p1, ..., Dou+1), this proves the desired identity (1.37) for all
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w and all p(u). O

1.2.9 Proof of Lemma 1.22

Once the representation in terms of the MPP is established we turn to the proof of Lemma
1.22. To prove (1.35), we observe that for any up < u, using Lemma 1.23, Jensen’s
inequality and the fact that {H < ug} is measurable with respect to CS%0 := (C*, s < uyg),

one has

190 (p1, . .., pou) — w|vv < P(H > uo)+
+E[[B[epn....p2.ct) [ 5]~

T H < . .
il o) (1.41)
We take ug = ug(e,n) such that ne=%0/2" < /2 so that by (1.36) the first term above is
at most £/2. To estimate the second term, the key observation is that conditionally on

C=U0_ on the event H < ug, one has the non-homogeneous product of Bernoulli measures
E [\p(pl? s 7p2“’cu) ‘ CSUO} - ?lee(fj) )

where, for each j € [n], the parameter &; = &;(p1, . .., pau,CSU0) is obtained as follows. Let
Ciiy = ({7}, 2+(j)) denote the unique marked set with spatial part given by {j}, and
let Wj = p;,(j)(04,(j) = +1) denote the probability of the event o, ;) = +1, when o is
distributed according to p;, (). Then

& =E[W;|c=w] .

Since the total variation distance between two Bernoulli variables is the distance between

the parameters, one has
u <ug| _ . .
HE {\I/(pl,...,pQu,C )| C } WHTVSnmjax]f] ajl .

An important feature is that the random site x,(j), conditionally on C=“0, on the event
H < ug, has the distribution of Z7(u — u«(5)), where u.(j) < uo denotes the first time the
site j receives a nonzero mark in the MPP, and Z7 (k) stands for the distribution after &
steps of the Markov chain with transition K= %I + %I@, with initial state j. On the other
hand we note that the parameter o, by our assumption m4(p;) = m for all p;, satisfies
aj = Elpi(oy, ) = +1)], for any i = 1,...,2%, where y.(j) is distributed uniformly in the
irreducible component A(j) € A containing j. Call u(j) the uniform distribution over
A(j). As a consequence, we may estimate the difference |{; — o;| by using the optimal
coupling between the chain with transition K and the uniform distribution over A(j). Since

u«(7) < ug, we can estimate

e €5 — aj| < max 1K= (5, ) — u(f)||Tv -
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By elementary mixing time theory, for any € > 0 there exists an integer u > ug such that
the above is at most /2. Together with (1.41) this concludes the proof.

1.3 Proof of Theorem 1.11

In this section we prove Theorem 1.11. We work with the multi-component mean-field
nonlinear dynamics of Definition 1.3, associated to a partition A of [n] and an interaction
matrix .J satisfying the high-temperature condition J = max;cf, > Jijl < 1/10. We

show that, in the multi-component mean-field setting, the solution p; of (1.5) satisfies

Wi (pes pran) < e =™ Wi(po, ) (1.42)

for all initial states py € P (), with rate e(J) = (1 — 10.J).
For the reader’s convenience, we recall the collision kernel for the multi-component
1

mean-field dynamics, associated to the transport kernel K 4(¢, k) = Wl(k € A(?)), where

A(¥) denotes the unique block of A containing ¢:

1
Q’;A(O', oir, ) = - Z Kall, k) x [pJ(f,k | o,0")1(1 = Sy(0,07,), 7 = Sk(o’,04))
L,k€E[n]

+(1—psjl, koo N1(r=0,1 = a’)}.
(1.43)

where py(¢,k | 0,0") € (0,1) is the exchange probability defined in (1.2). Throughout this
section, T" denotes the collision operator associated to the kernel (1.43): for p,q € P(Q)
and 7 € €,

T.0)(r) = 5 Y (lo)a(e) + o)) QA (oim ). (L)
O',O'/,Tl
We use the simplified notation for (1.44) when p = ¢ writing T'(p) = T'(p, p)-

The proof of Theorem 1.11 rests on two ingredients. The first is Lemma 1.24 below,
which establishes a contraction property for the operator T'(p,q) with the respect of
Wasserstein distance. The second is the graphical representation of the solution to (1.5)
described in Subsection 1.2.5, together with the conservation of the .A-magnetization profile
m(-, A) stated in Proposition 1.17. We state the lemma first and then show how it implies

Theorem 1.11, postponing the proof of the lemma to the end of the section.

Lemma 1.24. Let p(i),q(i) € P(Q) for i € {1,2} be probability measures satisfying
m(p(i), A) = m(q(i), A) fori e {1,2}. Then

Wi (T (p(1),q(1)), T(p(2),4(2))) (1.45)
< 2 (0= 2 W0, p(2)) + W p(1),0(2)) + Wala(1) (2)) + Waa(),4(2)]

44



where e(J) = 3 —5J.

1.3.1 Proof of Theorem 1.11 assuming Lemma 1.24

We refer to Subsection 1.2.5 for the graphical construction used in the proof.

Given an initial state p € P(Q), the solution p;, t > 0, admits the representation

bt = E[T’Yt (p)]7

where v; is a random binary tree describing the collision history up to time ¢, and E denotes
expectation with respect to the law of ;. Here, T (p) denotes the extension of definition
of collision operator (1.44) to an arbitrary binary tree v and applied to the distribution p,
as described in Subsection 1.2.5.

As seen in the proof of Lemma 1.20, the law P of 7, satisfies

Py =7)=1(y=0)e"+1(y #0) /Ot e TIP (v, = O)P(ys =) ds, (1.46)

where 4° and v denote the left and right subtrees of v, respectively, and () denotes the
trivial tree consisting only of the root.

Let pt = pyp(p), where h(p) is the unique external field h(p) € R™ such that m(u ) =
m(p), as stated in Lemma 1.14. To prove the inequality (1.42), and conclude the proof of
Theorem 1.11, it is sufficient to estimate the function f(t) := E[W1(T,,(p), 1t)], and prove
that

et
ft) < e f(0), (1.47)
with e = e(J) = $(1—10.J). Indeed, by convexity of the Wasserstein distance and assuming
(1.47), one has
441 (pt7 :u) <E [Wl (T"/t (p)7 :u)] < eist/nwl (p, N)

which proves (1.42). Now, we turn to the proof of inequality (1.47).
We start by expanding f(¢) with respect of the law P of 4, and we obtain

F&) =Py = O)Wi(p, ) + Y Py = ) Wi(Ty (p), Ty (1)),
v#0
where, in the in the second term on the right-hand side, we used that u is stationary, that
is, = T5(n). We apply to each term of Wy (T (p), Ty (1)) the inequality (1.45) stated in
Lemma 1.24 and in order to do this we use the recursive structure of binary trees. For
v # 0, we write v = (7°,9!), where 4° and ~! are the left and right sub-tree of 7. The

recursive definition of the collision operator gives

Ty(p) = Tyo(p) o Ty1(p)- (1.48)
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By Lemma 1.24 combined with the recursive rule (1.48) we have

WA(T, (p). T (1)) = Wi (Ty0 (p) © Tys (). Tyo () © Ty (1) (1.49)

< LS WA 0). Ty (1) + W (T3 0). Ty (1)
+ Wi(T0(p), Tt (1)) + Wi (T (p), Ty (1))
_1—¢/n

2

(WA(T0(p), Ty (1)) + Wi(Tr (p), Tor (1) .

Here we used that y is stationary, that is u = T,o(u) = T1 (). Combining (1.46) and
(1.49), we obtain

ft) < e ' f(0)+

2 3 [ IR = 5RO = ) WAL ). Ty 00) + W T ). T ()]

2

Separating the sum over 7° and 4! and exchanging the order of summation and integration

yields .
FO) e O + 1 —e/m) [ eI f(s)ds,

Applying Gronwall’s lemma to e’ f(t) gives (1.47), which concludes the proof. O

1.3.2 Proof of Lemma 1.24

We begin with the following proposition which gives an alternative definition of the

probability defined in (1.2), that we repeat for the reader’s convenience

g (Se(a,0)) py (Sk(a’, 00))
g (Se(o,03,)) ey (Sk(0',00)) + gy (o) py (o)

pi(lk|o,0) = , Lken], o0 €

(1.50)

Proposition 1.25. Fiz {,k € [n] and spin configurations o,c’ € Q. Then,

1
Tromeey Bes(:0) = (00— ) [(Jo)e = (Ja)]  (151)

pi(l k| o,0") =
In particular, for every pair of configurations (c(V), a’'M) and (¢?,0"?)) we have
1
stk | o, 0" ) = ps(t k| 0@, 0" )| < Z[Eer(o,0"V) = Byi(0®,0")], (1.52)

and for all 0,0’ € Q and £,k € [n],

+J. (1.53)

- 1
—J < PJ(E,IC"LU/) < 5

N

Proof. Let 7 = Sy(o,07,), and 7/ = Si(0’,0) denote the configurations obtained by
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exchanging the ¢-th spin of ¢ with the k-th spin of ¢’. The definition (1.50) can be

rewritten easily as in (1.51) with
Eop(o,0') = %(<a, Jo) — (1, J7) + (o', Jo") — (', J7')). (1.54)
A direct computation yields
(0,Jo)y — (1, J7)=(0—T1,J(0 — 7)) + 2(0c — 7, JT). (1.55)

Since 0 — 7 = (04 — 0},)0¢, and o’ — 7" = (0}, — 04)d), where §; denotes the Kronecker vector

at i € [n], applying the identity (1.55) to expression of Ey (o, 0’) in (1.54) we obtain
1
Erx(0,0') = 5(o0 - 1) e + Jii] + (00 = 0} [(JT)e = (JT')1)]
= (o0 — o) [(Jo)e — (Jo')i]-

that proves the identity (1.51).

Finally, inequality (1.52) follows from the fact that the function f(z) = H% is 1/4-

Lipschitz. The estimates (1.53) are an immediate consequence. O

We now begin the proof of Lemma 1.24.

Note that we can decompose the collision operator T' defined in (1.44) as

1 1~
T(p,q) = 5T(p.a) + 5T (a:p)
where f(p, q) can be written as
~ 1
T(p.g)(r) = > p(@)a(o) (1.56)

X Z Kall,k)[ps(l,k | o,0")1(T = Si(0,0%)) + (1 —ps(l,k | 0,0")1(T = 0)].
£,k€e[n]

The proof of the Lemma consists in proving

Wa(T(p(1), a(1), Tp(2), 42))) < (1= (5~ 27) ) Wap(1),p(2)) + 2 Wi (a(1), a(2)).

n

(1.57)
By convexity of the Wj-distance, it is straightforward to check that (1.57) implies the
statement of the Lemma. The remainder of the proof is devoted to establishing (1.57).

Algorithm 1 defines a coupling between T'(p(1), ¢(1)) and T'(p(2), ¢(2)). Here we use

p q
opt opt

in the definition of the Wasserstein distance, see (0.8): if (¢?(1),oP(?)) ~ 7P . then

opt?
Wi(p(1),p(2)) = E[|Dy1),0(2)|]-
To see that Algorithm 1 indeed defines a valid coupling, we examine the role of the

the notation ¢, (and analogously 72 ) for the optimal coupling realizing the minimum

uniform random variable U € [0, 1] in the definition of T (p, q) and show that, conditionally
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Algorithm 1 Multi-mean-field coupling on partition A between T(p(1),4(1)) and

T(p(2),4(2))

Require: A partition A of [n]. Distributions p(i), ¢(i) € P(f2) for i € {1,2}; optimal
couplings 7, € T'(p(1),p(2)) and 7g,, € T'(¢(1),¢(2)) with respect to the expected
Hamming distance; the parameter J. Given £ € [n], A({) denotes the unique block
A € A such that ¢ € A.

Ensure: Coupled outputs 7 ~ T(p(1),¢(1)) and 72 ~ T(p(2), ¢(2))

Sample (o?(), o?)) ~ 7l .

Sample U uniformly in the interval [0, 1].

Sample ¢ € [n] uniformly at random.

Sample k € A(¢) uniformly at random.

if U< % — J then
Sample 09 ~ ¢(1).

Set ¢4(2) = F4(1),

else
Sample (¢?1), g?) ~ 78 .

end if

if prl k| 0P g91)) > U then

—_
= O

12: Set 71,71 = Sg(ap(l),ag(l)),sk(JQ( ) p( )) and output 7.
13: else

14: 71,71 = 6P 521 and output 71

15: end if

16: if py(0, k | 0P, 012)) > U then

17: Set 72,72 = Sy(cP?), 02(2)), Sk(aq@),af(z)) and output 72.
18: else

19: 72,72 = 572 592) and output 72.

20: end if

return (71, 72).

on {U < % — J}, replacing the distribution ¢ with any other distribution ¢’ € P(Q) leaves
T unchanged, provided ¢ and ¢ have the same magnetization, i.e. m(q, A) = m(q, A).
We start by rewriting expression (1.56) in terms of the independent random variable U,

uniformly distributed on [0, 1]. For general p,q € P(2), we can define

T(p,q | U)(r Z Ka(t,k) > plo)g(o’)x

Ek:e [n] o,0'eN

X [Um(&k | o0,0") > U)1(1r = Sylo,0})) + 1(ps (0, k| 0,0") < U)L(T = U)}

and then express T(p, q)(r) = Ey[T(p,q | U)]. We are using the elementary fact that
Ev(1(ps(l,k|o,0") >U) =ps¢ k| o,0), with the notation Ey that is the expectation
with respect to the variable U. This explains the role of variable U in the Algorithm. It
remains to show that on the event {U < 3 — J} holds

T(p,q|U)=T(p,d |U), for m(q,A) =m(q,A). (1.58)
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IfU < % — J, as a consequence of Proposition 1.25 which guarantees the lower bound
ps(l, k| o,0") > % —J, we have p;j({,k | 0,0") > U almost surely for all £,k in the same
block of A and all o, ¢” € €, and therefore the proposed exchange of spins is accepted almost
surely which means 7 = Sy(0, 0},). In this case, denoting with pp(op) = >, ... p(0BOB:)
the marginal of p over the subset B C [n] where op = (04,7 € B), it follows

T(p,q|U)(r) =~ Z Ka(tk) D" pppiey (0 ep) k(o) 1(r = Se(o,07))  (1.59)
eke[n} T[nN{€} T
= Z Z p[n]\{e}(T[n]\{e})Qk(Te)
Ke[ keA(e)
14+ m(q, AL 1—m(q, A
== Z P\ (Tin\{2) ((2 ( ))1(712 =1)+ (2 ( ))1(@ = —1)> :

ZG [n]

which proves (1.58). In other words, conditioned on the event {U < 1 — J} the collision
update is “oblivious”, that is it does not take into account the interaction. In the last line
of (1.59), we used the definition of magnetization vector in its coordinate A(¢)
1 1+m(q, AY 1—m(q, A(¢

Y ax(m) = Lmig 4H) 1-mig, 40) ))1(74 =-1).

1(rp=1)+
A0, 25, 2 e

Thus, Algorithm 1 defines the wanted coupling.

Now, using the coupling defined by Algorithm 1, we show the contractive property expressed
in inequality (1.57). Recall that for any pair of configurations o, 7 € 2, the set D, > denotes
the set of sites ¢ € [n] where discrepancies occur, that is oy # 7.

Sample the random variables according to Algorithm 1: sample U € [0,1],4,k € [n],
then derive the random configurations o?®, g% and 7% with i € {1,2}, as prescribed. For
simplicity, we denote the random probability acceptance p% (¢, k) = ps(¢, k | o) aq(i)) for
i € {1,2}, then we have the following relation

|D7'1,7'2| - |DJP(1),JP(2>| S 71<U S % - J 1(6 E DUP(1>7UP(2)) (A)
+1(U € [3 =T, 5+7]) 1k € Dyut) gaca)) (B)
+ 1(5 Z Dopt) go@)5 k & Dyat) pa),

U € (056 k) D30 ), DY(6R) VPG R))  (C)

where a V b = max{a,b} and a A b = min{a,b}. The previous inequality can be derived

by a check of cases imposed by Algorithm 1. Since any new discrepancy in the pair 71, 72

can only be generated by the update at site £ € [n],

|D71,7—2| — |Dgp(1)7op(2)‘ = 1(£ € D71,72) — 1(6 S Dgpu)pp(z)). (161)
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The inequality (1.60) can be verified by a case-by-case analysis of the difference on right-
hand side of (1.61). We have the following three cases based on output of U:

1 p—

By Proposition 1.25, p(lj(& k) /\p?](ﬁ7 k) > U and therefore the update occurs in both
cases: 71 = Sg(ap(l),o*g(l)), 2 = Sg(ap(z),agm). Since the algorithm prescribes
01) = 592) | we have ¢ ¢ D1 12, which yields the contribution (A).

| U>L14T

Again, by Proposition 1.25, pL(¢,k) v p%(¢, k) < U, so the update does not occur in
either case and 71 = o?(M), 72 = P2 Hence, ¢ € Dri 2 ifand only if £ € D ,p) ,p(2) -
In particular,

1(¢ € D71 72) = 1(€ € Dypr) o)) = 0.

Therefore, this case gives no contribution.

. |Ue€ [%—7,%+7]

In this case we use the bound

D 72| = [Dypty gy <L E Dyt r2, £ E Do) o2 )-

If k € D,q) ya2), we simply bound this term by 1, which yields (B).
Otherwise, if & & Dq() ,q(2), a discrepancy appears if and only if exactly one update
occurs while the other is rejected, that is,
1 2 1 2 I -1 =
U € (Pt k) AP R). DY R) VPI(LR)) € [5 = 7.5+ T,
which gives the contribution (C).

To conclude the proof of (1.57), we estimate the expectation of |D, 1 2| — |D0p<1>,ap(z) |,
giving separately an upper bound for each term (A),(B) and (C). By the algorithm,

o?), P2~ 7b and 091, 092 ~ 7l whenever U > § — J. Hence,

BI(A)] = = (5~ 7)Wim().p@),  EIB)] < 22Wi(g),a(2)
We will prove that
E(C)] < 2 (Wa(p(1), p(2)) + Wa(a(1), (2))). (1.62)

Before giving a proof of estimate (1.62), we combine the estimates for (A), (B), and (C)

1

and conclude the proof of inequality (1.57). By construction, the pair 71, 72 produced by
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the algorithm is a coupling of T(p(1), ¢(1)) and T(p(2),¢(2)), then

~

WA(T(p(1), (1), T(p(2),4(2) < B ]
< EID v o] — E[(A)] + E[(B)] +E{(C)
= (1= 2~ 2)) W p(1),p(2)) + > Wi (a(1), 4(2))

This concludes the proof of inequality (1.57).
It remains to prove the estimate (1.62) for term (C). By definition

1(k € A(0))

FOT=5 2 )

" L.ke[n]

P[U € (p} (6, k) Ap5(E,K), p(6,K) V P R))]

E[l(ﬁ Z Do) v, k & Dyatt) gac2)

We use the following consequence of the Lipschitz property stated in Proposition 1.25:

once oP(1) g1 P(2) 59(2) and ¢,k € [n] are fixed,
1
PIU € (pj(£, k) Ap5 (LK), py (k) V p5 (L, K))] < ZlEz,k(Up(l),Uq(l)) — Bpp(o"?,07)|.

Since the event (C) is supported on ¢ ¢ D, p) o2 and k € D q0) ,a2), We have af(l) —

UZ(I) _ 0§(2) R (0))

o, . In particular,
|Eg(0”D), 010 — By(0?@, 512))| = 21 (o2 £ Ug(l))‘w(gﬁ(l) — ")), + [J(07@ — Uq(l))]k‘

(1.63)

< 4[ D sl 1(s € Doty gon) + Y [ Jrsl1(s € D(,qu),gq(z))]-
s:s#L s:s#k

Using in order (1.63), l(ff(’?)(f)) = 1(&@()1@ and Yoo |Jis| < J for all i € [n], we conclude

1 1
E[(C)] <= > [JeslP(s € Dyoy go) + = . > |JksP(s € Dyatt) pa2))

C€[n] s:57 " ken] sisAk
J
< ﬁ( Y P(s € Dy go2y) + Y, P(s € ngu),gq(m))
s€n] s€[n]
J

= 2 (Wi(p(1),p(2) + Wi(a(1), 4(2))).
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1.4 Relative entropy decay for the particle system

This section is concerned with the proof of Theorem 1.10. We start with a version of that
theorem that covers the case of the mean field exchange dynamics in Example 1.2, that is
for the kernel IC(¢,n) = 1/n, and then turn to the proof for the general multi-component
case in Definition 1.3. A key intermediate step in these proofs will be a modified log-Sobolev

inequality for a version of the so-called Down-Up walk for the canonical Ising measure.

1.4.1 Mean field exchange dynamics

Here we state the main result for the kernel K(¢,n) = 1/n. In order to prepare for later
applications to multi-component systems we need to extend the setup from Section 1.1.3
to include arbitrary external fields. Thus, for h € RN" we write h = (h(i),i € [N]), and
h(i) € R™ for all i € [N], and define

KUN,Jho = ®z 1HJ,h z)( ‘ QN oz) (164)

the measure obtained by taking products of 1174(;) and then restricting to {2y . Recall
the notation o**J* for the configuration o € Q obtained by exchanging the spins o(7)
and o (7); see (1.12). We use the notation

457, k‘)

. . ,MNJhoc(o-7
Tihij (k| o(i),0()) =
bk | 0(),0(9)) BN, Ik (0) + 1N, g ha(0B5F)

Note that, because of the product structure, this quantity depends on o only through o(7)
and o(j). Moreover, it coincides with (1.10) when A = 0. We define the Dirichlet form

EN .1l F.G) > S ine g (6K | (i), o () VIR EVHIAG]
2N”z‘g 10,k=1

for functions F, G : Qn o — R. As usual, we let

Entyy ;o (F) = unsha [Flog(F/un nalF])]

denote the entropy of ' > 0 with respect to un, jn.q-

Theorem 1.26. Let h € RN", let J € R™ ™ be a nonnegative definite matriz with largest
eigenvalue N(J) < 1/2, and let J = maxicp 2 jepm il h = maxepy) ieqn |he(i)]. For
any N > 2, and o € Dy n,

ENJpal(F log F) > rEnt F), (1.65)

.U“N,J,h,a(

for all FF > 0, with constant o such that

r> (1 —2)(J)) e8I,
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We note that Theorem 1.26 implies Theorem 1.10 in the special case C(¢,n) = 1/n,
since (1 —2XA(J)) <1 and for this choice of kernel, taking h = 0, one has

ENJ0.a(F,G) =nEN ja(F,G),

where En ;o (F, Q) is given in (1.15) with (¢, n) = 1/n. The proof of Theorem 1.26 will
be derived as a consequence of the following more general estimate for mean field exchange

systems.

1.4.2 Down-Up Walk for Conservative Particle Systems

We introduce some new notation. Consider a generic Ising spin system, with L spins, for
some L € N, with interaction given by an L x L symmetric matrix A and with external
field w € RY, that is

(1) exp (1<n,An> + <n,w>) L one{-L1E, (1.66)

" Zaw 2

where (n, An) = ZiL,j:1 nili jn; and (n,w) = S°F  wn;. Given an integer M € {~L,...,L},

consider the state space
QL’M = {77 € {*1’ 1}La z'L:177i = M} .

We will assume that L + M is even, so that €2y s is not empty. We view a configuration
n € Qp v as composed of K points in the set [L] = {1,..., L}, corresponding to the sites ¢
where 7; = +1. Thus, 7 is a configuration of K = (L + M)/2 elements from [L], which we
view as sites occupied by “balls". The remaining sites are such that 7; = —1 and will be
seen as empty or “holes". The Down-Up Walk on Qy, 5; for the Ising system iy ,, is the
continuous-time Markov chain where a ball at site ¢, with rate 1 is moved to a hole at j,
chosen among all possible vacant locations (including going back to ¢ itself) with probability
proportional to u(n*’), where  — 1/ is the configuration obtained by swapping the spins
values at sites i and j. Using the notation Vi F(n) = F(n*/) — F(n), the infinitesimal

generator of the process is
LYF(m) = > Mn,n") VI F(n), (1.67)
ij=1
with F: Qg ar — R, and ¢®%(n, %9) is the transition rate

1A (77
D ke, (n) Haw ()’

() = 1(n; = +1,n; = —1) (1.68)

where U;(n) = {j € [L] : nj = —1} U {3} denotes the set of available sites. This generator

defines a conservative dynamics, reversible with respect to p ,,. It is not hard to check
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that, for any M such that L + M is even, the process is irreducible in the state space €27, s,

and the restricted measure

vi,m = faw (| Qo) (1.69)

is reversible, and thus the unique invariant measure. Let £4%(F, G) denote the associated
Dirichlet form,

SM(F,G) zLj ar [0, )V E() VI Gn)| (1.70)

l\D\»—l

for F,G : Qp p — R. Let also Ent,,, ,, (F') denote the entropy with respect to the canonical
Ising measure vy, 7. The key to prove Theorem 1.26 will be the following MLSI for the
Down-Up walk.

Theorem 1.27 (MLSI for the Down-Up walk). Suppose that A is a nonnegative definite
matriz with largest eigenvalue A(A) < 1/2. Then for all values of L, M, with L + M even,
for all w € RE,

EM(F,log F) > (1 — 2\(A)) Ent,, , (F),

for every F : Qp v — Ry

It is crucial that the estimate is uniform over the parameters L, M and the external
fields w € RY. The above theorem can be proven using the arguments in Theorem 2.2
and Lemma 2.7 in [BBD24a]. Moreover, following [BBD24a] it can be shown that if the
largest eigenvalue of A is associated to a constant eigenvector, then one can impose the
condition A(A) < 1/2 on the second largest eigenvalue. This is natural, in light of the global
constraint ), n; = M. Indeed, if e.g. A; ; = ¢, then the canonical measure v, 5y becomes
uniform and one might as well take A = 0. However, for the applications to our setting,
the removal of the eigenvalue associated to constant eigenfunction will not be relevant.
Below, we prove Theorem 1.27 with a slightly different argument, which will allow us to
introduce the relevant tools to prove the more general statements for multi-component
mean field exchange models, which are not covered by the results in [BBD24a]. Our proof
will follow the factorization technique developed in [CCP25], which in turn was based on
the stochastic localization approach from [CE22]. The proof of Theorem 1.27 will be given

in the following subsections. Here we observe that it implies Theorem 1.26.
Proof of Theorem 1.26 assuming Theorem 1.27. Let L = Nn, where N is the number of
particles and n the number of spins per particle. We use the correspondence

ne{-1,1}"" —o=(0(i),i=1,...,N), 0(i)= (e, u=n(i—1)+1,...,ni), (1.71)

that is the spins in the block of sites {(i — 1)n + 1,...,ni} are associated with the i-th
particle (i) = (01(i),...,0n(7)). The L x L matrix A and the L-vector w are taken such
that

(n,An) = 1 (0(0), Ja (@), (nw) = TiLi(o(i), h(i))
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where the scalar products on the left hand side are over R” while each of the scalar products
on the right hand side is over R™. In this way, taking M = (2a — 1)Nn, the canonical
measure vy jr in (1.69) coincides with the probability measure pin s o Since A consists
of N blocks given by the n x n matrix J, one has A\(A) = \(J). Therefore, to prove (1.65)

it remains to establish the comparison
Engno(Flog F) > L e 3R edn (100 1), (1.72)

for all nonnegative functions F'. To prove this, observe that, if M < 0, that is a < 1/2,
then |U;(n)| > L/2 = Nn/2, for all n € Qp, ps, and therefore

o 4 =T 4J
Cdu(n’ nz,]) <= e8(J-i—h) MAJ»U(n )

Nn A w(n) + paw(n9)
4 N
= ¥ e8(J+h) T I CiC (L k| o(Cy), O‘(Cj)) )

where C;, C;j € [N], and ¢, k € [n], denote the labels such that o,(C;) = n; and o, (C;) = n;
in the correspondence (1.71). Using this pointwise estimate in (1.70) we obtain (1.72).
This ends the proof in the case M < 0. The case M > 0 can be handled in the same way
with the change of variable n — —n. Indeed, this global flip changes the measure from
WUN, Jha tO 1N, J—h1—- Thus we may apply the previous argument to the new variables.
This ends the proof of Theorem 1.26. O

1.4.3 Proof of Theorem 1.27

Let (W;)i>0 be a standard Brownian motion in R”, adapted to a filtration (F;)>0, and set
W, = AY 2W;. The stochastic localization process for the canonical Ising measure vi,Mm s

given by

1 t—1

o) = - exp (=15 A+ (b o) ) 1 € Q) 20, (LT

where Z; is the normalization so that g; € P(Qr ), and the random field y; € Rt >0

evolves according to the stochastic differential equation
dyy = AWy + Am(y) dt,  yo =0,
with m(y;) given by the mean vector m(y;) := o¢[n], that is for all i € [L],

[m(ye)li = olmi] = Xpeqy \mioe(n).

That the process is well defined can be checked by standard methods. Moreover, (gt > 0)
is an {F;}-martingale and therefore vy, py = E[g] for all ¢ > 0, where E denotes the
expectation with respect to the stochastic localization process. We refer to [CE22]; see
also Lemma 3.1 in [CCP25].
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At time t = 1, the measure (1.73) is a random product distribution restricted to Qp, ar,

L
o1(n) o< [ exp (yrimi + wimi) 1(n € Qp ), (1.74)

i=1
where y; ; denotes the i-th component of the vector y;. That is, g1 is a Bernoulli product
measure conditioned on having total magnetization M. Such measures are known to
satisfy the Strong Rayleigh property; see [BBL09]. This implies strong log-concavity of
its generating polynomial, which in turn yields a modified logarithmic Sobolev inequality
(MLSI) for the associated Down-Up walk [CGM21]; see also [HS23; Ana+22; BBD24a].
We shall actually establish a stronger estimate, namely entropy factorization. This allows
us to use the arguments in [CCP25] which yield a simple proof of Theorem 1.27.

To introduce the factorization estimate, we formulate the Down-Up walk for an arbitrary
measure p € P(Qr, ar) as follows. As above, we say that there is a ball at j € [L] if n; = +1.
Thus, every n € Qp ar has K := (L + M)/2 balls. According to the distribution x, balls are
not distinguished. However, we artificially distinguish them by taking a uniformly random
labeling of the K balls, and write X}, € [L] for the position of the k-th ball. With slight
abuse of notation we call again p the induced distribution of the vector X := (X1, ..., Xk).
Let p; = p(- | Xj, j # i) denote the distribution of X; conditionally on the position of all
remaining balls. Now, it is not hard to see that the Down-Up walk for the original measure
p, defined by the rates (1.68) with u in place of yy 4, coincides with the Markov chain
where with rate 1 independently each variable X; is updated by replacing it with a sample
from p;, provided we observe the chain on functions that are symmetric under permutations
of the ball labels. Thus, letting S be the set of symmetric functions X — F(X), the

generator of the chain becomes

K
LYUF(X) =Y (w[FI(X) = F(X)),

i=1

for any F' € S, where p;[F|(X) = p(F | X, j # 1) is the conditional expectation of F
given all X;, j # ¢. It follows that the Dirichlet form is given by

K
EM(F,G) =) p[Covy,(F,G)], (1.75)
=1

for any F,G € S, where Cov,,, (F,G) = 1;[FG] — ;[ F)p;[G] denotes the covariance with
respect to p;. Moreover, let Ent,, (F') = p;[F log F| — p;[F]log p1;[F] denote the entropy
functional with respect to ;. Note that this is a function of the variables X, j # ¢ and

that for any realization of these variables Jensen’s inequality implies
Ent,, F < Cov, (F,log F) , (1.76)

for all F > 0. In light of (1.75)-(1.76) the following factorization property implies the MLSI
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for yo with constant 1. We say that p € P(Qy ar) is strongly log-concave if its generating
polynomial is strongly log-concave; see [CGM21].

Proposition 1.28. Suppose v € P(Qp ) is strongly log-concave. Then, for any F € S,
K
Ent, F <) p[Ent,, F]. (1.77)

=1

Proof. From [CGM21, Lemma 11], or equivalently [Ana+22, Theorem 5], any strongly

log-concave p satisfies the subadditivity inequality,
K
Ent, F > ) Ent, F;, F, = ulF | X, (1.78)
i=1

for any nonnegative symmetric function F'. Note that by symmetry Ent,, F; = Ent,, | for
all i. Moreover, it is known that the inequality (1.78) continues to hold with u replaced by
the conditional distribution u(- | X1,...,Xy) for any £ =1,..., K — 1 and any realization
of the variables X, j =1,...,k. The factorization statement (1.77) then follows from a

simple recursive argument, see e.g. [Cap23, Section 4.1] O

Since the measure g in (1.74) is strongly log-concave [BBL09], we may apply Theorem

1.28 with u = p1. Taking the expectation with respect to the stochastic localization process,
K

E[Ent,, F] < Y E [or [Bnty, , F||, (1.79)
i=1

where 01; = 01(- | Xj, j # i). We would like to turn the statement (1.79) into a factorization

statement for our original measure v := vy, 5y = E[p1]. The first step is a convexity estimate.

Lemma 1.29. For any nonnegative symmetric function F, for all i € [K], one has
E |01 [Ent,,, F|| <v([Ent,, F]. (1.80)

Proof. Using the martingale property v = E[o1],

E {91 [Entgu FH = v[Flog F| —E|o1 [01,,F log 01,F]] . (1.81)
We write (F: X.00)
O1\ 5 Aty

01, F(X) = ——"— 1.82

1iF'(X) 01 (X2 (1.82)

where we use the notation X; = (Xj, Jj# i), Ql(X#) = in 01(X), and Q1(F;X¢i) _
>ox, F(X)e1(X), and therefore

F; X
E o1 [01iFlog o1 F]] = Y E | 01(F; X ) log QI(X#Z)
& 01(X )
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Using v = E[p1], and the joint convexity of the function (z, %) + zlog(z/y) on (0,00)2, by

Jensen’s inequality

v(F Xyi)

E [o1 [01,iF log 01, F]] > V(F; X4;)log
2 7 v(X4)

=v[yFlogyF],

where we use the notation (1.82) for v in place of p;. The desired bound (1.80) follows
from (1.81). O

Next, we use the so-called entropic stability estimate from [CE22], which allows one to
compare relative entropies with respect to p; with relative entropies with respect to v by

using a covariance estimate. Let

Cov{u](i, j) = plning] — plnilplngl,

denote the L x L covariance matrix of any p € P(Qr, a), and write A(Cov|u]) for its largest
eigenvalue. If v € RE| the tilted measure Tyu € P(Q as) is defined as

Tor(n) o< p(n)e™m.

The next lemma is a version of [CE22, Proposition 39]; see also [CCP25, Lemma 3.2]. The

proof can be adapted to our conservative setting without modifications.

Proposition 1.30. Suppose there exists a deterministic function k : [0,1] — R4 such that
MCov],ay]) < k(t) a.s., for all t € [0,1], for all v € RE. Then, for all functions F >0,

E [Enty, F] > exp (—/\(A) /01 /i(s)ds) Ent, F.

We turn to a bound on the covariance. The following was established in [CE22, Lemma
50] for the non conservative setting, based on a decomposition introduced in [BB19]; see
also [CCP25, Lemma 3.4]. We adapt the proof given in [CCP25] to the present conservative
setting.

Proposition 1.31. Let v = vy be the canonical Ising measure (1.69) with positive
definite interaction matriz A and external fields w € R, If A\(A) < 1/2, then the largest

eigenvalue of Cov[v| satisfies

2

A(Cov[v]) < =)

Proof. By gaussian integration, for any n € Qr, s,

exp(3(n An) o [ dyexp (<3 A79) + (.9). (1.83)

o8



where the implicit positive constant is independent of 7. Define the function

Fy) = exp (=3 (v, A~ 1y) +log (Z (y +w))) .

where Z (v) := > exp ({n,v)), for any v € RE. From (1.83) we obtain

UISYY,
v o [ dyf@)Z (y+w)" exp ((ny +w) 107 € Q).

If ;v denotes the uniform probability measure over €7, 3; then for all v € RE,

Ty (77) =7 (U)_l exp (<77> U>) 1{77€QL,M} :

Therefore, v is given by a mixture of tilted measures Tyu,

A

v(n) = | Tyrwi(n)f(y)dy,

where f := f/ [ dyf(y) is a probability density on RZ. By the law of total covariance,

Covle] = [ dyf(y) CovITyun] +Cy. (1.84)

where C, stands for the L x L matrix

(0.3 i= [y wiwds - ( [wiwdy) ( [wwrswid).

and we use the notation v;(y) := 32, cq, ,, Ty+wit(n)ni, @ € [L]. Next, we observe that
M(Cov[Tyu]) < 2 for any v € RY. Indeed, T,u is Strong Rayleigh [BBL09], which implies

negative correlation, and thus for any u € R”, letting C = Cov[T,pu], one has
Y ICijl =Cii— > Cij=2Ci,
J JiJ#

for any i € [L], where we use C; j < 0 for i # j and the fact that 3°; C; j = 0. Since A(C) <
max; y_; |C; j| and Cj; <1 for any i € [L] one has the desired bound A(Cov[T,pu]) < 2.

We turn to a bound on the matrix C,. For any u € RF we write

{u, Cou) = 325 juiujCy (i j) = (9u(Y))

where Y is the RE-valued random variable with density f, and gu(y) == > ; uivi(y). We are
going to use the Brascamp-Lieb inequality (Theorem 4.1 in [brasclieb]). Namely, suppose
that —Hesslog f (y) is positive definite, with lower bound aId where a > 0 and Id is the
L x L identity matrix. Then,

) = 5 [ AufW)IVauw)I3. (1.85)
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Note that,

0
zgu Zu] g = Zuici,j ,
Yi 7
where C = Cov|[T,4wp]. As discussed above, one has A(C') < 2. Therefore, for all y € RL,
IVgu ()3 = (Cu, Cu) < 4{u,u).
From (1.85) we conclude

(u,Cpu) < —(u,u) .

|~

It remains to establish the bound —Hesslog f(y) > ald. Since Hesslog (Z (y +v)) =
Cov|[Ty+wp], one has Hesslog (Z (y +w)) < 21d. Moreover, Hess(y, A1y) > 2X(A)~!1d.

Therefore we obtain the quadratic form bound
" _ 1
~Hesslog f(y)) = Hess (3(s,A™"y) —log (Z (y +v))) > (A(A) - 2) Id.

Summarizing, we may take a = (1 — 2A(A))/A(A). Since 4/a + 2 = 2/(1 — 2X\(A)), the

desired conclusion follows from (1.84). O

We now have all ingredients to complete the proof of Theorem 1.27. From Proposition
1.31 applied with A replaced by (1 —t)A, t € [0,1], and using the expression (1.73) for o

we see that the assumption of Proposition 1.30 holds with

2
) = T oa =)

Vs € [0, 1].
Integrating, fol k(s)ds = —ﬁ log(1 — 2A(A)). Therefore, Proposition 1.30 implies
Ent,F < — ~ T [Ent,, F]
=TTy et

for all F': Qp pr — Ry. This, together with (1.79) and (1.80), proves that
K
Ent, F < < Z v [Ent,, F],
=1
Using (1.76), it follows from (1.75) that

1 d
R u

This ends the proof of Theorem 1.27.
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1.4.4 Multicomponent mean field exchange dynamics

We extend the previous analysis to the case where the system consists of several regions
each of which is restricted to have a fixed magnetization. To this end, consider again
the probability measure pp ,, on {—1,+1}” given in (1.66). Let B denote a partition of
[L], that is UpepB = [L] and BN B’ = () for all B # B’. Let also M = (Mg, B € B),
Mp € {—|Bj|,...,|B|}, denote the magnetization vector, and define

Qg = {n e {141}~ S, pmi = Mg, VBe B} :

and the multicomponent canonical measure

v = g (| Qo) -
For every B € B we define a Down-Up walk with rates

KA w (Ui’j)

du 5\ .. o o
cg'(n,n”)=1(3,j € B)1(n; = +1,n; = —1) _—
' ! D keUp.s(m) Haw (™)

(1.86)

where Up i(n) = {j € B:n; = —1} U {i}. Consider now the Down-Up walk given by the
generator (1.67) with rates

M, n™) =Y e mn™).
BeB

It is not hard to check that, for any choice of the magnetization vector M, the process is
irreducible in the state space €21, ¢, with unique reversible and invariant measure vy, 4.

The Dirichlet form is given by

1 L .
EFEG) =5 X Y v [ )V F)VIGM)] |
BeBi,jeB

for F,G : QL m — R. Let also Ent,, ,,(F) denote the entropy with respect to the
multi-canonical Ising measure vz, r¢. The multicomponent version of Theorem 1.27 is as

follows.

Theorem 1.32 (MLSI for Multicomponent Down-Up walk). Let B be a fixed partition
of [L]. Suppose that A is a nonnegative definite L x L matriz with largest eigenvalue
AMA) < 1/2. Then for all values of the vector M, for all w € R”,

E"(F,log F) > (1 — 2A(A))? Enty, . (F),

for every F': Qp p — Ry

The key to prove the above theorem is the following factorization statement. For any

B e Blet vg = v m(- | nj,j ¢ B) denote distribution inside B conditioned on the outside
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variables, and let Ent,,(F) = vg(F'log F) — vg(F')logvg(F') be the associated entropy
functional. Note that Ent, , (F') is a function of the outside variables n;,j ¢ B.

Proposition 1.33 (Approximate Factorization of Entropy). Under the assumptions of
Theorem 1.52, for all F': Qp p — Ry,

> v [Enty, (F)] > (1= 2X(A)) Enty, | (F).

BeB
Proof. The proof can be obtained as in [CCP25, Theorem 2.8], which establishes a Shearer-
type inequality for multicomponent systems. For the reader’s convenience we sketch the
main steps. Consider the measure g; defined as in (1.73) with the set Qp, ps replaced by
Qr.m- A key feature of the stochastic localization process in this case is that the measure

01 is now a product over B € B, namely

01 = ® 01,B 01,B =y1,p+wp HB,
BeB
where up is the uniform distribution over € {—1,41}# such that > jepNj = Mg, and
y1,B, wp denote the projection of the L-vectors y;,w onto B. This can be seen from (1.74)
where now €17, 3/ is replaced by Qr, .
By the tensorization property of product measures, see e.g. [Cap23|, one has the

factorization

Enty, F < Y o1 [Enty, , F| .
BeB

Moreover, we may apply the convexity argument in Lemma 1.29 to obtain, for any B € B,
E o1 [Enty, , F|| < v [Enty, F] .

At this point we repeat the steps in Proposition 1.30 and Proposition 1.31. The fact that
the measures i, B € B, are Strong Rayleigh for any v € RE implies that their product is

also Strong Rayleigh, and thus the same covariance estimates can be used. In conclusion,

> v[Enty, (F)] > E, [Bnty, (F)] > (1 2A\(A)) Enty, ,(F).
BeB

O

Proof of Theorem 1.32. For every B € B, the measure vp is of the form of a canonical
Ising measure as in (1.69) with L = |B|, A replaced by Ap = (A;j, 4,5 € B), the
principal submatrix corresponding to the set B, and w replaced by some new external
field w(npe) = (wi(npe), i € B), which depends on the outside variables nge = (n;, j ¢ B)
through
wi(npe) = w; + Z Ai ;-
j¢B
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Thus we may apply Theorem 1.27 to this system. Noting that the rates c 4 (n,n™7) can be
written as in (1.86) with puy ., replaced by vp, this gives, for all B, uniformly in npe,

- Z v [ (n, 0" )V F () V" log F(i)| > (1= 2\(Ap)) Ent,, (F).
1,jeB
Summing over B € B, taking the expectation with respect to vz r, and noting that

AMAB) < A(A),

ER(Flog F) > (1= 2X\(A)) Y v [Enty, (F)].
BeB

The statement in Theorem 1.32 then follows from Proposition 1.33. 0

1.4.5 Proof of Theorem 1.10

We apply Theorem 1.32 with the notation given by the correspondence in (1.71), and
with the following choice of blocks B. Given a partition A of [n], we define the associated
partition B = (B(A), A € A) of [Nn] where, for each A € A, B(A) is the stripe [N] x A4,

or more formally
B(A):={i€[Nn]:i=l+qn, L€ A, g€ Z;+, 1 <l+qn < Nn}.

Note that {B(A), A € A} forms a partition of [Nn], and if B = B(A), then np corresponds
to the spins (o4(i),¢ € A,i € [N]). Let p be the canonical Ising measure defined in (1.14),
where a € Dy n, and for B = B(A), write up for the measure

pp = p(- [ ou(@), £ ¢ A,i € [N]),

that is up is the measure obtained by conditioning on all variables outside of B. The

factorization in Proposition 1.33 is equivalent to

> w[Ent,, (F)] > (1 —2A(A)) Ent,(F). (1.87)
BeB
Recalling that K is now given by K(¢, k) = W if £,k € Aand K(¢,k) = 0 otherwise, the

Dirichlet form (1.15) becomes

gNJaFG

£ lenntr0).

0,k ))Vibik pyitikgl
2N]A\ ”ZIMXE:A“B ) [pa(ek | o), 0(5) ]

3\*—‘

Epy (PG

for functions F,G : Qn o — R. We note that every pp is of the form (1.64), with (n, J, h)
replaced by (|A|, Ja,ha), where Ja = (Jij, i,j € A), and ha € RNl is the external field
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induced by the boundary condition outside of B, which is given by [ha(i)]e = > g a Jek0k (i),
i € [N], for every £ € A. Since ha < J, and A(A) = A(J) > \(Ja), for all A C [n], by
Theorem 1.26, for all A € A,

Ep(ay(F,log F) > L(1 = 2X(J)) e 7 Ent,,,, , (F),
for all F > 0. From (1.87) and (1.72) we conclude
Enga(Flog F) > (1= 2X(J))? e 1% Ent,,(F).

This ends the proof of Theorem 1.10.

1.5 Completing Kac’s program

In this section we are going to prove Theorem 1.7. The main step consists in establishing

a suitable nonlinear modified log-Sobolev inequality.

1.5.1 Nonlinear MLSI

Consider the quadratic system with kernel Q’}, and let A be the corresponding partition

of [n]. Let also D,, denote the entropy dissipation functional from Lemma 1.15.

Definition 1.34. For all h € T' 4, let S, be the set of f : Q@ — Ry such that py,[f] =1
and such that fu;;, € P(2) has the same magnetization vector of ju 4, that is

ma(pan) = ma(fpan)-

The system is said to satisfy the Nonlinear MLSI with rate function Z : I' 4 — R if for all
hely,
DMJ,h (f) > I(h) HJh [f log f] s fesy,.

Recall the notation P4(€2) for the set of probability measures with nondegenerate

magnetization, see Definition 1.4, and recall the uniqueness statement from Lemma 1.14.

Lemma 1.35. For any p € Pa(Q2), let h = h(ma(p)) denote the unique h € I' 4 such that
ma(psn) = ma(p), and let p; denote the solution of (1.5) with initial datum p. If the
system satisfies the Nonlinear MLSI with rate function T, then

H(pelpsp) < e "W Hplugp),  t=0. (1.88)

Proof. Let u = pyp and write f; = p;/p. From Lemma 1.17 it follows that f; € Sy
for all ¢ > 0. By Lemma 1.15, and using the Nonlinear MLSI assumption, the function

o(t) :== H(p|p) = plfilog fi] satisfies

d

7 P = =Du(fe) = —I(h) pfelog fi] = —T(h)¢(t).
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Integrating, we obtain (1.88). O

To prove Theorem 1.7 it is then sufficient to prove the following uniform Nonlinear
MLSI.

Theorem 1.36. In the setting of Theorem 1.7, the system satisfies the Nonlinear MLSI
with rate function I such that Z(h) > r, for all h € T 4, where r > g=(1 — 2X(J))%e 167,

The rest of this section is devoted to the proof of Theorem 1.36. The estimate will be
derived using Theorem 1.10 together with Entropic Chaos and Fisher Chaos estimates that
are at the heart of Kac’s program. We start with some preliminaries concerning the local

central limit theorem.

1.5.2 Local Central Limit Theorem and Kac Chaos

Let v € P(€2) be a probability measure on 2 = {—1,+1}", and let A be a partition of the
set [n]. Define the |.A|-dimensional vector M = (M4, A € A), where

MA:Z(U, Ae A.
leA

Definition 1.37. We say that v € P(Q) is irreducible if for all A € A, there exists an
| A|-dimensional vector S such that v(M = S) > 0 and v(M = S+ 254) > 0, where 04

denotes the standard unit vector in the A-th coordinate.

Let VA denote the covariance matriz of the vector M,
VAA A = v(MsaMy) —v(Mo)v(My), A A € A
If v is irreducible then

det VA > 0.

Indeed, suppose that det VA = 0. Then there exists A € A such that M is almost surely
a non-trivial linear combination of {My : A # A} under v. Consequently, no S € RA
can exist such that both S and S + 264 have positive probability under v, yielding a
contradiction. The following is a version of the local central limit theorem; see [CP24,

Proposition 2.2] for a proof.

Proposition 1.38. Let v € P(Q) be irreducible, and let MN) be the sum of N independent
copies of M, each distributed according to v. Then, there exists a constant K(v) > 0 such
that for all N > 1,

67%<ZN7ZN> < K(V)
(27TN)IAI/2\/W = (2nN) M2+

max IP’(M(N) =5) -
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where zy is the | A|-dimensional vector defined as

(V)2
IN = ——
VN

and the mazimum is taken over all |A|-tuples S = (Sa, A € A) such that for each A € A,
Sa=2X4 — N|A| for some integer X4 € {0,..., N|A|}.

(s —EM™)),

We apply the above statement with n and A fixed, while we take N arbitrarily large.
In particular, we use Proposition 1.38 to obtain a lower bound on the probability of the
event Q. defined in (1.13), for suitable sequences a € D4 n, when the spin configuration

(0(i), i € [N]) is distributed according to the product measure vV,

Corollary 1.39. Let v € P(Q) be irreducible and assume that o € D n satisfies the

condition
(o —aq(v),a —aq(v)) =0 (1/N), (1.89)
where aa(v) = (1 +ma(v))/2 is the density profile associated to v. Then,

®N ¢
Ve (ve) 2 Jraze

where ¢ = ¢(v) > 0 is a constant independent of N. In particular,

1
; il QN —
A}gnoo N log (1/ (QN@)) =0.
Proof. The event Qy , can be written as M) = S with Sy = (2a(A4) — 1)N|A|, A € A.
Moreover, for each A, the A-component of E[M®)] is given by N|A|m.4(v). The results
follow from Proposition 1.38 by noting that (1.89) is equivalent to (zxn,zn) = O(1). O

Given v € P(Q), it is always possible to find a € D4 n such that (1.89) is satisfied. In

fact, choosing

1

a(A) = WL

N|A|(1+m(A,v))/2], Ac A (1.90)
one has a(A) — (1 + m(v, A)) = O(1/N), for all A € A, and therefore (1.89) actually
holds with O(1/N?) in place of O(1/N).

Definition 1.40 (Canonical tensor product). The choice (1.90) of a € D4 n will be called
the canonical density associated to v. We also define the canonical tensor product associated

QN

to v € P(Q) as the product measure v*" conditioned on Qy ., where « is the canonical

density for v,

(W) =V (| Q) -
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Kac’s Chaos refers to the fact that marginals of the canonical tensor product converge
as N — oo to independent copies of v. The next proposition quantifies this statement.
For all fixed k € N, we write Py for the marginal of a measure v € P(Q2V) on the first k
coordinates Q% for k < N. We refer to [CP24, Theorem 2.6] for a proof.

Proposition 1.41 (Kac Chaos). Let v € P(2) be irreducible. Then, for all N >k > 1,

Ck

| Peyn (v) — v ||py < N

for some constant C = C(v).

1.5.3 Entropic and Fisher Chaos

We turn to the implications of the above estimates for the relative entropy and the Dirichlet

form of the exchange dynamics.
Proposition 1.42 (Entropic Chaos). Suppose v1,ve € P(2) are irreducible measures such

that v1 < vy and my(v1) = ma(v2). Then,

. 1
i Hy (yw (1) | yn(ve)) = H(vr | va).

Proof. By definition of the canonical tensor products, calling o the common canonical

density for vy, v,

Hy (yn(v1) | v (v2)) = v (v1) llog (@V)] — log <V§N(QN’°‘)> )

Corollary 1.39 implies

Moreover, by symmetry

%fm(m) [log (Zg:)] = Piyn(11) [log (:)] ’

and the conclusion follows by Proposition 1.41. O

Fisher Chaos is the convergence of the Dirichlet form (1.15) when the function F' is
the density of a canonical tensor product. Recalling the notation from Definition 1.34, this

can be formulated as follows.

Proposition 1.43 (Fisher Chaos). Fiz h € I' 4, and let pn := p ). Suppose f € Sy, is
such that the measure v := fu € P(Q) is irreducible. Let o denote the common canonical

density of v and u, and define

Fy := : (1.91)



Then,
lim ng Ja(FN,IOgFN) =2D (f) (1.92)

N—oo N

Proof. For any F : QN — R, we write En,jo(F,logF) = %Z&ke[n]lC(ﬁ, k:)Eﬁ}f{J@(F),

where

1 Y ) N weid
ENralF) = = X2 wvaa [ps(l Ko (D), 0 () VI Flog F|.
i,j=1

Similarly, Dy (f) = + Y e K& E)DGF(f), where

1)”‘C :—7 Z,u ps, k|, ') x

TT/GQ

x (f(Se(r, 7)) (Sk(7', 7)) = F(7)£(7)) Jog (F(7) £ (1))

Therefore, to prove (1.92) it is sufficient to show that for all fixed n and ¢, k € [n], with
Fy as in (1.91),
lim Nﬁf&’}aw) = 2DLk(f).

N—oo
Since Fy and ppn,j are invariant under particle permutations,
N -1

1
E12(FN) + N&(FN) ,

where

E12(FN) = —pnsa [l Ko (1), 0(2) V25 Fy log iy | |
51 (FN) = —HUN,J« [ﬁJ(e? k’o—(l)v U(1>)v17£;17kFN log FN} .

Thus, it suffices to show that

Jim & 5(Fy) = 2D5F(f), (1.94)
A}gnoo—é’l(FN) 0. (1.95)

For any configuration o € Qy q,

o M®N(QNQ) N
Fy(0) = Loy IO,
so that
erabn) =~ 30 HETE AT k) 1), 0(2) 0w (i) =
0EQN o an
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We decompose Qy , by fixing the values 7 = o(1), 7" = o(2),
QN,oz = UTJ’GQQN,a(Tv T,)a (196)
where Qx ,(7,7') denotes the set of configurations (0(s))s.12 € Q=2 such that

53 ou(s) = (N =2)[A|Qa(A | 7,7) = 1), A€ A

leA s#1,2

where the adjusted density vector &(- | 7,7") € Da n_2 satisfies

N
2a(A N=1) = ——2a(A) -1
(A7) 1) = 7 520(0) ~ 1)~ Gy S 7
Note that a(A | 7,7") = a(A)+O(1/N) for all A and 7,7’ € Q. In particular, by Proposition
1.38, for all 7,7’ € Q,
QN—-2 /
)
N—oo I/®N(QN7Q)

=1. (1.97)

From the decomposition (1.96),

Eia(Fn) == Y )l s (Ck [ 7,7) [f(Se(r, 7)) £ (Su(r', 7)) = F(T) ()] x

7,7 €N

sz 7(n(5) e
x ygif(ﬁfvn,a)) 10g5®N(QN,a)+1og(f(T)f +log(H o )]

NEQAN, o(T,7) s#1,2

Using reversibility as in Lemma 1.13, we see that the function
o(r,7') = w() (T s (C k| 7.7") [F(Se(r Ti)) f(Sk( 7)) = f(7) f ()]
is antisymmetric in the exchange (7,7') <> (S¢(7,7},), Sk(7',7¢)). On the other hand,
N7, 7") = QN .a(Se(T,73,), Sk(T', 7)) -

It follows that

vON=2(Qpn (1, 7))

N olr T oB(F(7) (7).

E12(FN) = — Z

7,7 €N

From (1.97) we obtain

Jim E(Fy) == Y 6(r,7) loa(f () [ (7)) = 2D,(/).

7,7 €N

This proves (1.94). To prove (1.95) we proceed in a similar way. We decompose Qy o =
UreaQn,o(7) by fixing 7 = o(1), where Qn (1) = Qy_1 5(|r) denotes the set of configura-
tions (0(s))sz1 € V71 with fixed density a(- | 7) such that a(A4 | 7) = a(A) + O(1/N)
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for all A and 7 € €. Reasoning as above, it follows that

A (P G))

£1(F) = = 30 g o) los(/ (7))

TEQ
where
o(7) = ()b Lk | 7,7) [F(F) = f(7)] .
Therefore,
Jim & (Fy) == ) ¢(7)log(f(7)).
TEQ
This implies (1.95). O

1.5.4 Proof of Theorem 1.7

As we have seen in Section 1.5.1, it is sufficient to prove Theorem 1.36. Take f € Sy, for a
fixed h € I' 4, and write Fiv for the function in Proposition 1.43. Set u = j5 5, and assume
that v = fu is irreducible in the sense of Definition 1.37. Therefore, we know that
1
2Du(f) = lim N Ja(FN,log Fn).

N—o0

On the other hand, by Theorem 1.10, En j.o(Fn,log Fn) > ro Enty jo Fin, for all N, with
ro > £(1— 2X(J))2¢~167. By Proposition 1.42 with v; = v and vy = y, one has the
convergence

lim % Enty jo Fn = plflog f].

N—oo

It follows that

D,(f) = rp[flog f],

with » = r¢/2. This establishes the desired bound for all f € S;, such that v = fu is
irreducible. If v is not irreducible, we proceed by regularising it as follows. For any
€ (0,1), define
fe=(0—-¢)f +e.
Note that f. € S, whenever f € S,. Moreover v, := f.u is irreducible since ve(7) >
ep(r) > 0 for all 7 € Q. Thus, applying the above reasoning to f. we obtain

D,u(fz—:) > Tﬂ[fs log fz—:] .

Taking the limit as € — 0, by continuity we obtain the desired inequality for f. This proves
Z(h) > « for all h € T' 4, which ends the proof.
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1.5.5 Open problem: exponential ergodicity at all temperatures?

We conclude the chapter with a discussion of some open questions. The exponential decay
established in Theorem 1.7 holds under the assumption that the interaction matrix J
is nonnegative definite and has spectral radius A\(J) < 1/2. The positivity assumption
is, in principle, not restrictive, since one may freely modify the diagonal entries of J
without affecting the corresponding Ising measure. The spectral radius condition, however,
imposes that the interaction be sufficiently weak, which we interpret as a high-temperature
assumption.

For instance, in the case of the Curie-Weiss model, where J; ; = §/n for all 4, j € [n],
the condition A\(J) < 1/2 imposes f < 1/2 which is a factor 2 off with respect to the
critical value 8. = 1. It would be certainly desirable to have exponential decay with rate
of order 1/n throughout the whole region 5 € (0, 3.) in this case. On the other hand,
understanding the behavior of the system in the low temperature region 5 > . seems to
be a very challenging open problem. In particular, it is not even clear whether one should
expect a slowdown or not for the nonlinear equation.

Nevertheless, by analogy with linear evolutions such as low-temperature Glauber or
Kawasaki dynamics [Mar97|, one may ask whether exponential decay to equilibrium still
holds for every interaction J, possibly with rates that deteriorate exponentially in n.
Establishing such a result would amount to an exponential ergodicity property for the
nonlinear equation, providing a quantitative counterpart to the plain convergence in
Theorem 1.5.

A possible strategy toward this goal is to revisit Kac’s program and show that a
statement analogous to Theorem 1.10 remains valid for arbitrary interactions J, with some
rate a > ¢(J) for a constant ¢(J) > 0 that may depend on J, possibly exponentially small
in n. By repeating the reasoning in Section 1.4, and in particular, invoking Proposition 1.30,
such a result would follow if one could prove that the tilted canonical Ising measure T, 1N o

satisfies a covariance bound of the form
M Cov[Tyun,al) < C(J),

for some constant C(J) that may grow with n but remains uniformly bounded in both the
linear tilt v and the number of particles N. We conjecture that such a bound indeed holds
for all interactions J. Using equivalence-of-ensembles estimates, as in Proposition 1.41,
one can obtain such bounds for each fixed choice of the tilt v, uniformly in N. However,
establishing estimates that are also uniform in the tilt parameter appears to be a rather

challenging problem.
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Chapter 2

Nonlinear Mean-Field Hardcore
Model

This chapter is entirely devoted to the analysis of nonlinear exchange dynamics in mean field
case for the hardcore model. The content presented here is based on the article [Min+26].
For the sake of completeness, we briefly recall the mathematical definition of the model.
Let G = (V, E) be an undirected graph with V' = [n] and maximum degree A > 3, and
let Q¢ C {0,1}™ denote the set of independent sets of G, which are the configurations
o = (04, i € [n]) with the constraint ;0; = 0 for all {i,j} € E. The hardcore model on G
at fugacity A > 0 is defined through the Gibbs measure

Alel n
paa(o) = 7o) 1(c € Qq), lo| = ;ai, (2.1)

where |o| denotes the size of the independent set o and Zg(A) is the normalizing partition
function. We refer to the Introduction of this thesis for a discussion of the hardcore model,
the uniqueness threshold A.(A), the critical density a.(A), and for the relevant background
and motivation.

The results discussed in this chapter were already presented informally in the introduction
of this thesis. Here, we expose them in full detail, providing the complete statements of

the theorems together with their proofs.

2.1 Introduction and Main results

2.1.1 The collision kernel

A collision between two spin configurations (o, 0’) € Q x Q consists in the exchange of the
(-th spin of o with the k-th spin of ¢/, that is

(0,0") = (Si(0,0%), Sk(a’,00)), (2.2)
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where Sy : Q x {0,1} — Q is the configuration defined by

Su(oa);s = {" 7

a ifi="V.

This mechanism is well defined for every pair ¢, k for which configuration S;(o, 0},) and
Sk (o', 04) are still independent sets of G. In this case we say the exchange is admissible,
and we define (¢,k),, as the event that the exchange (¢, k) is admissible for the pair of

independent sets 0,0’ € Qg, and by (£, k), ,
We define the mean-field collision kernel Q by

, its complementary event.

1
Q(o,0';7,7) = 3 Z Qui(o,a’sT, '), (2.3)

£,k€n]

with
Qui(0,0's7,7") = L{(l, K)o} 1{(7, 7)) = (0,0")F} + 1{{L,]), .} L{(7,7) = (0,0")}.

Here (0,0")"" is a shorthand for the right hand side of (2.2). In words, given a pair (o,0’),
vertices (¢, k) are selected uniformly at random and an exchange between sites ¢ and k is
performed if and only if it results in a new pair of independent sets.

More generally, one can define a collision kernel associated to any symmetric stochastic

matrix K:
n

Z K, k) Qe (o, o', T').

£k=1

The definition in (2.3) corresponds to the choice K(¢,k) = 1/n for all ¢,k € [n], which
we refer to as the mean-field case. Another case of interest is the single-site kernel
K¢, k) =1(¢ = k), which will be studied in [Min+26]. In this work, however, we analyse

only the nonlinear dynamics for the hardcore model in the mean-field case.

Q’C(a, o, 7)) =

2.1.2 Nonlinear dynamics and convergence theorem

Let P(Q2g) denote the set of probability measures on Q. Given the collision kernel Q
defined in (2.3), the nonlinear evolution on P(§¢) is defined by the dynamical system

dpy
E =Pt o Pt — Pt, bo =P, (2'4)

for some initial value p € P(Q¢q), where (poq)(7), for p,q € P(Q¢), denotes the commutative

collision product

(poq)(T):% Y (p0)alo’) + pe))a(0)) Qo o7, 7). (2.5)

o,0', 7'€Qq

Definition 2.1 (Density). Given p € P(Q¢q), the density a(p) is the expected density of
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an independent set sampled according to p:

afp) = By o]

For example, the density of the hardcore model with fugacity A > 0 coincides with its

occupancy ratio:
_ 1260
-~ nZag(\)

a(paa) = ag(A)

We denote by P (Q¢) the family of distributions fully supported on the set of independent
sets Qq; that is, p € P4 (Qg) if and only if p € P(Qg) and p(o) > 0 for all 0 € Qg. In
the next result we formulate our main convergence statement for the mean-field nonlinear

process.

Theorem 2.2. A distribution p € P (Qq) is a stationary state if and only if p = pg x for
some A > 0. Moreover, the density a(p:) is independent of t > 0. Finally, for any initial
state p € P(Qq) with a(p) € (0, ﬁ),

ot — paallry =0, ¢t — 4oo,

where X = \(p) is the unique fugacity such that a(ug xp)) = (p)-

As mentioned in the main introduction, the range of convergence stated in Theorem 2.2
is optimal: it is not possible in general to extend this result beyond the critical value

1/(A + 1); see the example proposed after Theorem 0.2.

2.1.3 Rates of convergence

Theorem 2.2 does not give any information on rates of convergence. Here we discuss our
quantitative results. We have two sets of results: exponential decay in Wasserstein distance,
and relative entropy decay. As discussed in Remarks 1.8 and 1.12, both exponential decay
of Wasserstein distance and relative entropy imply the same exponential decay rate (up to

a constant factor) for the total variation distance, uniformly in the initial condition.

Wasserstein contraction

Recall the Wasserstein distance W; defined in (0.8).

Theorem 2.3. For all initial states p € P(Qq) with a(p) € (0,1/(3(A +1))), the solution

pr of (2.4) satisfies

Wi(pe, pan) < Wip, pa.y) e /™,

where e = 1-3(A+1)a(p) > 0 and XA = X(p) is the unique fugacity such that a(pg x) = o(p).
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Entropy decay

Recall the definition of relative entropy given in (0.6). We also recall the definition of the

critical density
Ae(A)

TIF(A+ DA’

which serves as the critical threshold governing the range of entropy decay in the next result.

ac(A)

(2.6)

It is important to relate this quantity to the upper bounds appearing in other convergence

theorems, namely ﬁ in Theorem 2.2 and m in Theorem 2.3. In particular, we have
1 1
o < ae(A) < .
3(A+1) ac(8) A+1

Theorem 2.4 (Informal version of Theorem 2.36). For anyd > 0, if a(p) € (0, (1—0)a(A)),
then the convergence stated in Theorem 2.2 can be strengthened to exponential decay in

relative entropy:
H(p: | pep) < e ™" Hp | pay),

with rate r = r(y,A) > 0.

We conjecture that the rate r should not depend on the lower bound on the density.
However, our result in Theorem 2.4 is not uniform in +. On the other hand, note that the
bound in Theorem 2.3 does not deteriorate as the density becomes samall. Moreover, it is
known that for Glauber dynamics, entropy decay holds uniformly in the fugacity, provided
it is sufficiently close to zero; see [CE22]. It is however interesting to note that Theorem 2.4
allows one to reach densities that are arbitrarily close to the critical value a.(A) whereas
Theorem 2.3 requires a cruder upper bound on the density.

Theorem 2.4 will be proved using Kac’s program, namely by establishing a uniform
modified log-Sobolev inequality for the associated linear interacting particle system, which
corresponds to an exchange dynamics on fixed-size independent sets on a disjoint union
of N copies of G. For this step we rely on the analysis in [Jai4+23]. Completing Kac’s
program requires one further step, involving entropic chaos and Fisher chaos, based on a
local central limit theorem. For that part we can proceed as in the context of the nonlinear
process for the Ising model; see the previous chapter, and [CP24]. It is straightforward
to check that the same proofs of Section 1.5 can be adapted to the present setting of the
Hardcore model. For the reader’s convenience, we reproduce the main part of the argument

in Section 2.5.

2.1.4 Kac’s program

We consider a system of N € N particles {o(i),i = 1,...,N}, where each o(i) =
(01(),...,0n(7)) € Qg. Alternatively, o € 2 can be seen as an independent set over the
graph Gy given by the disjoint union of N copies G(i) of G. The process is described

as follows. Each ordered pair (i,7), is updated at the arrival times of an independent
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Poisson process with rate 1/N. When an update occurs at (i,7), a pair of sites ¢,k is
picked uniformly at random and, if i # j and (Se(0(2),0(j)x), Sk(c(4),0(i)e)) € Qg % g,
the /-th spin of particle ¢ is exchanged with the k-th spin of particle j. Note that the
updates conserve the independent structure of each (i), with i € [IN] and the process is
well-defined and they involve every time a pair of different particles ¢ # j. In particular, the
exchange mechanism which defines the particle system is the same of nonlinear dynamics
mean field, once i, j € [N] are fixed, then ¢,k € [n] are sampled uniformly at random and

the current configuration o = (o(s), s € [IN]) is updated in s = 7, j with the exchange rule

(0(i),0(4)) = (Se(o (i), o (f)k) » Sk(o(5), o(i)e)), (2.7)
provided that such exchange is admissible, which we denote through the event (¢, k)a(i)ﬁ(j)
that is Se(o(i),0(j)k) and Sk(o(j),0(i)¢) are independent set. The process described above
has a precise expression in term of continuous-time Markov chain with generator

1 XN o
ENF(G) = W Z Z 1{(57 k)a(i),o(j)}ijJ’kF(O.)a
i,j=1¢,k€[n]

where the gradient operator V#47F is defined by
vi,é;j,kF(o_) — F(O_i,g;j,k) o F(O’), O.i,f;j,k:(u) — S[(U(i), U(])k) w = i,

with the convention that when i = j, ¢*%7* = ¢. Our main purpose in considering this
particle system is to study its convergence in terms of the functional inequality MLSI, and
to relate it to the entropy decay of the nonlinear process in the spirit of Kac’s program.
An interesting aspect of Kac’s program that we will not develop here is the propagation
of chaos, which compares the evolution of the particle system with that of the nonlinear
process in the limit N — oco. We will partially encounter this aspect in the application
presented in the next subsection, where the connection between these two systems yields a
poly(n) algorithm for the hardcore model.

We now present the main ingredients to study the convergence of the linear system.
First, we observe that the mechanism in (2.7) conserves the total number of 1’s, or
equivalently the density of the system. In order to guarantee convergence, we therefore fix

the density to a prescribed value.

Definition 2.5. We write Dy for the set of densities a € (0, ﬁ] such that aNn is a

nonnegative integer. Given o € Dy, define

N n
QN = {a € Qg : ZZO’[(i) = Nna}.

i=1/¢=1
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Note that the upper bound ﬁ in the definition of Dy ensures that Q2 , is non-empty
for every o € D. Once o € Dy is fixed and the system has the configuration o € {2y, the
next state is chosen uniformly at random between possible states available with one step of
the mechanism (2.7). Thus, this makes the uniform measure on the set Qy , a reversible
measure for the process defined by L. Namely, for every o« € Dy the distribution

1(0c € Qpna
UNa(o) = <‘QN”)> o ey

is a invariant measure for Ly and the pair (Ln,un,) is reversible. To present the
convergence statement in terms of the Modified Log Sobolev inequality we need to introduce
the relevant quantities: given av € Dy the Dirichlet Form associated to the pair (L, tn,q)
is

1

Ena(F,G) = SN2

N n
Z Z KN, [1{(67 k)o(i),o-(j)}vi’&j’kF vi,@;j,kG] ’
i,j=14k=1

for all F,G : Qn o — R.

Theorem 2.6 (MLSI for the particle system). Suppose G has mazimum degree A > 3 and
n vertices, and let N > n?. For any~y > 0, if « € Dy satisfies a € (7, (1 —8)ac(A)) , then

Ena(FlogF) > — Ent,, (F) VYF>0, (2.8)

KN, o

Si=

with r = Q%&A(l).

Here, we used the notation Ent,, (F)=E [F log(M)] , and the subscripts
’ N,«

7,0, A in Q, 5 A(+) indicate that the implicit constant depends only on v, d, A. As in the Ising

KN,

case discussed above for the particle system, the MLSI in (2.8) implies exponential decay
of the heat semigroup e/“N in relative entropy: for any initial distribution vy € P(Q N.a),

letting vy = e!*N g denote the law of the process at time t € R, one has
H(vi | pnve) < e ™" H(w | pna)-

Theorem 2.6 is proved by adapting the argument of Theorem 2 in [Jai+23] to the
Kac particle system. We note that the result in [Jai423] is in fact stronger than we need,
as it necessarily establishes a full log-Sobolev inequality rather than a MLSI. This also
explains the spurious dependance on the parameter . Unfortunately, the proof uses heavily
comparison tools that only seem to apply to LSI, and not directly to MLSI. Since the proof
is very technical, and there are some simplifications that can be exploited in our setting, we
have opted to carry out the proof in detail, adapting their approach directly to our setting.

Moreover, it should be mentioned that a key part of the argument in [Jai+23] was
made fully rigorous only through the recent results by the same authors in [JPV26], which
appeared during the final stages of our work.

Another motivation for giving a full proof is that the product structure of Gy = G2,

which is specific to the Kac system in our setting, allows one to track explicitly the joint
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dependence of the log-Sobolev constant on both N and n, a dependence that cannot be
read off directly from the general statement of [Jai+23], which applies in principle to fixed
size independent sets on any graph. As we have already mentioned, the key feature of the

bound is its uniformity in N.

2.1.5 Plan of the chapter

The structure of this chapter is parallel to that of Chapter 1. Some parts are omitted to
avoid repetition, and the proof that transfers the MLSI constant of the particle system to
the nonlinear process is not reproduced here, since it follows essentially the same argument
as in Section 1.5.

Section 2.2 establishes the structural properties of the nonlinear hardcore dynamics,
leading to the proof of Theorem 2.2. Section 2.3 contains the proof of Wasserstein
contraction (Theorem 2.3) via an explicit coupling. The chapter concludes with Section 2.4
that is devoted to the uniform MLSI for the hardcore particle system (Theorem 2.6), proved

via a comparison with the down-up walk and the local central limit theorem.

2.2 Structural properties of nonlinear equation

In this section, we present general properties of the mean-field nonlinear process associated
with the hardcore model on a graph G, whose vertices are indexed by the set [n] = {1,--- ,n}
and have maximum degree A. More precisely, we show that all strictly positive stationary
measures for (2.4) are given by hardcore measures p, ) with arbitrary fugacity A > 0. We
also prove that the density (2.1) is preserved along the evolution, and we conclude with
the proof of the convergence result stated in Theorem 2.2.

We begin with the definition of a stationary measure. We denoted with (2 the set of
all independent sets of G.

Definition 2.7. A measure p € P({g) is said to be stationary for the nonlinear dynamics
defined in (2.4) if it satisfies

pep=p.
Equivalently, p is stationary if and only if p; = p for all ¢ > 0.
In particular, any probability measure p such that the product measure p®p is reversible

with respect to @Q is stationary. By the following lemma, it follows that every hardcore

measure fiq, ), for any A > 0, is stationary.

Lemma 2.8. Consider the collision kernel Q defined in (2.3). For every fugacity X\ > 0,

the product measure gy ® pg,y s reversible with respect to Q.

Proof. Tt suffices to observe that if Q(o,0’;7,7") > 0, then the kernel is symmetric in these
pairs and satisfies |o|+ |o’| = ||+ |7’|, since the mechanism (1.1) is conservative. Moreover,

the measure pg \ @ pig,» is constant on pairs with the same total cardinality. ]
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A complete characterization of stationary measures relies on entropy methods and is

presented in the next subsection.

2.2.1 Entropy and stationary states

To characterize all stationary states, we use the relative entropy functional. The following
result is a version of Boltzmann’s H-theorem from kinetic theory. It holds in a more general
setting (namely, reversible quadratic systems; see, for example, [CS18]). We have already
proved it in Lemma 1.15 for the exchange model of the Ising system. We state it again

here for the reader’s convenience and for completenes.

Lemma 2.9. Let p; denote the solution of (2.4) with initial datum p € P(Qg), and let
p = pa.x for some arbitrary, fived fugacity A > 0. Then,

d

S WPl ) = -Dulfe, f), 120, (2.9)

where fi := p¢/p, and the entropy dissipation functional D, is defined by

101

Du(f, f) = i Z w(r)u(r)Q(r, 75 0,0") (f(r)f(7') — f(o)f(c")) log (f(a)f(U’)

o0’ 1!

In particular, H(p: | p) is non-increasing in t > 0. Moreover, p € P(2) is stationary iff
the density f = p/u satisfies f(7)f(7") = f(o)f(c’) whenever Q(7,7';0,0') > 0.

Denote with P, (€2) the set of all probability measures on ) strictly positive.

Lemma 2.10. A measure p € P (Q2q) is stationary if and only if p = pgx for some
fugacity A > 0.

Proof. By Lemma 2.8 we know that the measures g ), for A > 0, are stationary. We only
need to show that if p € P4 (Q¢) is stationary, then it must coincide with one of these
hardcore measures.
Fix any A > 0 and let
f= P >0
HG A

be the relative density of p with respect to ug». By the H-theorem of Lemma 2.9,

f(@) f(o') = f(Selo,01)) f(Sk(0”, 0)), (2.10)

for all 0,0’ € Qg and all £,k € [n] such that the exchange in (1.1) produces a new
pair in Qg X Qg. Here, it is convenient to use the set notation for independent sets,
in which a configuration is identified with the set of vertices assigned the value 1. Fix

o={v1,...,v;} € Qg with v; € [n] for all ¢ < j, and define the recursive sequence

a<z‘>={”’. U
o(t—1)\{vi}, 0<i<y.
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This yields a telescopic representation of f(o):

i ot
flo) = £ ] L)

L foli+1)) (2.11)

Applying (2.10) with £ = k = v;11 to the pair (o(7), D), which is admissible since v;11 € (%)
by construction, we obtain

flo(@) _ fvia})

flo(i+1)) f(0)
Moreover, applying (2.10) again with £ = v; and k = vy for any 4,47’ < j shows that

fQuid) _ f{vi})

F(@) F@)

so there exists a constant C' > 0 such that all factors in the telescopic product (2.11) are
equal to C'. We deduce that

flo) = cC|0|,

where ¢ = f(()) and C' > 0 are constants independent of o.
Since f = p/pa, .z, this implies that p is itself a hardcore measure with fugacity CA; that is,
p = pa,cx- This proves the claim. O

Conserved quantity

Recall that the density of a given distribution p € P(€) is defined by a(p) = LE,(|o|).

Lemma 2.11. For all p,q € P(Qq) we have

a(poq) = %a(p) + %Q(Q)-

In particular, if (pt)e>o is the solution of (2.4), then La(py) = 0.

Proof. Fix p,q € P(Q2). Recall (¢,k), , denotes the case when the ¢, k-exchange is possible
between o and ¢’, and (¢, k), ., is the complement. By definition, the density of distribution
given by the collision (2.5) of p,q € P(Qq) is

1 1

a(poq) = - Z §(p(0)q(0') + p(a’)q(0)) Z Q(o,0’;7,7)|7] (2.12)

o,0’! T,7’

As a first step, one has the computation

n

S (0, 0's 7, 7') 7l = |o] + % S 1{(6 K)o} (0 — 7). (2.13)

7,7’ £,k=1
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Now, we rewrite (2.12) and apply (2.13)

mm@:—zp o) X 5(Qoo'i ) + Qi) I

TT

=f§2 lw w+;§;

‘67

(1{ E k O’O’ }(Uk - JZ) + 1{(£ k)a a}(ak - O-Z)>‘|

1

= S alp) + 3 ala),

where in the last equality we used the identity

n n

Z 1{(€a k)o,a’}(agc - Uﬁ) = - Z 1{(€7 k)a’,a}(ak - 02)7

£ k=1 0k=1

which follows from the change of variables ¢ <+ k and the symmetry (£,k)y o = (K, 4) o »
This concludes the proof. ]

The next lemma establishes that, in the regime of convergence (0, ﬁ) described in
Theorem 2.2, each hardcore model is uniquely parametrized by its fugacity and corresponds
to a unique density, and vice versa.

Combined with the previous lemma, which shows that the density is conserved along

the dynamics, this justifies the uniqueness in Theorem 2.2.

Lemma 2.12. Consider a graph G on n vertices with maximum degree A > 3. For every
density @ € (0, ﬁ) there exists a unique fugacity A € (0,+00) such that a(ug,)) = a.
In particular, the density function X — a(pa.y) is a bijection from (0,+00) onto (0, ﬁ)
which restricts to a bijection between the subcritical intervals (0, A\c(A)) and (0, ac(A)).

Proof. We first establish the bijection between (0, A.(A)) and (0, a.(A)), and then extend
it to the full range.
Strict monotonicity. The identity

1
ag(\) = 1~ Varug, (lo]) >0, VA>0,

shows that ag is strictly increasing on (0, 4+00), hence injective.
Surjectivity onto (0,a.(A)). We use the fact [CR14, Theorem 12] that, among all
graphs of maximum degree A, the occupancy ratio is minimized by the clique Ka.q: for

all A >0,
A

L+ AMA+1)
In particular, ae(A) = ax,, (A(A)). Fix a € (0,a.(A)) and set

ag(A) = ag,, (A) = (2.14)

(67

P
1—a(A+1)
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which is well defined since a < a.(A) < ﬁ and satisfies ax,, (\*) = a. By (2.14),
ag(N*) > «, and since a < a.(A) we also have \* < A.(A). As ag is continuous with
ac(0%) = 0, the intermediate value theorem yields A € (0,\*] C (0, A.(A)) such that
ac(\) = a.

Eztension to (0, ﬁ) The function ag, ., is a strictly increasing continuous bijection
from (0, +o0) onto (0, ﬁ) Hence, for every a € [a.(A), ﬁ), there exists A* > A.(A)
with ak, ., (\*) = a. Arguing as above via (2.14) and the intermediate value theorem, we

obtain A € (0, \*] such that ag()\) = a. O

2.2.2 Proof of Theorem 2.2

In Section 1.2.4 of Chapter 1, we have shown that for the nonlinear spin system associated
with the Ising model, convergence to the stationary solution can be proved by establishing
irreducibility, that is, eventual positivity of the solution in time. A careful check of that
proof reveals that the same argument applies in our current context of the hardcore model.

In particular, we now focus only on proving the irreducibility statement below.

Theorem 2.13 (Irreducibility). Assume « € (0, i;fl), with o € (0,1). Then there exist a
time tg = to(a, A, 0) and a positive constant eg = eo(a, A, ) such that for all t > to the

solution p; of the nonlinear spin system (2.4) in the mean-field case satisfies
pe(T) > €0, VT E Q¢

In contrast with the case of the Ising model, for the Hardcore model there is no simple
non-interacting system to compare with, as in the Ising model case, where a statement
as in Theorem 2.13 was obtained by comparison with the J = 0 case. This makes the
problem for the Hardcore model more challenging. Nevertheless, part of the strategy can
still be applied. In particular, a reduction to the discrete-time case is still possible. A
straightforward adaptation of Lemma 1.21, in particular, see inequalities (1.32), (1.33), and
(1.34), shows that it is sufficient to show that there exist a positive constant ¢ := (a, A, o)

and a positive integer u := u(n) such that
Pu(pr,...,pou)(1) 26, VT € Qq, (2.15)

for every choice of (pi,...,pau) such that a(p;) = . The definition of operator ®,, was

given in Subsection 1.2.6.

ith u = 2n — — ! (20" As
Lemma 2.14. The statement (2.15) holds with u=2n —1 and e =n! (55 ) 77

Proof. We divide the proof into several steps. Informally, we first show in Step 2 that
there is a uniformly positive probability of reaching the empty configuration after n steps
of the discrete evolution. We then prove in Step 3 that, starting from the empty set, any
prescribed configuration can be reached with uniformly positive probability in n — 1 further

steps.
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For every m € {1,...,n}, let A,, be a uniformly random subset of [n] of cardinality m,
and write E4 = for the expectation with respect to A,,. We write P,(2) for the set of
distributions p € P(€2) with density .

Step 1. For every t € N and every 7 ~ ®4(p1,...,pot) with a(p;) = a,
Ea, [P(Tn+(a,) = 0)] > 6.
By the conservation law, a(®;(p1,...,pat)) = «, and therefore

1
Ea, [P(3ue NT(A) i 7 =1)] < - Y Pru=1)<(A+1Da<1l-4
len]ueNT ()

Step 2. Forallm € {1,...,n} and all py,...,pam € Po(Qq), if 7 ~ Py, (p1, ..., pom), then

oNm A+0
= — !
Ea,, [P(ra, =0)] > (n) m i (2.16)
In particular, for m = n we have A,, = [n], and 7 ~ ®,,_1(p1, ..., pyn—1) satisfies

P(r = 0) > (%)”nv iif.

We prove (2.16) by induction on m. For m =1, let 7 ~ p with a(p) = «; then

A+d

Ea,[P(74, =0)] =1-a2 =,

which proves the case m = 1.

Suppose now 7 ~ ®1(p,q) = po q, and draw independently o ~ p and ¢’ ~ ¢, both
with density «. By the definition of the collision operator (2.5), with probability 1/2 the
configuration 7 is obtained from o by replacing o, with o}, where ¢,k € [n] are chosen
uniformly at random and the swap is performed only if admissible; otherwise 7 = o. With
the remaining probability 1/2, the roles of o and ¢’ are exchanged.

Fix A C [n]. Conditionally on £ and k, the event {74 = 0} contains {o 4\ s} = O}ﬂ{aﬁw(k) =
0} in the first case, and the analogous event with o and ¢’ interchanged in the second.

Averaging over ¢ and k, both uniform on [n] and independent of o, c”,

P(ra=0)2 > {P(UA\{E} = 0) Ex [P(oy+ 1y = 0)] +P(0a\ (¢ = 0) Ex[Plon+x) = O)H-
teA
By Step 1,
0
P(ra=0) 2 5- 3 [Ploa g = 0) + Bloy 4 = 0)]- (2.17)
leA

We now combine (2.17) with the induction hypothesis. Fix m < n and assume (2.16)
holds at level m. Given pi,...,pom+1 € Po(Qg), set p = Pp(p1,...,02m) € Pu(Q¢)
and ¢ = Dy, (pamii, ..., pamt1) € Po(Qq), so that 7 ~ Py(p,q) = Prp1(p1, ..., Poym+1).
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Applying (2.17) with A = A,,,+1 and integrating, we obtain

m—+1 1
Emwlﬁﬁj'z:(wﬁﬁﬂwa=®+P@vaﬂ:0»
eeAm-l»l

]EAm+l [P(TAm+l = O)] Z

[\CRS)

n

Removing a uniformly random element from a uniformly random subset of size m + 1 yields
a uniformly random subset of size m; therefore A,,+1 \ {¢} 2 A,, when ¢ is uniform on

Apy1. Combining this with the induction hypothesis,

A+6
A+1’

%(m +1)Ey,, [P(O’Am = 0)] > é(m + 1)(é)mm'

EA'm+l I:]P)(TAm+1 = 0)] 2 n n

which is (2.16) at level m + 1. This completes the induction.

Step 3. For all n € Qg and all py,...,pe2n-1 €€ Po(Qq), if 7 ~ Pop—1(p1,. .., Po2n—1),
then 5P A LS
« +
P(r = NW—] ——.
r m>”<%J A1
We shall show that for every time t > 1, every n € 2g and every vector of distributions

DP1, Dot € PO&(QG)7

o
PTN@t(pl?...,th)(T =Su(n,1)) > %PTN(bt(pl,...,thﬂ)(T = Su(n,1)), (2.18)

Yu € [n]: Syu(n,1) € Qg, n, = 0.

To see this, sample independently o ~ ®;_1(p1,- -+ ,pye-1) and o’ ~ ®r_1(pgi-1,- -+, pat),
let £,k € [n] be two elements chosen independently and uniformly at random in [n], and
toss a fair coin B € {0,1}. Then

Se(o,0},) if B=1
T =
Si(d’,00) if B=0

has distribution ®;(p1,---,pyt). Here, we used the convention that S,(c,a) = o when
Su(o,a) & Qg. The event {1 = S,(n,1)} contains {B = 1,0 = 1,0, = 1,{ = u}, which
gives the desired bound.
Iterating (2.18), the probability of reaching a given independent set 1 at time ¢t = 2n—1,
starting from the vector of distributions p1,...,py2n-1, can be bounded below by
o \ Il
]P)TN(I)2n71(pla-~~:p22nfl)(T = 77) > <2n> ]IDTN¢2n—1—m\(P1,~~-,P22n—1—\n|)(7- = 0)'
Indeed, removing one element at a time, each removal costs at most a/2n, until all vertices

of n have been removed after || steps. On the other hand, since 2n — 1 — |n| > n — 1,

considering the collisions on the sub-trees and using the conservation law, one can find a
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vector of distributions g1, - , gan—1 € Pu(Qg) such that

(I)2n—1—|77|(p1a e Pozn—1-pn)) = Pro1(q1, 0, gan1).

Then, using Step 2,

PTN‘I’zn_l_w(p1,~~~,p22n—1—|n|)(T = 0) = ]P)TNcbnfl(CIlv'” 7q2n71)(7— = 0)
o\t A+6
> (— ! .
- (n> " A+1

Combining the previous inequalities, we conclude the proof of Step 3:

Il §\n-1 A+§ ON" A+
o o

el | I — —_—
IP’TNqM,l(pl,..A,anq)(T =) > <2n> <n> n: A+1 - n <2n2> A+1

To prove the lemma, it remains to extend the above bound from time 2n — 1 to all later

times. Let ¢ > 2n — 1 and set s := ¢ — (2n — 1). Considering the collisions on the sub-trees
of height s > 0 and using the conservation law, as in the proof of Step 3 above, one can

find a vector of distributions qi,- - , ge2n—1 € Py (Q¢) such that

(I)Qn—l(q:h"' 7QZ2”_1) = (pt(pla”' )th)'

We may then apply Step 3 to ®o,-1(q1, -, go2n—1), and therefore, for every n € Qg,

n
Prtpr, ) (T =1) =Pra, (g1, gyon 1) (T =1) 27l (;7;52) ij_i
Thus the irreducibility condition holds with
SENTEAN RS,
T \2n2) A+
This concludes the proof. ]

2.3 Wasserstein Contraction for low fugacity

In this section we prove Theorem 2.3, which states that the solution p; of the nonlinear

equation (2.4) with density a(p;) < m satisfies the exponential decay

Wi (p, a.n) < e =W (po, pa.n) (2.19)

in the 1-Wasserstein distance associated with the Hamming metric, where ¢ = e(a) =
1 —3(A + 1) and pg,y is the unique hardcore measure with a(ugy) = o(po), whose
existence is given by Lemma 2.12. An analogous result in the multi-component mean-field
setting was established for the Ising model in Section 1.3. While the overall strategy is

similar, the coupling used here is rather different.
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The proof reduces to a contraction property of the collision operator T'(p,q) = poq in

Wasserstein distance, obtained via a coupling argument. The key estimate is the following.

Lemma 2.15. Let p;,q; € P(Qq), i € {1,2}, all have common density o < m, and
sete =1—3(A+1)a. Then

(1 - ;) (Wl(pl,pz) + Wi(p1, ¢2) (2.20)

+ Wi(qi,p2) + Wl(Q1,Q2))-

»M»—‘

Wi(T(p1,q1), T(p2,q2)) <

The fact that Lemma 2.15 implies (2.19), and hence Theorem 2.3, was already discussed in
Subsection 1.3.1 for the Ising model. Once the contraction property (2.20) is established,
the argument depends only on the graphical representation of the solution, which is
independent of the underlying model; we therefore omit the details and refer the reader to
that subsection.

The remainder of this section is devoted to the proof of Lemma 2.15. We begin with the

preliminary tools needed for the coupling argument that lies at its core.

Given ¢ € [n], 0,7 € Qg, recall that (¢,k), o is the event that the exchange (¢, k) is admis-
sible for the pair of independent sets 0,0’ € Q¢, and (¢, k) .o+ denotes its complementary

event. Define
Y, (r,0,0) Zp ( (0, k)yo) 1 (T:Sg(O',O';C))+1((€,/?)0701)1(7':O’)).

that is the probability, given o, to see 7 by updating o at f-coordinate. According to this
definition, for any given pair of distribution p, ¢ € P(Qq)

T =5 3 p5ma0+s Y a@)Smel.  (221)

l€[n],0€Qa n L€[n],0€a
where T'(p,q) := p o q is defined in (2.5). Now, we present a useful preliminary result.

Proposition 2.16. Let p,q € P(Qq) be such that a(p) = a(q). For any L € [n], o € Qg,
if op = 0 then
Yo(r,0,0) =3y(7,0,0), V71 €Qq (2.22)

Proof. Fix 0 € Qg and ¢ € [n]. If 0, = 0, we distinguish two cases:
1. N(¢)no #0, and oy = 0;
2. N¢)no=0and oy =0.

The proof is completed by showing that (2.22) holds in both cases. In the first case, we
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necessarily have 7 = o, even if the (¢, k)-exchange occurs. This implies

Yp(r 0,0 Zp (tr=0)

=1(oc =1)
= X4(7,0,0).

In the second case, the event (¢, k), holds independently of ¢’ and k € [n]. Therefore,

5, (7,0, 0) = - Z o | ot = 1) pe(1) 1(7 = Se(o 1))

3

+* Z p(o” | o} = 0) pr(0) 1(7 = S(0,0))

ke[n] o’
= (T_iz %1) Z pr(1) Y _p(o’
ke(n] o’
+ M S ()3 ple”
ke[n] o’
=a(p)1(r = Se(0,1)) + (1 — a(p)) 1(7 = S¢(0,0))
=3y(7,0,0),

which concludes the proof of (2.22).

2.3.1 Proof of Lemma 2.15

By the definition of the collision operator (2.21), we have the convex decomposition
T(p.q) = 3T(p,q) + 5T(a,p),

where T is the non-symmetric operator defined by

T(p Z Z (1,0,0).

Ze[n] 0c€Qa

Let pi,qi € P(Qq), i € {1,2}, all have common density o < (A+1) By the convexity of
the Wasserstein distance, to prove (2.20) it suffices to establish the following contraction
property for T

1-2(A+1)a a(A+1)

Wi (T(p1, q1), T(pa, q2)) < |1 — Wl(pl,p2)+T Wi(q1,q2)- (2.23)

n

We now turn to the proof of (2.23), which relies on an explicit coupling between f(pl, q1)
and T(pg, q2). Recall that, for any pair of independent sets 0,0’ € Q¢, the discrepancy set
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is
Dmgl = {E € [n} Loy 7é 02}
We denote by ﬂgpt € I'(p1, p2) an optimal coupling realizing Wi (p1, p2), i.e., Wi(p1,p2) =

E(O’,U/)Nﬂgpt [

f(pl, q1) and f(pg, g2) is described in Algorithm 2.

|Dy.»|], and analogously ngt € I'(¢q1, q2) for W1(q1, q2). The coupling between

Algorithm 2 Coupling between T'(p1, q1) and T(p2, q2)

Require: Distributions p;, q; € P(Qq) for i € {1,2}; optimal couplings ﬂgpt € T'(p1,p2)
and ngt € I'(q1, ¢2) with respect to the expected Hamming distance.
Ensure: Coupled outputs 7! ~ T(p1, ¢1) and 72 ~ T(pa, ¢2).
: Sample (071, 0P2) ~ mh ;.
: Sample ¢, k € [n] uniformly at random.
if o' =1, 0}> =0 then

Sample ¢'? ~ ¢; and set ¢/'® = ¢'1.

Sample ¢/? ~ g1 and set ¢/'? = ¢'1.
. pL_ P2 _
. else > ot =0l =

Iq1 1q2 q
Sample (o', 0"%2) ~ 754

1

2

3

4

5: else if 07> =0, o)' =1 or 0} = 0}' =0 then
6

7

8:

9: end if

10: Sample (71,71) ~ Qx (0P, 0’'?; -, ) and output 7.
11: Sample (72,72) ~ Qq(cP?,0'%;-,-) and output 72.

12: return (7!, 72).

By Proposition 2.16, this procedure defines a valid coupling between T'(p1, ¢1) and T'(ps, g2).
Let oP', 0% be the configurations producing 7!, and o??,0% those producing 72,
according to the algorithm. The argument relies on controlling the evolution of discrepancies.

Let 4, k be chosen as above.

For every realization of the random variables, we have

|Dr1 2| = [Dowt gr2| < —1(€ € Dorr gv2) (2.24)
(A) +1(e} =1,002=0,3ue N(k): of" =1)
(B) +1(o}' =0,0* =1, 3ue N(k): of* = 1)
(€)  +1(o}
(D) (

Proof of Inequality (2.24). We distinguish the three possible cases according to the
number of discrepancies, namely |D;1 ;2| — [Dgr1 gr2| € {—1,0,1}. In the case | D1 2| —

|Dgp1 gr2| = —1, inequality (2.24) is immediately satisfied.

|Ds1 r2| = [Dgr1 gp2| = 0. | If £ ¢ Dgr1 o2, then (2.24) clearly holds. Assume now that

¢ € |Dgr1 ov2|. Since the number of discrepancies is preserved, the discrepancy at site £
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must be maintained by the exchange. There are two possible cases: o7 =1,07? =0 and

7' =0,0)? = 1. We start with the first one.

By the coupling rule, we have o' = o}?, hence either o' = o> =0 or o' = 0> = 1.

—_—
q2

1. of' = o = 0: in order to maintain the discrepancy, it must be that (¢, k), p, oP2
holds, that is, there exists u € N (k) such that ¢ = 1. In this case A = 1, and
inequality (2.24) is satisfied.

—

2. ng = ok = 1: in order to maintain the discrepancy, (¥, k:)oqﬂ,q must hold. Therefore
there exists u € N(£) such that o#* = 1. Since ¢}' = 1 and ¢}* = 0, this implies
that there is a discrepancy between oP! and oP? in the neighborhood N (¢). Hence

N(€) N Dgr1 gr2 # 0 and C' = 1.

The case af =90 052 = 1 is treated in the same way and leads to B = 1 when O‘k = O‘k =0

andtoC’—lwhenak —ak =1.

|Dr1 2| = [Dgr1 or2| = 1.| In this case the discrepancy increases after the exchange.

This implies that { ¢ Dgr1 gr> and £ € D1 2. We distinguish two cases: o' = 0}> =0
1. o' = 0}” = 0: Here we know that of' = o*. To create a discrepancy, it must be

that 02“ = ‘Te = 1 and there must exist a discrepancy between ¢P' and ¢P? in the
neighborhood N (¢). Therefore C' =1 and the inequality (2.24) holds.

2. 05 = UZ = 1: There are two possible ways to create a discrepancy. The first one
is that (£, k)or1 gar N (€, k)or2 ga2 holds but of' # 0%, so that both exchanges are
available but the updates differ. The second one is that the exchange is available in
one of the two only and thus N (k)N Dga1 5oz # 0. In both situations, there must exist
a discrepancy between %! and 0% in the extended neighborhood N (k) = {k}UN (k).
Hence D =1 and inequality (2.24) is satisfied.

Let o = a(p;) = a(q;) for i € {1,2}. We are going to estimate the expected value of terms
A, B,C and D that appear in (2.24).
Estimation of the terms A and B. The expected value of A satisfies

1 n
E[A] = = > Plop' =10 =0, 3ue N(k) : of’ = 1)
k=1
1 n
:ﬁ ZP(HUEN(R) Uk _1| _170-52:0)]11)(0.?1:1’0_52:0)
£k=1
1y " (o} _1ap2—o)
_ [nzpmql( U {au—l})] [Z ¢ ! ]
k=1 ueN (k) =1

LY Y Bl =3

"= ueN (k)

. Aai P(o?" = 1,02 = 0)
(=1

n
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Similarly for B,
" P(o}t = 00’?2—1)

] < Aaz

Summing E[A] + E[B], since (o?', %) ~ 7},

'=1,00?=0)+P(c}" =0,0>=1)

E[A + B] <04AZ p”

/=1

1
= EQAWI (p1,p2)-

Estimation of term C. Observe that the condition N(¢) N Dyr1 o2 # () implies that

o))" = 0> =1 cannot occur. Therefore,
= MZ P(of! = of* =1, N(€) N Dori ga # 0,0 € {07, 0f?})  (2.25)
1

V4 Dgplgpz @,
QZP(‘“= 2_‘ NN #)

k=1 0€ {0, 0,°}

X P(N(f) N Dgp1 P2 #* 0,0e€ {UZ ,Ug })
Letting Q = P(- | N(£) N Dor1 gr2 # 0, 0 € {07, 077 }),
1
- ZQ (o =0 =1)=1(o}) = 1,00* = 0)— > Porg (op =1)+ (2.26)
k

1
(1(0k =0, Up2 - 1) ( ;= 52 = 0))5 Z]PUNQQ(U% = 1) = Q.
k

Moreover,
1 & 1 &
- D> P(N(£) N Dori gr2 # 0, 0 € {0, 072}) < - > P(N(£) N Dor1 gz #0)  (2:27)
=1 -
1 n
< —
_nZ}P’(Ze U N(u))
=1 uEDUpl oP2
1 n n
< fz ZP(U € ngppzae € N(u))
{=1u=1

A
< gW1(p17P2)-

Putting together (2.25),(2.26) and (2.27) we obtain
alA
E[C] = —=Wi(p1, p2).

Estimation of term D
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B\H

1 & n
E[D]:— P(o’?l_aé —1 [ Z mDo-‘H’o-LZQ #®|05 _UE —1)‘|

A
S|
DB
=
Q

[ ZZ]P’kEN+ , 4 € Doy gaz | 07" = 07 _1)1

k=1u=1
< :LZP(U? = A;1W1(Q1,Q2)1
= MWNQh@),
where we use that Law(c?, 0%)|oy" = 0y? =1~ 70,
Conclusion. Observing that E[|Dyr1 or2|] = Wi(p1,p2) and E[1(¢ € Dy gr2)] =

%Wl (p1,p2), by previous estimations we have

Wi(T(p1, 1), T(p2, ¢2)) < E[ D1 2|
ineq. (2.24) < E[‘Daf’l,om | —E[1((e DO—P17O—I72)] + E[A] + E[B] + E[C] + E[D]

a(A+1)

1-2(A+ 1)
B EETNE SESTI

}W1(p1,p2) +
n

which concludes the proof of (2.23).

2.4 Proof of Theorem 2.6

Here we prove Theorem 2.6. Recall that the state space Qy o, with o € Dy, can be
identified with the collection of independent sets of size Nna on the graph Gy, which
consists of N disjoint copies of G; under this identification, each (i) is an independent set
of the i-th copy of G.

Given 0,0’ € Qo we write o ~ ¢’ if 0 # ¢’ and there exist (i, £), (j, k) with ¢ # j such
that (£, k)y(;),0(;) is satisfied and o’ = = ¢"43F, Define the Markov chain with state space

QN and transition matrix Py (o, ¢’) such that whenever o # o,

1

Py(o,0") == ()2

1(oc ~ o). (2.28)

In words, at each step we select uniformly at random two pairs (¢,¢) and (j, k) in [N] x [n],

06

and if i # j and the exchange is admissible, we update ¢ — o®%9* By symmetry, u N,a 18

reversible for Py for every a € Dy, and the associated Dirichlet form is

EvalF )= v -G = s 3 avalo) (o) F(01) (Glo)-G(o),
0,0'€EQN o

O'NO'/

Theorem 2.17 (Log-Sobolev inequality (LSI)). Suppose that G has mazimum degree A > 3
and n vertices, and let N > n?. For any v, > 0, if « € Dy satisfies a € (v, (1 —0)ac(A)),
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then the following Log-Sobolev inequality holds:
Ena(VEFVF) > rEnt, [F], VF:Qy,— Ry, (2.29)
with v 2 5A Nin

Here, the notation <, 5 and 2, 5 A denotes inequalities up to multiplicative constants
depending only on «,d, and A. In general, the Log-Sobolev constant is defined as the
largest positive constant r for which (2.29) holds; see, for instance, the seminal work of
[DS96] and the monograph [MT06].

Theorem 2.6 follows immediately from Theorem 2.17. Indeed, one first observes that
Ena(VF,VF) > N Eno(VF,VF), and then converts the LST (2.29) into the MLSI (2.8)

using the elementary inequality
x
(1’ - y) log(g) 2 4(f_ \/§)27 T,y Z 07

which implies Ey o(F,log F) > 4EN o(VF,/F). Combining the previous inequalities with

Theorem 2.17, we obtain

Ena(F,log F) > AN o(VF,VF)
> 4N Eno(VF,VF)

1
Z%&A n EntuN,a[F]'

The proof of Theorem 2.17 is based on two reductions. The first reduces the problem to
the density regime a € (v, C/A?) for a universal constant C, via a stochastic localisation
argument whose key ingredient is an entropy contraction property of the localisation
scheme; see Section 2.4.1, which is based on the recent paper [JPV26]. The second applies
the martingale method, introduced by H.T. Yau [Yau96] and developed by many authors
afterwards. This iteratively reduces the number of components of Gy, combining the
analysis of the Log- Sobolev constant of the "induced chain" on each component with
the highly nontrivial analysis introduced in [Jai+23] to handle the low density regime.
In contrast with the analysis in [Jai+23], here we need to keep track of two growing
parameters, namely N and n.

The extension to the full subcritical regime is carried out in Section 2.4.1.

2.4.1 Reduction to Small Densities

In this section, we show that it is sufficient to establish the logarithmic Sobolev inequality
for Py only in the small density regime a € (7, m) in order to recover the full subcritical
range « € (7, (1 —0)a.(A)). To carry out this density reduction, it is convenient to transfer
the problem to a different dynamics, the down-up walk, for which the reduction argument

takes a cleaner form. We therefore begin by establishing the equivalence between the
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logarithmic Sobolev inequality for Py and its counterpart for the down-up walk, both
in the full regime and in the reduced one; these are Theorem 2.18 and Theorem 2.19
below. We then show that Theorem 2.19 implies Theorem 2.18 via a stochastic localization
argument, whose two key ingredients are a entropy contraction property of the localization
scheme and a convexity property of the Dirichlet form.

We represent independent sets as subsets X C V rather than spin configurations,

adopting the correspondence ¢ — X to avoid confusion between the two representations.

The down-up walk on €y ,. It is convenient to transfer the proof to the down-up
walk, in the specific formulation of [CLV21], which can be rephrased as Glauber dynamics
up to a relabelling of independent sets as spin configurations, where the ¢-th spin encodes
the position of the i-th element of the independent set. Given a current state X, a new
state is generated by selecting a vertex v € X uniformly at random, and then choosing
uniformly at random among all independent sets of the same size as X that contain X \ {u}.
This down-up walk preserves the uniform distribution on €2y ,. Moreover, its transition
probabilities are easily compared to those of the chain Py defined in (2.28): both chains
admit the same transitions, and for densities o € (7, (1 —d)a(A)) the respective transition
probabilities differ by at most a multiplicative factor depending only on +, §, and A.
Consequently, their logarithmic Sobolev constants are of the same order, and Theorem 2.17

is equivalent to the following.

Theorem 2.18. Suppose N > n? and fix a € (7, (1 — §)ae(A)). Then the down-up walk
on independent sets of Gn of size aNn has logarithmic Sobolev constant r = 0, 5 A(1/Nn).

The reduction statement consists in the sufficiency of the following theorem.

Theorem 2.19. Let G be a disjoint union of ©(N) graphs, each with at most n vertices and
mazximum degree A. The down-up walk on independent sets of G with density o € (7, m)
has logarithmic Sobolev constant r = ., A(1/Nn).

The logical structure is therefore: Theorem 2.19 = Theorem 2.18 < Theorem 2.17.
We note that Theorem 2.19 allows the components of G to be distinct graphs, whereas
Theorem 2.18 is stated for N identical copies of G. As it will be seen in a moment, the
more general framework with possibly distinct components is necessary for the proof of

the implication Theorem 2.19 = Theorem 2.18.

Stochastic localization and density reduction. We sample X € Qy,, viewed as
an independent set of Gy, and draw a uniformly random ordering (X7, ..., Xynq) of the
elements of X. For each ¢t € {0,1,..., Nna}, define the pinned set Y; := {X1,..., X;} and
the residual graph

Gne = Gn [V \ (Y, UN(YD)],

where N(Y;) denotes the neighborhood of Y; in Gy. Define the random measure
finor = P(X\ Y| Y; C X).
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The random sequence (MN,a,t)te{o,_,, Nna} is a martingale and constitutes, in the framework
of [CE22], a localization scheme for pp o. One readily verifies that py ¢ is the uniform

measure on independent sets of size Nna —t in Gy ; we denote this state space by Qn .4,

its vertex set by V;, and the residual density by oy = & ﬁﬁ:‘_t The residual graph Gy is a
disjoint union of N(t) induced subgraphs G¢,..., G’}V(t), each with at most n vertices and

maximum degree at most A.

Proposition 2.20 (Reduction to small densities). Let G be a graph with n vertices and
mazimum degree A >3, and let N > n?. Fiz o € (7, a.(A)) and define

1 0.26A —0.74
C = —
AT AT T1001A +1

Set t* = [Nna(l —ca)| + 1. Then

1 N
< N >~
a < Jpoopaz 4 ()23

Proof. Since each pinned vertex excludes at most A neighbors, the residual vertex set
satisfies
|[Vis] > Nn —t*(A+1) > Nn[l —a(l —ca)(A+1)] - (A+1),

which for Nn large gives |Vi<| > Nn {1 —a(l—ca)(A+1)— ﬁ}
For the density bound, using Nna — t* < Nnaca,

Nna — t* O CA 1
< < ’
Vel  ~1—a(l—ca)(A+1)— 5 ~ 1000A2

Qpx —

where the last inequality holds for all A >3 and a < a(A) < .
For the components bound, since each component has at most n vertices, N (t*)-n > |Vi«|,

and therefore

Vi 1 N
N(t*) > >N|1l—«a(l-— 1+A)— — | > —
)= Yl a0 —eyara) -] 2T
where the last inequality follows from a(1 —ca)(1+A) <1 < 1 for all A > 3. O

Proposition 2.20 guarantees that at time ¢* the residual system falls within the small
density regime of Theorem 2.19, while retaining at least N/2 components. It therefore
remains to transfer the logarithmic Sobolev inequality from the reduced system back to the
original measure py . This is achieved via the following entropy contraction inequality,
which appears as [JPV26, ineq. (6.3)] and is derived therein from the entropic independence
property established in [JPV26, Proposition 6.5]: for t = QA (Nna),

Entyy, o [F] Syoa E[Entyy,. [F] (2:30)

Applying (2.30) with ¢ = ¢* and Theorem 2.19, we conclude: denoting by En .+ the
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Dirichlet form of the down-up walk on Qy ., for all F': Qn , — R, we have

Entyy , [F] Sysa E[Entuw,a,t* [F}]
Sy68 NnE[Ex oz (VE, VF)]
S Nn EN:OHO(\/F7 \/ﬁ)a

where the last inequality uses the convexity of the Dirichlet form along the localization
scheme, established in [CE22, Proposition 2.21] for Glauber dynamics, which applies here

via the relabelling of the down-up walk described above.

2.4.2 Martingale’s Method in the Reduced Regime

For the sake of simplicity, we shall prove Theorem 2.19 in the simplified setting where one
has N identical copies of G. However, a careful check of the proof shows that the general
setting of Theorem 2.19 can be handled with very minor modifications.

Thus, we now focus on proving the following statement.

Theorem 2.21. In the setting of Section 2.4, suppose G has mazimum degree A > 3 and
n vertices, and let N > n?. There exists an absolute constant C < 1/1000, such that for
any v > 0, if « € Dy satisfies a € (y,C/A?) for then for all F : Qn o — Ry,

o Bty [F] Sya Ena(VF, VF).

The proof of Theorem 2.21 is based on the martingale method, which reduces the
logarithmic Sobolev inequality for a system of N components to the same inequality for
systems of N — 1 components, at the cost of a small additive error. The key quantity is

the optimal constant ¢y, in the logarithmic Sobolev inequality, defined as follows.

Definition 2.22. For a given pair (N, a) with a € Dy, we define ¢y, as the smallest
constant such that

1 _
m Entha[F] S tN,oc €N7a(ﬁ’ \/F>

holds for all F': Qn o — Ry, where

Ena(VFVF) = SN >y MM[ 1(0, k) (i) 0 (vi’f;j’k\/ﬁﬂ :

il j#£i.k

Theorem 2.19 is then equivalent to showing that ¢y o Sy 1 for all a € (v, and

1
To0052)
N > n?. The core of the argument is the following recursive inequality.

Lemma 2.23 (Recursive rule for ty ). Suppose a € Dy satisfies a € (7/2,1/(241A%))
for some v > 0. Then

N -2 1(o(i) = o'(4)) Cany
e RSV S T 2.31
tN"‘—N—ﬂf‘f{iZ N—_2 IN-ter0t Ty (231)



with Ca ,, a positive constant and o = %a — (Nl_Tll)n for T € Q¢.

Proof. The proof combines the elementary entropy decomposition

Enty o[F] = N > N alEntyo[F | o(i)]] +N > EntyalunalF | ()],
i€[N] i€[N]

with the two lemmas below. Lemma 2.24 controls the first term and yields the main
recursive contribution, while Lemma 2.25 controls the second term and produces the
additive error Cp /N. O

Lemma 2.24. For all o € Dy, we have

% 3 By [Entw,a[F | U(i)ﬂ

1€[N]

Nn(N —2) 1(o(i) = o'(4)) -
STIN-D) el {e% TNZ2  N-lee® } EnalVEVE),

for all F: Qn o — Ry, with o = %a — ﬁﬁ for T € Q¢.

Proof. Note that by definition, for all i € [N],

Entyy [F |o(i) =] < 25T 5™ 0 (o] o <\/F \/F(a’))2
HH,o ~2(N—-1)n o “
o(i)=0c’(i)=T7

Therefore,

tN_1.a7
N Z inalEntnolF Lo < Z > iNai(T ﬁ
zE[N} lE[N]TEQG n

x Y unalo|of (\/F \/F(J’))2

o~o'EQN o

o(i)=0'(i)=1

s, X, o (17 7

o~0'€EQN o
x > o)) =o' ()} ty 1000
1€[N]
Nn(N —2) 1(o(i) = o'(4)) -
< — “max e~y ot ( ENa(VFL V),
(N — 1) o~o'! {'LEZ[]:V} N -2 N-1, @
which concludes the proof. O

Lemma 2.25. Under the same hypotheses as Lemma 2.23,

~ Z Entyy, [E[F | 0(i)]] Sy.a nEna(VE,VF).

ZE[N
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The proof of Lemma 2.25 is more involved and is deferred to Section 2.4.5, as it requires
some additional tools originally introduced in [Jai+23]. The proof of Theorem 2.21 is then

completed in Section 2.4.3, where the recursive rule is iterated via a probabilistic argument.

2.4.3 Proof of Theorem 2.21

The statement of Theorem 2.21 is equivalent to showing that for all « € (v, m) and
N > n?,

tN,a S’Y,A 1.

The proof relies on the recursive rule established in Lemma 2.23 and follows a probabilistic
argument from [Jai+23]. We begin by reformulating Lemma 2.23 in probabilistic terms

and defining the density process that will be iterated.

Probabilistic reformulation and density process. Consider a pair 0,0’ € Qn 4,
o ~ o', achieving the maximum in (2.31), and sample uniformly at random a component
71 = o(i*), where i* € {1,..., N} is such that o(i*) = ¢/(i*). Then

-2 Ca
E[tN*LOél] + -

N 5 (2.32)

1
where a; = a” = %a — N=in
More generally, we define iteratively a process (as)sen on the densities, where each o

is a density on the state space 2y _s o,, according to the following recursion:
1. ag =g

2. given oy at time s > 0: consider a pair 0,0” € Qy_; o, maximizing (2.31) when N
is replaced by N — s, sample uniformly at random ¢ ; € {1,..., N — s} such that

o(it,,) = 0'(if,), set 1 =0 (i%, ), and define

s+1 N — S |7_8+1|

=al = - . 2.33
Ystl = s N-s— 1% (N-s—1)n (2.33)
We introduce the stopping time
S { >0 ¢</z ! )} (2.34)
:=min-< s e — .
S ’Y b 241A2 M

and note that on the event {s < S} the recursive estimate (2.32) can be applied at every
step. Note in particular that oy € (7,
(7/2, 5557) defining S.

m), which is strictly contained in the interval

Iteration of the recursive rule. The following proposition quantifies the effect of

iterating (2.32) up to time s.
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Proposition 2.26. Let s < N — 2. Then

N—-s—1 S N—i Can

Eltn_ < ,
N1 CEltw S"“S‘S—SH;Nq N_—i+1

Eltnag|s < 5] <

Proof. On the event {s < S}, Lemma 2.23 guarantees that the recursive inequality can be

applied at every step up to time s. Define

N-—-7—-1 b — CA,’Y
N—-1" N —i+ 1

a; =

The claim is equivalent to

s
E[t]\[,a ‘ s < S] < asE[tN_SVQS | s < S] + Zai_lbi.
=1

For s = 1 the statement follows from (2.32). Assuming the claim holds for some i < s, we

obtain

i
Eltna |5 <S] < aiBltn—ia, | s < S+ aj_1b;

j=1
N-—i—2 :
<a; mE[tN—i—l,aiﬂ | s < S]+bip1| + Zaj—lbj
j=1

i+1

= i1 Eltnicta, | 8 < S]+ D ajaby,
j=1

which concludes the induction. O

Concentration of the density process. The next proposition ensures that the stopping
time S is large with high probability, so that the iteration in Proposition 2.26 can be
carried out up to time s = N — 16log?(N).

Proposition 2.27. Let h be an integer with h> < N —2 and h > (6 - 103A%)2. Then
9 h
P(S < N —h*) <exp -5 )
Proof. Note that the claim is equivalent to
P(S < N —h?) < IP( max _|a; — ap| > 7/2) < exp<—h) (2.35)
- — \U<N-h2 - - 2)’

since ag € (7, 7go5az) and, by definition of S in (2.34), the event {S < N — h?} implies
max;<n_p2 |0 — | > /2. We establish the stronger bound

3 h
L > 2 ) < _Z .
P(iin]\?xh ‘az 050’ = \/E) = eXp( 2> ) (2 36)
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which yields (2.35) provided vk > 6/ > 6000A2.
Let Fs denote the o-algebra generated by {ay,7s : s’ < s}, so that {Fs}s>o is a
filtration. We introduce the auxiliary martingale {as}s>0 defined by

Qg1 = Qg + (as+l - as) - E[a5+l — O | fs] s

and establish the following preliminary bounds. From (2.33),

Ol | 75|

—_ p— —_— . 2.
G TSR TN 1 (N—s—1)n (2:37)
Using (2.37) and averaging over the uniform choice of i} 1
_ 1 g ’0(7‘)|
S I i~a(i)z=:o/(i) <N ool (V-s- Un) -
| (Form2 ) v ko) |o<z'>|)
_ -1 3 + )
(N—s—1)(N-s-2) ( N-—s icelN=s] "' io(Eo)

1 2

o (2)]
= (N—s—2)(N—s—1)i:o(i)z7;g,(i) n S (N—s—2)(N—s—1)

Combining (2.37) and (2.38),

Bt — @] <
Qgt] — Q _
st TEN-—s—-1
For the quadratic variation, we compute
1 [ovs — | ()] /n]? 1
E —a,)? | F| = : <
|:(Oés+1 045) ‘ S:| N_S_zi.oz (N—S—1)2 _(N_S_1)27

(i)=0(i)
and therefore, using the identity < >, a?—; > aiag = oy >ij(ai—aj)? with Ja;—a;| <1,

_ _ 1
E[(O‘Hl —as)? | fs} = E[(asﬂ — )| fs} —Elagi1 —as | FJ’ < AN —s—1)
The quadratic variation (a)s = 35 E[(a; — a;_1)? | F;_1] therefore satisfies

<@><i71 Sl 1 i
TTEN—i)?2 T 2 /s 22 2(N-1)(N—s—1)

Applying Freedman’s martingale inequality [Fre75],

_ (N —s5—1)x?
P{max|a; —ap| >z ) <exp|——p——
i<s /2 4+ 4y

N-1 3

To translate this into a bound for a,, we write a; —ap = i —ap — 32 ;<; Elo; — a1 | Fj-1]

99



and define

i

> Eloy —aj1 | Fjal

Y = max
i<s |
Jj<i

so that |a; — ag| > |a; — ag| — s, and therefore

P(max|ai —ap| >z + Es) < P<max|ai — ap| > x) .
i<s i<s

B N-2 1 1 1 2
S.<2 Y :2( _ >: .
G- N-s—2 N-2) (N—-s—2)(N-2

1

Taking s = N — h? gives &, < % Choosing x = N

3 1 —
P max |a; — ag| > — | <P max|o; — 2+25)§ex —h),
<i<s| o \/H> <i<s| o vh p(=h)

which proves (2.36). Indeed, for x = ﬁ and s = N — h?,

—5—1)2?
- [_<Nl>

2 1
N+ da N1 T3/m
since h2—12%h2 and%%__hf—&—ﬁglforhzﬁ). O

Conclusion of the proof of Theorem 2.21. We begin with the non-optimal bound
tN@ S/y,A Nn, (2.39)

which follows from a spectral gap estimate of order 1/(Nn) for Py when a € (0,1/(241A2)),
combined with standard inequalities comparing spectral gap and logarithmic Sobolev
constants [DS96]. The spectral gap bound can be obtained through path coupling; the
coupling argument is the same as in Proposition A.1 below. From now on, we assume the
validity of (2.39).

We now apply Proposition 2.26 up to time s = N — 161log?(N). By Proposition 2.27
with h = 4log(N),

P(S <N —16log*(N)) < e

On the complementary event {S > N — 16log?(N)}, the density QN _1610g2(n) li€S In
(7/2,1/(241A%)), 50 by (2.39),

2
t1610g2(N)7aN7161032(N) 577A 16n log (N)
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Applying Proposition 2.26 and decomposing over the two events,

161og*(N)
tN,a > ﬁ E [tlﬁlogz(N)7 AN _1610g2(N)

+Can + tnaP(S <N - 1610g?(N))

161 1og8 (V)
<——"—+Cay+ — 1
= N . 1 + N N’Y7A I

S > N —16log*(N)| +

provided that N > n?. This concludes the proof of Theorem 2.21. O

It remains to prove Lemma 2.25. The argument proceeds in two steps. First, in
Subsection 2.4.4, we establish a log-Sobolev inequality for the chain induced on a single
particle o (i), with the remaining particles frozen. Second, in Subsection 2.4.5, we bound
the Dirichlet form of this induced chain by the appropriate terms in é_'N,a, which yields the
proof of Lemma 2.25.

2.4.4 Induced Chain

Consider a density a € Dy. The induced chain is the Markov chain on ¢ obtained from
Py by tracking only the first particle o(1) € Q. Formally, its transition matrix P is given,
for 7 # 7' € Qg, by

S e 2 Y B[R} L (1) =7} [ (1) = 7).
fE[n] " JEINI{1} keln]
(2.40)

This chain describes exchanges between the first particle and the remaining N — 1 particles,
the latter sampled at equilibrium. In the language of statistical mechanics, the induced
chain is the analogue of a grand-canonical dynamics: the first particle plays the role of
a small subsystem in contact with a reservoir, the other N — 1 particles, with which it
exchanges 1’s while preserving the total density of the joint system. From the Markov chain
perspective, this is a heat-bath dynamics: each update resamples o4(1) according to its
equilibrium conditional law given the reservoir. Strictly speaking, this is not the Glauber
dynamics of the hardcore model iy, but a closely related chain whose invariant measure
is the marginal Py o, , defined below in (2.41). As we shall show in Theorem 77, this
marginal converges to ug  as N — 0o, so the induced chain can be viewed as a finite-IV
approximation of the Glauber dynamics for the hardcore model.

This approximation can be made quantitative. Using the local central limit theorem of
Proposition 2.28 below, we compare the induced chain P with the Glauber dynamics of
K,y in a quantitative sense, and transfer to P the log-Sobolev inequality known to hold for
Glauber throughout the subcritical regime by the spectral-independence theory of [CLV21].
The log-Sobolev inequality for Py is then obtained from the one for P via the martingale
method.

We collect below the ingredients needed to state the log-Sobolev inequality for P: its

invariant measure, the structure of its transitions, and the associated Dirichlet form. By
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construction, a transition 7 — 7/ of P is admissible only if 7" differs from 7 by the addition

or removal of a single occupied site. Accordingly, for £ € [n] we set

=1\ {£}.

T, otherwise,

, {Tuwh if U {0} € Qq,
-

By symmetry, P is reversible with respect to
Piuno(T) = Porpin.a (o(1) =71), T € Qqa, (2.41)

which is the first marginal of jin o. The Dirichlet form of the reversible pair (P, Pipn o) is
then

Ep(£,9) = 3 Brbin, [P, 7Y (F(1) = (7)) (0(7) —9(7)],  (242)
]

Len

for f,g: Qg — R.

The proof of the log-Sobolev inequality for P relies on a quantitative comparison
between the canonical marginal Py and the grand-canonical hardcore measure pg ) at
the matching fugacity. This comparison is provided by the following local central limit
theorem, whose proof we omit; it can be obtained by adapting the argument of [Jai+23,

Corollary 13] to track the joint dependence on both N and n.

Proposition 2.28. Let G be a graph on n vertices with maximum degree A, let N be the
size of the particle system, let A\ € (v, (1 — d)A\(A)) for some v,0 > 0, and let « € Dy.
Denote by a(pc,n) the density of pg . and suppose that

Nn o — a(,uG,A)|2 = O'y,(S,A(]')'

Then

1 N2n2|la — alpug.y)|? 1
®N G -
MG,A(QN,a) - V2ron exp( - 21)]2\[ )‘ =0y50 <Nn) )

where vy = Var__ on(|o|) satisfies vi = ©,5A(Nn).
WA

We are now ready to state the log-Sobolev inequality for the induced chain.

Lemma 2.29. If a € (v,(1 — 0)ac(A)) for some 7,0 >0 and N > n, then the matriz P
defined in (2.40) satisfies a log-Sobolev inequality with respect to the Dirichlet form (2.42)
with rate = Q5 A(1/n).

Proof. First, by the correspondence induced by the occupancy ratio ag(-), there exists
A€ (e(v), (1 = (0))A(A)) such that a.(A*) = a, or equivalently a(A*) = a. Here ¢(7y)

and ¢/(§) are positive constants.
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We compare the dynamics generated by P with the Glauber dynamics Pgp of the
hard-core model with fugacity A*, defined by

1 - a(rt

a _
_1(7' = 7'2) + Hx6(7) 1(7' = TE)}.
n
L€[n]

pixe, G (18) + pax a (1) pxe 6 (70 + pae 6 (79)
1

& T When 7t # 7. The dynamics generated by Pgp satisfies

a log-Sobolev inequality with rate r = Q, 5 A(1/n), as follows from Lemma 2.3 and Fact 3.5

In particular, Pgp(r, %) =

in [CLV21]. For completeness, we briefly recall the main ingredients of the proof.

Lemma 2.3 in [CLV21] states that if a Gibbs measure is spectrally independent and
marginally bounded, then it satisfies approximate tensorization of entropy. For the hard-
core model, spectral independence in the subcritical regime is a classical result due to Weitz;
see, for instance, [Wei06] for the seminal work and [CSV25] for more recent developments.
Marginal boundedness is immediate, see e.g. Proposition 50 in [Ana+21], which ensures
that for every subset A C [n], for every o4 such that o4 N N(¢) = 0, for all A > 0,

A

—N(¢
TNV <Py (o =110a) < T
In particular, marginal boundedness holds in the form
min {Poy,. (00 = 1] 04), Pomppy. (00 =0 0a)} > b >0, (2.43)

for some b = b(y,0,A) > 0. By [CLV21, Lemma 2.3], this yields approximate tensorization
of entropy,

Entuxﬁg[f] 5’7,5,A Z )LLA*,G[Ent}Lth |:f ’ {0k> k ;é E}]] (244)
Le(n]

Finally, using marginal boundedness (2.43) together with the classical result of Diaconis
and Saloff-Coste (Appendix 1 in [DS96]), we obtain

1-2b
Enty,. o [f [ {ow, k # 0] < (o =gyVarue o [VF [ {ow, k # 0]

Svsa Varu. o[V [ {ok k # 03],

which, combined with (2.44), yields

Enty,. 1] Syoa Y e |Var. o [VT | {on, k # 0],
)

leln

This corresponds to a log-Sobolev inequality for the Glauber dynamics with rate r =

Qy6a(1/n).
Therefore, to conclude the proof of the lemma, it is sufficient to compare the two chains
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P and Pgp. Specifically, we need that if N > n,

Piina Pop(r, 7)) _ ¢
1) LG = @%(;’A(l), 2) 7P(T,T€) = O%(;’A(l), Ve e [n], VreQqg: T 75 T .
(2.45)
Assuming (2.45), standard comparison arguments yield, for any f : Qg — Ry,
EntﬂN,aJ [f] fmf,é,A Ent,uA*,G [ﬂ
Sv.8 1€pep (VL V)
= 3 3 e Pen(n T (/1) = 17)*
TEQG LE[n]
Shoa Y N1 (T)P(r, T (\ £(1) - \/f(TZ))2 =nEp(V [V f)
Le[n]

In the first row above, we used Holley-Strook variational representation for entropy:
Ent,[F] = inf p[FlogF — Floga+a— F].
ac€Ry

We begin with point 1) in (2.45). For any 7 € Q¢, define

N o1
N1 WN—1n'""

ol =

which is the density induced on the subsystem o(2),...,0(/N) when fixing o(1) = 7. By
homogeneity, pn o can be written as u%ﬁ?fc(- | QN o). Hence, for any 7 € Qg,
P oN (0(1):7', UGQN,Q)

I~E+ a

P oN (U S QN@)

I~BN* G

Pl,UN,a(T) =

UNM%SC:I (O’ S QNfl,oﬁ)
]P’U oN (U € QN,Q)

S Ne!

= pa-a(7)

By Proposition 2.28 below, when N > n the ratio above is ©, 5 A (1), which proves point 1).

We now turn to point 2). First, we observe that

1A 1 A(A) 1
ap(7,7) nl+X ~ nl+A(A) A(n) (2.46)
On the other hand,
P(r,7%) = IN-1-_ g s.a(1/n) (2.47)
’ n N Y50, )

where we assume N to be sufficiently large. Combining (2.46) and (2.47) concludes the

proof of point 2), and hence the lemma. O
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2.4.5 Proof of Lemma 2.25

The proof of Lemma 2.25 adapts the strategy of [Jai+23] to track the joint dependence
on N and n. The idea is the following: Lemma 2.29 provides a log-Sobolev inequality for
the induced chain governing a single particle, in terms of its Dirichlet form. To deduce
a log-Sobolev inequality for Py, one needs to compare the average over i € [IN] of these
single-particle Dirichlet forms with the global Dirichlet form of Py. This comparison is
carried out term by term: each contribution to the Dirichlet form of an induced chain is
matched with a suitable combination of terms in the Dirichlet form of Py.

The matching step is technically delicate. It relies on Stein’s method for Markov
chains [BN19; RR19], combined with a contractive coupling argument for the down-up
walk in the small-density regime—similar in spirit to the path coupling technique used to
bound the spectral gap of the down-up walk on independent sets of fixed size in [BD97].
The contractive coupling can be implemented only when a = O(1/A?), which is the source
of the smallness assumption on «. We isolate this part of the argument in Lemma 2.35,
deferred to the appendix of this chapter; see Proposition A.1.

The combination of Lemma 2.29 with the matching step just described leads to the
second key ingredient, Lemma 2.30 below. Before stating it, we set up the relevant notation.
For each ¢ € [N] and each F': Qy o — Ry, define

filr) =By JF [o(i) =7], 7€ Q¢

Lemma 2.30. Under the hypotheses of Lemma 2.23, for every ¢ € [n] and every i € [N],

2 1
(VAL =) Spa 7= 2

(J:F)

EO—NMN,OL [1{(57 k)o(i),a(j)} (\/F(U) - \/F<J(i,€;j,k)))2 ‘ U(Z) — TE} )

The remainder of this subsection is organized as follows. We first show how Lemma 2.30
implies Lemma 2.25. We then build the toolbox needed to prove Lemma 2.30: a change-
of-measure inequality and Stein’s method. Finally, we state the two key estimates and
combine them to conclude the proof. By symmetry, it suffices to prove Lemma 2.30 for

1 = 1, which we assume henceforth.
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Reduction to Lemma 2.30

From Lemma 2.29 we know that the induced chain on component i € [N] satisfies a

log-Sobolev inequality with rate {2, A(1/n). In particular,

Ent(f) Span Y inalo() =7) Y Pl \ () (£ = JHr\ )

TEQG Le[n]
2
Sa Y wvalo(@) =) 3 (VA = EE\D)
TEQG Ze n]
where we used P(7,7\ {{}) = Q, a(1/n). The nonzero terms in the last sum must satisfy

7 = 7¢. Combining this observation with Lemma 2.30 yields

Ent(f;) $y.a Z > Eompin o [ R)o(iyoty H(F (@) \/F(g(z‘,e;j,M))Q]

Ee[n (4,k)

Summing over i € [N],

- Z Ent(f;) $y.a nénalVE, VE).

zG[N]

This reduces the proof of Lemma 2.25 to that of Lemma 2.30. The remainder of this

subsection is devoted to the latter. O

Toolbox: change of measure

Let 7 € Q¢ be such that the site ¢ € [n] is available for an update inserting a 1 at ¢, so
that 7 = 7 U {¢} and 7° = 7\ {¢}. Given a density o € Dy, define

v = pval Lo (1) =71, 0 vi=mval o) € {77,

(2.48)

The first two are obtained from py by conditioning the first particle to equal 7t or TZ,

vpi=pNal-[o(1) =7

respectively; the third fixes o(1) to agree with 7 on every site k # ¢, leaving the value at

site £ unspecified. These three measures are linked by the identity
v==0v,+(1-0)u, 0 :=puna(oe(l) =1|01), =1k, k #£). (2.49)

The left-hand side of the inequality we wish to establish in Lemma 2.30 can be rewritten
as (vE, F — /]E,,Z_F)Q, for some F': Qn o — Ry, It is convenient to replace v; with v, the

latter leaving the state at site £ unspecified, leading to the following lemma.

Lemma 2.31 ([Jai+23], Lemma 36). Let o € Dy satisfy o € (77, (1 —0)ac(A)) and assume

N >n. Then ) )
(VEF = By F) Sy5n (VELF - VEF) . (2.50)

The proof of Lemma 2.31 combines two elementary steps: a rationalization of both sides
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of (2.50), and a control on the mixing weight 6 in (2.49). The latter is provided by
Proposition 2.32 below; granting it, the proof is straightforward.

Proof of Lemma 2.31. By Proposition 2.32, § = ©, 5 A(1), and the decomposition (2.49)
gives dvy/dv = 0 and dvy/dv = 1 — 6. We rewrite the left-hand side of (2.50) as a ratio:

2 2
(VB F - \/IE,,_F>2 _ BB F) (B - By E) (2.51)
' ‘ (VELF + /B, F)’ ~ E,F+E,F

Similarly, viewing v as the #-convex combination in (2.49), we have E,,F — E, F =
(1—-0)(E,,F —E,,F), hence

> (B, F—-E,F)? _ (1-0?E,F-E,F)’
(Ve —VBE) = e B iEFEE )

Combining (2.51) and (2.52) yields (2.50). O

It remains to prove that the mixing weight 6 is bounded away from 0 and 1, uniformly in

7 and ¢. This relies on the local central limit theorem of Proposition 2.28.
Proposition 2.32. Let o € Dy satisfy o € (7, (1 — d)ac(A)) and assume N > n. Then,

Jor all T € Q¢ with Ty = 0,

oD =1k, k# L) = Qy5a(1),
o)k =Tk, k # £) = Qy5a(1).

pn,a(oe(l) =1
pn,a(oe(l) =0

In particular, dvy/dv and dvg/dv are both O, 5 A(1).

Proof. By Lemma 2.12, there exists A > 0 such that a(ug ) = a. A direct computation

gives 1
a 1)=1 Di =7k, k#1() = ’
pvaloe(t) = oW =k b #0) = 7o 7m
where ®(N-1)
pax(tt)  Han (QN—l oﬂZ)
2(6, 7, N,a) = —=— - ®(N-1) S
nea(™) 20 (Qy_1 o)

Since N > n, one has (N — 1)n|a —a7|? < 1 for all T € Qg, so Proposition 2.28 yields

®(N—1)(Q _

(€D N-1lar
®(N—1)(Q , =0,,6a(1).
N—-1,a™

Han

Moreover, since Ty (s = 0, both 7¢ and ¢ belong to (g, and

paa(™) _pap(oe=0op =T, k#£0) 1
et paa(oe=1|op =7, k#0) A

=0,5(1),
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since A = ©, 5 (1). This concludes the proof. O

Toolbox: Stein’s method

We now use Stein’s method to estimate the right-hand side of (2.50). Let P, x be the
Markov chain on {2y, obtained from Py by restricting the dynamics to the support of v;

that is, the transition matrix
P,n(o,0") := Pn(0,0")1{0,0" € supp(v)}, o#o.

In words, if the proposed update changes o(1) at a site different from ¢, the update is
rejected; in all other cases P, y acts as Py. We define P, y analogously, replacing v with
ve. The measures v and v, are reversible for P, ;y and P,, v, respectively.

Let h: Qn,o — R be the solution of the Poisson equation
h—P,nh=F—E,[F],
which has the explicit form

h(o) = fE[F(at) ~B,[F]|oy = 0],
t=0

where (04, t € N) is the Markov chain with transition matrix P, n, and E denotes expectation

with respect to its law. Using h, we can express

B, [F] = Ey[F] = Ey,[h — P, N h]

=E,, [sz,N h—P, N h], (2.53)

where we used the invariance of vy under P,, y to write E,, [P, n h] = E,,[h]. Combin-
ing (2.53) with (2.50), we obtain

2
(\/Ew F - \/EVZF)Q Syea v [P”e’]ﬁ;f[;]P”’N Al (2.54)

Two key estimates

Given 1o, 1, € Qn,q, denote by (1, 7;) the Markov chains started at (1o, 1) with transition

matrix P, N.
Definition 2.33 (Distribution I'). Define a probability distribution I' on pairs (ng, ;) by:

1) choose (j, k) uniformly at random among all pairs with j > 2 and k € [n];

2) sample 79 ~ gy conditioned on the event (1) = 7¢ and o(j) = 0 for all

kK e N*(k);

3) set 1y = (o) MHPF.
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Equivalently,

1 , g
T(10,10) = —~————>_ > puna(no | o(1) =75 0 (§) v+ @ = 0)1{ny = (m0)"57*}.
(N =1)n i>2 ke

For brevity, given a coupling of (n, n;) with (19, 7y) ~ T and ¢ > 0, set

H(eT) = 3 et/ E[(/F(m) — JF()?). (2.55)
t=0

We can now state the two key estimates. The first bounds the right-hand side of (2.54)
in terms of H(c,I') for any coupling; the second exhibits a specific coupling for which
H(c,T) is controlled by the Dirichlet-type quantity at ¢t = 0. Both proofs are deferred to
the appendix of this chapter.

Lemma 2.34. Suppose o € Dy lies in the subcritical interval (v, (1 — §)a.(A)) for some
7,0 >0, and assume N > 2n. Then, for any coupling of (n,n;) with (no,ny) ~ T and any

c>0,

2
By, [Pyyn h— Py h| 1
: : < — H{(c, 1. 2.56

Lemma 2.35. Suppose a € Dy satisfies a € (0,1/(CA?%)) with C > 241. Then there
exists a coupling of (n,n;) with (no,nf) ~ T’ such that, for all ¢ < 1/1000,

H(e,T) < NnEgyr | (F ) =/ Fa))*] (2.57)

Proof of Lemma 2.30

Throughout this proof we apply, in sequence, the inequalities (2.54), (2.56), and (2.57).

The restriction

P —
=241 A2
is required only for (2.57); this condition lies within the subcritical regime, since 1/(241 A2%) <
ac(A). Assume now

1
7§a§m for some v > 0.

Under this assumption, all inequalities in this section depend only on v and A, since the
gap between 1/(241 A?) and a.(A) is a function of A alone. Accordingly, we use the
notation S, A-

Fix 7 € Q¢ and let ¢ € [n] be a site available for 7, i.e., 7 U {¢} € Q¢; otherwise, the

statement of Lemma 2.30 is trivial. By definition of f; and of v;,v; in (2.48), we have
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fi(th) = E, F and fi(7\ {{}) = E,,F. Taking ¢ < 1/1000,

(VA =) = (Ve F - B, F)

254) |E,, [Py, nh — P, N h]

| 2

N’Y:A EV[F]
(2.56) 1

577A CT H(c7 F)
(2.57)

< Egpugyer [(VF0) = JF ()]

Expanding the last expectation,

E(nmz)w{ (VE(m) = /Flnp) 2}
= (N Z Z ,LLNa o | 0 —7' s ON+( k) —0 (\/F \/F(O—l,é;j,k))2

o >k

<A ZZ“Na oo ™) 1{(¢, k), (\/F \/F(al,f;ch))Q’

g ]7

where we used the inequality

pna(o | o(1) =75 onty (i) = 0) Sya pnalo | o(1) =7°) L{( )o@y o0}

which follows from a single application of the local central limit theorem of Proposition 2.28;

see, for instance, the analogous argument in (A.14). O

2.5 Completing Kac’s Program

In the following we prove entropy decay for the nonlinear mean-field hard-core model,

following essentially the same strategy as in Section 1.5.

Theorem 2.36 (Entropy decay). Let G = (V, E) be a graph on n vertices with maximum
degree A > 3. For any v > 0 and § € (0,1), and any initial state py with density
a(po) € (7, (1 = d)ac(A)), the solution p, of the mean-field dynamics (2.4) satisfies

H(p: | pay) < e "™ H(po | pon), t>0,

for some constant r = r(v,d, A) > 0 independent of n, where A = X(pp) < A:(A) is the
unique fugacity matching the density of pg.

Theorem 2.36 is established by completing Kac’s program: we deduce the entropy decay
of the nonlinear mean-field dynamics from a modified log-Sobolev inequality (MLSI) for
the mean-field particle system, which in turn follows from Theorem 2.6, and transfer it to
the nonlinear process by taking the limit N — co. We start by discussing the functional

inequality associated to the entropy decay of the continuous time nonlinear dynamics.
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Nonlinear Modified Log-Sobolev

For any A > 0, taking 1 = pg , we consider the functional

f(o)f(o) > ’

Du(f, f) = 477112 Z w(o)u(oQ(o,a'sm,7') (f(o) f(a') — F(r)f(7))) log <f(7’)f(7'/)

o0’ 7,7

for all f: Qg — R4. This is known as the entropy dissipation functional. Indeed, Lemma

2.9 shows that the solution p; of (2.4), for any initial state py € P (), satisfies

SH(p| 1) = ~Dulhi o), (2.5%)

where f; = p;/p is the relative density of p; with respect to .

Since (z—1y) log(%) > 0 for all z,y > 0, we have D, (f, f) > 0, for all f, so that H(p; | p)
is monotone non increasing as a function of ¢ > 0. This is the analogue of Boltzmann’s
H-theorem in our setting.

We reformulate Theorem 2.36 in terms of the following nonlinear modified log-Sobolev

inequality. We use the notation

Ent,[f] = p[flog (f/log ulf])],

for all f: Q¢ — R4. In particular, when p[f] = 1 the functional returns the relative
entropy Ent, [f] = H(fu | ).

Definition 2.37 (Nonlinear Modified Log Sobolev (NMLSI)). For all A > 0, let Sy be the
set of functions f : Q¢ — R4 with pga[f] = 1 such that fugy € P(Qg) has the same
density as ug,»,

a(fuaa) =apan) -

The nonlinear dynamics is said to satisfy the NMLSI with profile function Z : (0, 00) —
[0, 00) if for all A > 0,

Dy (fs f) = Z(\) Ent, \[f], Vf €S (2.59)

Since the nonlinear mean-field dynamics conserves the density, any solution p; satisfies
a(pt) = a(py) for all t > 0. As a consequence, for any initial datum py € P(g), one has
ft =pt/1ex € Sy for all t > 0, where A is the unique value of the fugacity matching the
density a(pg). Therefore, (2.58) implies that, if the NMLSI holds with profile Z(-), then

every solution p; satisfies

H(pe | pon) < e TV H(po | pay),

where A is determined by a(pg) = a(ua,y); see also Lemma 1.35 for a derivation of this

statement in a slightly different context. In particular, Theorem 2.36 is established by
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proving that the nonlinear system satisfies the NMLSI with a profile Z such that Z(\) > r/n,
with a constant r = r(v,d, A) > 0, for any A > 0 such that a(ug ) € (7, (1 — d)ac(A)).

Proof of Theorem 2.36

Fix v >0, € (0,1) and o € (7, (1 — d)ae(A)), and let A > 0 be such that a = a(ugy)-
Consider the particle system defined by the chain Py on the state space 2y q,, as in

Definition 2.5, with density
| Nna

Nn ~
and note that ax € (v/2, (1 —0)a.(A)) for all N large enough. Recall the unique invariant

anN =

measure [N q,, and observe that pin ., = ,u%]X(- | QN 0y ), that is the N-fold product of
paa restricted to Qn q,. Pick f € Sy with f > 0. By definition, v = fugx € P+(Qq)
with a(v) = «; define the function Fy on Qn o, by

VEIN(- | QNan)

Fyi=———
,UN,aN
Let N > n?, then the MLSI (2.8) implies
r
EN .oy (Fn,log Fy) > EO Entyy,  [Fn], (2.60)

with ro = r9(v/2,9, A) > 0 independent of N, n.

From now on, we proceed as in Section 1.5. Since v = fug x € P+ (Qg) and |ay —a| <
%, by adapting the arguments in Proposition 1.42 one proves the so-called entropic chaos,
that is

1
lim — Ent mn
Jim 5 Bt

N [Fn] = EntHG,A Lf].

@

Similarly, as in Proposition 1.43, one finds the so-called Fisher chaos, that is

) 1
lim N ENayn(FN,log Fy) = 2D, (f, f).

N—o0

Therefore, dividing by N and passing to the limit NV — oo in (2.60) yields (2.59) with
IV =g,

=5

for every f € Sy with full support in Q. It remains to extend the estimate to all f € Sy.
To this end, given f € Sy, consider

felo)=(1—=¢e)f(o) +¢, e€(0,1), o€ Q.

Note that f. € Sy for all € € (0, 1), since pg[f] =1 and a(fepar) = (1 —e)alfuan) +
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ea(pugy) = a(pg,n). Since f has full support on g,

To
DMG,/\ (fE’fE) 2 % Entuc,x[fi]'

Letting € — 0, by continuity one has

Duc,x (fes fo) = Duc,x(f, f), Entyg [fe] — Entuc,x[f] )

which conclude the proof of the NMLSI with a profile Z such that Z(\) > r/n, with
r=ro(y/2,6,A)/2 >0, for any A > 0 such that a(ugr) € (7, (1 —6)ac(A)). O
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Chapter 3

Algorithmic Applications to
Hardcore Model

As discussed in the main introduction, the nonlinear exchange dynamics is the natural
process for the sampling problem for the hard-core model pg with prescribed global density
a or pg¢ with marginal vector m, but due to its quadratic nature, and given our current
understanding, it cannot be implemented directly at present. Following Kac [Kac56], we
overcome this obstacle by introducing an auxiliary particle system: a linear Markov chain
that approximates the nonlinear evolution and is built on the same exchange mechanism,
mean-field for the prescribed density problem and single-site for the prescribed marginals
one.

The idea is to consider a finite population of N particles oV, ..., c(N) € Q¢, undergoing
pairwise collisions

(@, o)) s (70 70Dy,

where the pair on the right is obtained by exchanging two bits Uq(f) and afj ), the sites u, v
being chosen so as to match the nonlinear collision kernel. This defined a linear Markov
chain implementable provided N being not too large. On the other hand, if NV is sufficiently
large, the particle system approximates the nonlinear evolution; since the latter converges
to the desired Gibbs measure, after enough steps the law of a single particle should be
close to the target measure. Particle systems of this kind already appeared in the previous
chapters, in the analysis of the continuous-time nonlinear process. Here, for algorithmic
purposes, we work instead with a discrete-time version, and with a different time scaling;:
whereas the process considered earlier performs on average N updates per unit of time,
the one considered here performs a single collision per step.

The algorithms we present follow this general template:

(1) Initialize N particles so that the relevant conserved quantity (density o or marginal

vector m) has the desired value.

(2) Run the corresponding particle-system chain for ¢ steps, with ¢ large enough.
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(3) Output one particle.

The analysis proceeds in two steps. First, we show that for N large enough the one-
particle marginal of the stationary distribution of the particle system is close to the target
hard-core measure. Second, we bound the mixing time of the chain, which determines
how large t must be. Together, these give an output particle approximately distributed

according to the target measure in polynomial time.

3.0.1 Plan of the chapter

The two constrained sampling problems require separate analyses, and the chapter is
organized accordingly.

In Section 3.1 we introduce the two particle systems, associated with the mean-field
and the single-site kernel respectively, and we study their convergence to equilibrium:
Theorem 3.2 bounds the mixing time of the mean-field chain, and Theorem 3.5 that of
the single-site chain. We then turn the particle systems into algorithms, treating the
two sampling problems in separate sections. In Section 3.2.1 we address the prescribed
density problem: Algorithm 4 takes a target density a as input and samples from pug,
its correctness and running time being established in Theorem 3.9. In Section 3.2.2 we
complement this with a hardness result, showing that the regime in which the algorithm
operates is optimal. Finally, in Section 3.2.3 we address the prescribed marginals problem:
Algorithm 6 takes a target marginal vector m and samples from p, with correctness and

running time established in Theorem 3.18.

3.1 The particle system

We consider a system of N € N particles o = {a(i), i=1,...,N}, where o) = (O'q(j), U €
V) € Qg, for each i € [N]. Equivalently, o € Qg can be seen as an independent set on
the graph G := G"V, the disjoint union of N copies G(i) of G. The vertex set of G is
Vy = {(i,v) : i € [N],v € V}. For i € [N] and a probability measure v on Q¥, let Pv

denote the i-th one-particle marginal of v, that is,
(Pv)(n) i=v({o eQf e =n}),  neQe

The evolution of the particle system is a Markov chain with state space Qg where the
occupation variables o and o) are exchanged between vertices (i,v), (j,w) € Vi, with
the constraint that the resulting configuration is again a valid independent set of G .

To define the Markov chain, we introduce some notation. Given vertices (i,v), (j,w) €
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Vi, let & be the configuration obtained from o by the swap of oz(f) and Ug ), namely

o, (k,z) = (i,v),
6 =30l (k,z) = (j,w),
(k)

oy ', otherwise,

for all (k,z) € Vy, and define

o, e,

o, 3¢Qg,

17'0;.771‘0 ¢ —_

(o

with the convention o = o when (i,v) = (j,w). For i # j the move exchanges a spin
of particle ¢ with a spin of particle j, whereas for ¢ = j it is an internal swap within the
single particle o(; in both cases the update is accepted only if the resulting configuration
remains a valid independent set, i.e. & € Qg . The corresponding jump is

o — gV,
We consider two different evolutions: the mean-field dynamics, where u, v are arbitrary

sites, and the single-site dynamics, where u = v.

Mean-field particle system

Here both pairs i,j € [N] and v,w € [n] are picked uniformly at random. Thus, the

stochastic matrix of the Markov chain is given by

1 N
P]I\Iflf(o-ﬂ?) = No2 Z Z 1 {o.z,v,],w _ 77}-

i,j€[N] v,weV
The dynamics conserves the total occupation number

N
M(e)=3loW,  [oV]=3" ol
i=1

veV

Hence, in order to obtain an irreducible chain, it is necessary to fix the number of occupied

sites. Equivalently, we restrict to a state space with a fixed density.

Definition 3.1. Given a density a € (O, ﬁ},
o, = {o € Ol : M(0) = |Nnal}.

We note that the restriction a € (0, ﬁ] is optimal, in the sense that it is the largest
range ensuring that Q%fa is nonempty for every graph of maximum degree A and every

N >1. Fora < ﬁ, the initialization procedure in Section 3.2.1 constructs a configuration
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oc Q%fa; see Algorithm 4. Conversely, if a > ﬁ, then taking G = KA1 makes Q%fa
empty for all sufﬁciently large N.

We define py',, as the uniform distribution over Quf N
mf __ Unif me
MN,a = vunl ( N,a) .

By symmetry of the stochastic matrix P!, the pair (PR, uﬁfa) is reversible, for any
a € (0, ﬁ] When the density is sufficiently small, we have the following quantitative
convergence statement, expressed in terms of entropy contraction. Recall that a.(A) is the
critical density introduced in (2.6).

Theorem 3.2. Let G = (V, E) be a graph on n vertices with mazimum degree A > 3.
For any v >0 and ¢ € (0,1), consider a density a € (7, (1 — 0)a(A)). Then, there exist
constants v :=r(y,0,A) > 0 and Ny := No(v,,A) such that for any probability measure
ve P(Q%fa) and any N > Ny, it holds that

r

H(vpPxt 1—-— | H miy. 3.1

0P ) < (1 5 ) HO |3 (3.1)

In Section 3.2.1, we use this entropy contraction result to prove the 6(]\7 n) mixing-time
bound for our mean-field particle-system sampler.

Proof. The entropy contraction (3.1) can be derived from a logarithmic Sobolev inequality
(LST) for the pair (P, uﬁfa) established recently in [Jai+23; JPV26].

The LSI is formulated as follows. The Dirichlet form associated to the reversible pair

(P, u%il) is given by

gNa(FG 2N2 > Z Z 'LL {vzv,ijvzv,JwG}
1,j=1v,weV

for all F',G : Q%fa — R, where the gradient operator V¥ is defined by
VWY () = F(a™"9") — F(o).

The LSI for the pair (PR, N, a) with constant ¢ > 0 is the inequality

Ena(VF.VF) > 0 Ent e [F], (3.2)
for all F': Q%fa — R>¢, where we use the notation Entu%f [F] = MNa[F log (F/M olF ])]
Set | Y
alNn
pi= Nn

Since a € (7, (1 — §)ac(A)), by taking N > Ny(v,d,A) we may ensure that
i
e (2, (1- 6)ac(A)) | (3.3)
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The inequality (3.2) is established with

)

0= Nn
with a constant 79 = ro(v,9,A) > 0, by applying [Jai+23, Theorem 2] and [JPV26,
Equation 6.3] in the density window (3.3), together with a simple comparison of the
Dirichlet form En (-, ) with the Dirichlet form of the down-up walk defined in [Jai+23].

Once the statement (3.2) is available, the desired contraction (3.1), with r = r¢, follows
from [Cap23, Lemma 2.5] and [Mic97, Proposition 6]. We note that the argument in
[Cap23, Lemma 2.5] requires the positive semidefiniteness of the stochastic matrix P}an.

The latter can be checked by verifying the stronger property that the holding probability
satisfies

PYi(o,0)> -, VoeR,.

N

To see this, note that 5 € (0,1). Since exactly M (o) = BNn sites are occupied and
Nn — M(o) = (1 — ) Nn are empty, the probability that both selected sites (i,v), (j,w)
are occupied equals 32, and the probability that both are empty equals (1 — 3)2. Hence

PYi(o,0) > (1= B + 5 =1-26(1-§) > .

where the last inequality uses 5(1 — ) < i, B €[0,1]. O

Single-site particle system

Here, for N > 2, we pick 4,7 € [N] uniformly at random with the constraint i # j and
then we pick v = w € V uniformly at random. We use the notation, %/ := g¥%?  so

that the moves of the chain are of the type
o — ol (3.4)

The stochastic matrix of the Markov chain is given by

1

P (o,m) = N(N—l)nijezw] UEZV 1 {a’”“’ = 17} . (3.5)
1#]

As in the mean-field case, the dynamics is conservative. However, here there is a conserved

quantity for every v € V. For every o € Qg and every v € V, let R,(o) = > ie[N] 01(,2) be
the number of ones in o along the stripe {(i,v) : i € [N]}. The vector

R(U) = (Rv(a))vev (36)

is conserved by the dynamics defined in (3.5), since all allowed exchanges are of the type
(3.4). To obtain an irreducible chain one must therefore restrict the state space to a fixed
value of (3.6).
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Definition 3.3. For 7= (r,),cv € {0,..., N}V, define
N = {UEQN'R () =1y for ever UEV}
N, * G - v v Yy .
We note that Qﬁ\s,f is nonempty whenever

(A +1)maxr, <N.
veV

Under this condition, in Section 3.2.3, we provide an explicit algorithm for constructing an
initial configuration o € Q% - (see Algorithm 5).

By symmetry of the chain Py, whenever (2 - # (), the uniform measure
pN 7 = Unif (QF 7)

is reversible with respect to P3?. We now prove a rapid mixing bound for the chain P} by
comparing it with Glauber dynamics for proper colorings of an auxiliary graph.

For a graph H and an integer ¢ > 1, let Cy(H) denote the set of proper g-colorings of
H. The Glauber dynamics on C,(H) is the Markov chain which is defined as follows: at
each step, it chooses a vertex € V(H) uniformly at random and a color j € [g]| uniformly
at random, and recolors x with j if the resulting coloring is proper; otherwise it stays put.
This chain is reversible with respect to the uniform distribution on C,(H).

We will use the following hypothesis about mixing of colorings. It is widely conjectured
that Glauber dynamics for proper g¢-colorings of a graph H mixes rapidly whenever
q > A(H) + 2. In this paper, we assume the following form of this conjecture: there exist
absolute constants c.q > 1 and Ag > 0 such that, for every graph H of maximum degree
A(H) > Ay, the Glauber dynamics on C,(H) mixes in

o (v (amos )

steps within total variation distance ¢ of the uniform distribution on C,(H) whenever
q > ccolA(H). Note that we assume the constant hidden in big-O is absolute (determined
by cco1 and Ap) and independent of A(H) or g. The classical coupling argument of Jerrum
proves such a bound for any fixed cqo > 2 and Ag = 0; see [Jer95].

Let v € (0,1). Let 7 € Z‘z/o satisfy the following assumption
1

< . .
S AT YveV (3.7)

Note that by the discussion above, Q% - # (. We associate to 7 an auxiliary graph Hy

r

<

S

=|

as follows. For each v € V, let

Cy = (v,a) : a € [ry],
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and define H to be the graph with vertex set

V(Hz) = | Co,

veV

where each C, induces a clique, and for every edge {u,v} € E, all vertices of C,, are
adjacent to all vertices of C,.

Let P,y denote the Glauber dynamics on Cy(Hy). We compare Py} with the Glauber
dynamics for proper N-colorings of Hp.

For a coloring ¢ € Cn(Hy), define

where

o) .= € V : there exists a € [r,] such that ¢(v,a) = i.

Lemma 3.4. Let Hz and V3 be the graph and the map defined above.
First, for every ¢ € Cy(Hz), one has

\IIF(C) S Q?\Sfﬂ,_,‘
Second, for every o € QF ,

\Ifril(a) = H 7).

veV
Consequently, if ¢ is sampled uniformly from Cn(Hy), then Wz(c) is distributed according
to Py -
Proof. Fix ¢ € Cn(Hy), and let

Ui(c) = (oW, ...,c™).

Since C, is a clique of size r,, the coloring c¢ uses 7, distinct colors on C,. Therefore v

belongs to exactly r, of the sets ¢, ..., o) and hence
N .
Z oW =,
i=1

It remains to show that each ¢ is an independent set. Suppose that u,v € o for some
i € [N]. Then there exist a € [r,] and b € [r,] such that ¢(u,a) = ¢(v,b) = i. Since c is
proper, (u,a) and (v,b) are not adjacent in Hz. In particular, one cannot have {u,v} € E.
Thus ¢ is an independent set, and therefore ¥x(c) € QN 7

Now fix o = (¢, ..., e %~ For each v € V, let

I,:=ie[N]:veo®,
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Note that I, = r, for every v € V. Moreover, if {u,v} € E, then I, N I, = (), since each
o is an independent set.

A coloring c satisfies ¥#(c) = o if and only if, for every v € V, the colors used on C,
are exactly the elements of I,,. Since C, is a clique, this is equivalent to choosing a bijection

from C, onto I,. The number of such choices is r,!, independently for each v € V. Hence

v l(o) = H !

veV

The final claim follows immediately, since every element of )% - has the same number

of preimages under V. O
The following theorem proves the chain P§’ mixes rapidly by comparing it with P..

Theorem 3.5. Let v € (0,1), and let ccop > 1 and Ay > 0 be the coloring-mizing constants
from Section 3.1. Let G = (V, E) be a graph on n vertices with mazimum degree A > Ag.
Then there exists Co = Co(A, ceo1) such that, for every N > Cy, if 7 € Z‘Z/O satisfies (3.7),

then the particle system chain Py mizes within total variation distance ¢ of pi  in

N
Oq A e (Nn log <n>

steps.

Proof. For every (v,a) € V(Hp),

degy_(v,a) = (ry — 1) + Zru < Zru.

UEV uev
Now we have N
de < (A +1)ma <
ng<v7a) = ( + )?E&{Tu —= 00017

where the last inequality follows from (3.7). Hence
N > ceolA(H7).

Also, A(H7) > A > Ag. Therefore, by Section 3.1, P, mixes within total variation

distance ¢ of the uniform distribution on Cy(Hr) in

V(Hy
Occ (V112 10g L)

steps.
We now compare Py with Pey . Let

meg = ’V(HF)| = Z Ty

veV
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Define an auxiliary coloring chain 15;1 on Cy(Hp) as follows. At each step, choose v € V
uniformly at random and choose an ordered pair of distinct colors 4, j € [IN] uniformly at
random. If exactly one of the colors i, j appears on the clique C,, recolor the unique vertex
of C,, carrying the present color with the absent color, provided the resulting coloring is
proper; otherwise stay put. If either both colors appear on C), or neither appears on C,,
stay put.

We claim that the projection of P, under U is exactly P3?. Suppose that ¥x(c) = 0.
For each v € V, the colors used on C, are exactly the indices k € [N] such that v € ¢(¥).
Thus, choosing v, %, j in the coloring chain corresponds to choosing the same v, 1, j in the
particle system chain. If exactly one of 4, j appears on C,, then exactly one of the particles
o and ¢() contains v. Recoloring on C, replaces the present color by the absent color,
which is the same as swapping the site v between (? and @), The recoloring is proper if
and only if the resulting two particle configurations are independent sets. Therefore the
projected update is exactly the update of P5;.

It remains to compare ]5;1 with P.o. Consider a nontrivial recoloring move ¢ — ¢ in
which a vertex of some clique C, with current color ¢ is recolored with color j. Under the

standard Glauber chain,

1
Peoi(c,d) = N
Under ]5;1, the same move is proposed by the two ordered choices (i,7j) and (j,1), and
hence
Py (c,c) = 2
BT NN = 1)

Define 3 := n(QNle By (3.7), we have

)

2mg 2 MmaxXycy Ty N

n(N—1)~ N-1 = ca(A+1)(N-1)

Thus if we choose Cy = Cp(A, ceo1) sufficiently large, for N > Cp,
<1
Now, note that for off-diagonal transition,
Peoi(c,d) = B Po(c, ).

Thus
Pcol - (1 - /B)I + ﬁPcol'

The lower bound ¢ > v also gives

mp = Z ry > Nny.
veV
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Thus 8 = ©4 A ., (1). Consequently, P is a constant-factor lazy version of Py, and

hence it mixes within total variation distance ¢ of the uniform distribution on Cn(Hy) in

—

m
O'YvAchol (mF ]"Og {)

steps.

Since P53} is the projection of 1/3;1 under ¥z, total variation distance cannot increase
under this projection. Moreover, by Theorem 3.4, the uniform distribution on Cx(H7) is
mapped by ¥z to uﬁ’\s,f. Therefore Py has stationary distribution ,uﬁ\s,f and mixes within

total variation distance ¢ of u% ~ in

mﬁ
O’%Ayccol (mf 1Og CT>

steps. Finally, since

mp = |V(Hg)| = Y 10 = Oy, (Nn),
veV

the claimed bound follows. O

In Section 3.2.3, we apply Theorem 3.5 to analyze the mixing time of our single-site

particle-system sampler.

3.2 Algorithmic Applications

We now turn to the algorithmic problem of sampling from the hard-core model when the
desired conserved quantities are prescribed in advance. There are two natural versions
of this problem. In the mean-field setting, a target density « is given, and we want to
sample from the unique uniform-fugacity Gibbs measure with density «. In the single-site
setting, a target marginal vector (my)yey is given, and we want to sample from the unique

hard-core Gibbs measure whose vertex marginals are given by (my)yecy .

Remark 3.6. Drawing one sample from a distribution with prescribed vertex marginals
can be done efficiently. Given a graph G = (V, E) and a marginal vector m = (my)yev

satisfying

1
<
ey TS AT

the following algorithm outputs an independent set o € Qg with
Prlo, = 1] =my, Vv eV.

Each color class is an independent set, so the output belongs to {2¢. Moreover, for
every v € V,
Prlo, =1] = —— - (A + 1)my, = m,,.
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Algorithm 3 Initialization with prescribed marginals

Require: Graph G = (V, E) with maximum degree A, and marginals m = (my)ycv
satisfying max,cy m, < 1/(A + 1).
Ensure: A random independent set o € Qg with Prjo, = 1] =m, for allv € V.

1: Find a proper coloring ¢ : V' — [A 4 1].

2: Choose a color i € [A + 1] uniformly at random.

3: Initialize o, < 0 for all v € V.

4: for all v € ¢~ 1(i) do

5: Set 0, + 1 with probability (A + 1)m,, independently.
6: end for

7. return o.

For prescribed density «, the same algorithm applied to the constant marginal vector

m, = « gives an initial distribution with density «, provided oo < 1/(A + 1).

In order to sample from the maximum entropy distributions with the prescribed
marginals or density, one possible approach is to use the nonlinear dynamics directly. First,
we choose an initial distribution with the prescribed conserved quantity as in Theorem 3.6:
density « in the mean-field case, or vertex marginals (m,),cy in the single-site case.
Then we run the corresponding nonlinear dynamics until it is close to its limiting Gibbs
measure. The issue is that this dynamics is not easy to implement efficiently. For example,
one can use the derivation tree construction of [CS24b]: to sample from the distribution
obtained after T' nonlinear steps, draw 27 independent samples from an initial distribution
o € P(Q¢) with the prescribed conserved quantity, place them at the leaves of a binary
tree of height T', and apply the exchange kernel level by level from the leaves to the root.
The configuration at the root has the law obtained after 1" steps of the nonlinear dynamics.
However, this method already requires 27 initial samples, and is therefore not efficient.

For this reason, we do not use the nonlinear dynamics itself as the algorithm. Instead,
we use the particle system introduced in Section 3.1. In the prescribed-density case, we
work on the fixed total-occupation space Qﬁfa and use the mean-field particle chain P]I\I,lf.
In the prescribed-marginal case, we work on the fixed vertex-count space Qﬁ\s,f and use
the single-site particle chain Pg;. In both cases, we run the corresponding particle-system

chain close to stationarity and output one particle.

3.2.1 Sampling with prescribed density

We now consider the mean-field inverse sampling problem, where the prescribed conserved

quantity is the density a. Fix «,d € (0,1). Throughout this subsection we assume that
v <a<(1=0)a(A). (3.8)

One can show that there exists a unique fugacity A, > 0 for which the density of the
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uniform fugacity hard-core Gibbs measure p )y, is exactly . Further, A\, lies in the regime
7 < < (1= BA(A).

See the beginning of Appendix B.1.2 for the detailed proof.
The goal is to approximately sample from p . For simplicity, throughout this subsection

we write

Her = MG Ao -

For sufficiently large N, we write
M = Nna,

and we consider the space Qrﬁfa with uniform measure ,u%,fa. We first observe that, if o
is a uniform draw from ,ur]{}fa, then the law of ¢ is a good approximation for pes. After
that, we show that the mean-field particle system chain Pj{’}‘f mixes rapidly to uI]{‘,fa.

The next lemma proves the first step.

Lemma 3.7. Assume A > 3, and « satisfies (3.8). Then there exist constants C =
C(v,0,A) >0 and Ny = No(v,0,A) such that, for every N > Ny,

[Pt =] <

Proof. We write p := ug. By the bounds on A, stated at the beginning of this subsection,
v <A < (1 =0)A(A).
All constants below depend only on «,§, and A. Note that
uie = 1OV ([ QR
By duality of total variation distance, it suffices to show that for every f: Qg — R,
By s [FD)] ~ Brenlf@)]] < Sl

Let N
Xy = M(O’):Z|O'(i)| when o ~ p®V.
i=1

Set
aN = EUN;L@N[XN] = Nna, U]QV = Val“a.N#(gN (XN)

Since Q%fa ={o:M(c)=M}={Xny= M}, we have

By, [100)] = Bonalf0)] = o (39)
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where
N(f) = Egmyon [f(0") Xy = M}| = g £(0)] 1N (Xny = M),

We estimate the denominator and the numerator in (3.9) separately.

Denominator. Let

Y :=|0o| when o ~ p,

and set
v} := Varg.,(Y).

Since

(1= 8)Ac(A) = Ae(A) = 6A(A),

the variance estimate [Jai+22, Lemma 3.2] applies with additive gap dA.(A) from the
threshold. Since also A, > 7, there exist constants ¢y, Cyp > 0, depending only on +, d, and
A, such that

con < v% < Cyn.

Equivalently, since ngv = Nv?,
coNn < UJ2V < CyNn.

Recall that Gy is the disjoint union of N copies of G. Thus Gy has Nn vertices and
maximum degree at most A. Moreover, the hard-core Gibbs measure on Gy with fugacity
Ao is exactly pu®V, and Xy is the size of the independent set sampled from this measure.
Therefore, by the local central limit theorem [Jai+23, Corollary 13], applied to G, we

have

,U®N(XN =M)— 1 exp (_W_QN)Q> < Cl(Nn)_S/Q,

V2T un 21}]2\7

for some constant Cq7 > 0.

Since M = Nna and ay = Nna, we have
|M —an| < 1.

We first lower bound the Gaussian leading term. Using v%, < CoNn, we get

1 1
_— > —.
vN ~ VCoNn

Using v%, > ¢oNn and |[M — ay| < 1, we also get

(M —ay)? < 1
20% ~ 2¢coNn’
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Hence, for all sufficiently large N,

exp <_<M—GN>2> N

2
2v%;

DN | =

Therefore,

1 (M — ay)? .1 1
— €X — .
V2T oy p 2UJ2V ~ 2/27Cy v/ Nn

On the other hand,
C; 1

m\/Nn’

C’l(Nn)_3/2 =

and hence, for all sufficiently large N,

1 1
< —0——.
- 4\/271‘00 vVINn

Combining this with the local central limit theorem gives

C1(Nn)=3/?

1N (Xy = M) > ;exp <_(MGN)2> — Cy(Nn)3/2

V2T on 20%;
S 1 1 1 1
T 2271Cy vV Nn  4v2wCy/Nn
1 1

 427Cy /Nn'

Thus, after setting )
T Loy
we obtain
ON(Xy = M) > —L_ 3.10
Numerator. Define the normalized characteristic function
it(Y — na
B o (2.

Using again the additive gap dA.(A) from the threshold, the characteristic function estimate
[Jai4-22, Lemma 3.5], applied with A = \,, gives a constant ¢ > 0, depending only on §
and A, such that

2
[$(0)] < exp (Ckgé’” ) Vi€ [~ror, Ty
1

Since A\, > 7, setting co := ¢y gives

2
|(t)| < exp <C2:2t ) Vit e [—muy, mv1).
i
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We shall estimate the numerator NV (f) with f replaced by a recentered function f, and
then control the recentering term separately.

To this end, note that for any function h : Q¢ — R, Fourier inversion gives

N(h) = ! /MN e~ Man=M)/oxy(t//N)N =L Cov,, (h,exp (zt(Y—na))) dt. (3.11)

27T’UN —TUN UN

For t € [~muy, Tun], we have t/v/N € [~mvy, mv1]. Hence, for all sufficiently large N,

N_1 cont?
Wt/ VNN <exp | = |-
2v1
We now recenter f by removing its component in the direction of the conserved quantity.
> Covu(f,Y)
ov,(f, ~
b= ) (0= gy o~ ma), =79
1
Then
Cov,(f,Y) =0, E,lg] = 0.

Moreover, by Cauchy—Schwarz,

vV i fllee.

<
1Bsl < - o

Therefore
Var,(g) = 8707 < || f]%,

and hence
Varu(f) < 2V&ru(f) + 2varu(9) < CHngo

By the cumulant bound of [Jai+23, Lemma 11], for every fixed d > 1,

d* ty
ka(Y)| < Onsa(n),  ka(Y)=—5logE, [e } ‘t:o'

In particular, taking d = 4, there exists a constant C' such that
|ka(Y)| < Cn. (3.12)
Recall also that v = Var,(Y) < Cyn for some constant Cy. Now, note that
By [(V = na)| = ka(Y) + 3 Var,(¥)? < [ka(Y)] + 3 Var, (V).
Thus, by applying (3.12) and the variance bound, there exists a constant Cy such that

E, [(Y - na)4] < Oyn?. (3.13)
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Since Covu(f,Y) = 0, we have

Covy, <f,exp (zt(Y—na))) = Cov,, (f,exp (zt(Y—na)) -1-— zt(Y—na)) .

UN UN UN

Usi
sing ) "
01 g < —
€~ 1] <

Cauchy—-Schwarz, and (3.13), we get

con (o (122)

ém@u[e}(p(it@”ﬂa))_l_wm

e

UN UN
2 1/2
< Cllfllooz (B |(Y —na)
o (B[ ney')
t2
< Ol flloo - (3.14)

In the last step we used v3, = Nv? and vi > con. The value of the constant C' may change
from line to line but it remains independent of N, n.

Combining (3.11) and (3.14), we obtain

~ 1 TUN ant2 12
< — -
N < 5o [ e ( 7 ) O ooy dt

—TUN

_ Cllfle
— Nuy

Cl|flloo
< T (3.15)

Combining (3.9), (3.10), and (3.15), gives

B, 0] ~ B o)) < U

It remains to estimate the linear correction g. Since IE,[g] = 0 and, by symmetry under
mf
IU/N’oN

M
1] _
Eoumt. DJ()” N’
we have
M — Nna
s, )]~ Erolto] = 2
< MIMSS;L
U1 N
Cll fl oo
< .
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Here we used |M — Nna| < 1 and v% > con.
Since f = f + g, we conclude that

Boir [16D)] By 7o) < Tl

Taking the supremum over || f|loc < 1 gives

Pk, wi], < &
]

It remains to show that we can efficiently sample from uﬁfa by running the chain P]‘\?f.
Recall that the pair (P}an, u%fa) is reversible. The following lemma is a direct implication
of Theorem 3.2.

Lemma 3.8. Assume A > 3, and suppose « satisfies (3.8). Then, there exists a constant
No := No(7,0,A) such that for every ¢ € (0,1) and every N > Ny, the chain PR mizes

within total variation distance ¢ of uﬁfa in

N
0%57A (NTL log Cn>

steps.

Proof. By Theorem 3.2, applied with parameters /2 and §/2, there exist constants
r=r(v,0,A) >0 and Ny = Ny(v,0,A) such that, for every N > Ny and every probability

mf
measure v on My,

T
HOPY' | i) < (1= 5 ) HOo |3

Iterating the entropy contraction gives
mf\t mf rt mf
Hv(PN)" | iN,o) < exp ~Nn H(v | pN.o)-
Since uﬁfa is uniform on Q]n\}fa, for every initial distribution v we have
H(v | pR,) <log |, < Nnlog2.

Thus
t
Hw(PEY | 1) < Nnlog?2 exp <_]G> ,
’ n

By Pinsker’s inequality,




Choosing the implicit constant sufficiently large in

N
t=0,5n (Nn log Cn)

makes the right-hand side at most {. This proves the claimed mixing bound. O

We now describe the resulting algorithm. By Theorem 3.7, if o is sampled from M%’fa,
then the first particle ¢(!) has law close to pg:- Thus it remains to approximately sample
from uﬁfa. For this, we run the chain P}\I}f, which mixes rapidly to ,u%,fa by Theorem 3.8,
and then output the first particle.

We first explain how to initialize the chain. Since

1
< (1—-9)a.(A ,
@< (1-0)add) < 5
we have N
n
M =N .
nc»a<A+1

Find a proper (A + 1)-coloring of G by the greedy algorithm, and use the same coloring on
each of the N copies of G in G . Then some color class of Gy has size at least Nn/(A+1).
Thus, choosing any M vertices of this color class gives an independent set of Gy of size

M, or equivalently an initial configuration in Q]“\}fa

Algorithm 4 Prescribed-Density Particle System Sampler

Require: Graph G = (V, E) with maximum degree A, target density « satisfying the
assumptions above, and accuracy ¢ € (0,1).
Ensure: A random independent set whose law is within total variation distance € from
e
1: Choose N = 0%57A(%) sufficiently large.
2: Set M := Nna.
3: Find a proper (A + 1)-coloring of G by the greedy algorithm, and use the same coloring
on each of the N copies of G in Gy.
4: Choose a color class of Gy of size at least Nn/(A + 1), and choose any M vertices
from this color class.
5: Let og € QI]I\}fa be the corresponding initial particle configuration.

6: Run the particle system chain P}\I}f from o for

N
Oy 5 (Nn log n)
€

steps.
7. return o), where o = (0(1), el O'(N)) is the resulting particle configuration.

Theorem 3.9. Let v, € (0,1). Let G = (V, E) be a graph on n vertices with maximum
degree A > 3, and let the target density o satisfy

v <a<(1-dadA).
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Then, for every € € (0,1), Algorithm 4 outputs a random independent set whose law is

within total variation distance € from ug. Moreover, the running time is

~ n
OW’§’A (g) .

Proof. Let C' and N; be the constants from Theorem 3.7, and let Ny be the constant from
Theorem 3.8. We choose N sufficiently large so that

2C
N > maX{Nl,NQ, } .
€

In particular, )

3

).

Let i be the law of the particle configuration after running P}\?f for the number of steps

N = O’y,é,A(

specified in Algorithm 4. By Theorem 3.8, choosing the implicit constant in the running

time sufficiently large gives
~ mf
_ < Z.
HN 'LLN’QHTV -2
Let v denote the law of the output (M), Since total variation distance cannot increase

under projection to the first particle,

Hy — Pm%,faHTV - leﬁ - Pl'u’%,faHTV < %

On the other hand, by Theorem 3.7,

[Pt = sy < < 5
Therefore,

f f
lv = w&lley < ||v = Pudtal| ., + || Puskla — ]|, <<

It remains to bound the running time. The initialization takes Oa(/Nn) time. The

chain is run for N
(ONFIN (Nn log n>
€

steps, and each step can be implemented in Oa(1) time. Since N = OW;A(%), the total

n n ~ n
o) rlog) =0 2y,
7,6,A (E og E) ¥,0,A (E)

This completes the proof. O

running time is

Remark 3.10. The same approach can be used to generate k independent samples from
pé. Let G be the disjoint union of k copies of G. The Gibbs measure on G’ with density
o is

13 = (u&)%".
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We can apply Algorithm 4 to G’, which has kn vertices and the same maximum degree

as (G, and produce a sample whose distribution is within total variation distance e from

~ kn
07757A (5) .

For comparison, there is also a classical approach to address the same algorithmic problem:

(1&)®F in time

first estimate the fugacity A, and then sample from pug ), using existing samplers for

the hard-core model. We present this approach in Appendix B.1.2. As shown there, the

~ n
ZNE)

for one sample (k = 1). Applied to G, for all k£ > 1, it requires time

~ kn
015 ()

to approximate (uag)®k . Thus, the particle-system approach improves the dependence on €

bisection approach requires time

for both one sample and k independent samples.

3.2.2 Hardness of prescribed-density sampling

To complete our understanding of prescribed-density sampling problem, we show that the
threshold a.(A) is also a computational barrier for this problem.

Throughout this section we use the notion of polynomial time approrimate sampler: a
polynomial time approximate sampler for pg is an algorithm that, given a graph G and an
accuracy parameter &, in time poly (|G|, 1/¢) outputs a random independent set whose law
is within € total variation distance of pug.

The following is the hardness result we prove in this section.

Theorem 3.11. Fiz A > 3 and o € (aC(A),ﬁ). Unless NP = RP, there is no

polynomial time approzimate sampler for ug on graphs with mazimum degree A.

This hardness result should be compared with the known hardness of approximately
counting independent sets of size an above a.(A) [DP23]. Our argument is a direct
adaptation of that of [DP23]. The main difference is that our target is pg, not a uniform
distribution on fixed-size independent sets. For a suitable choice of A, we reduce the hard
problem of approximately sampling from pg » on graphs with maximum degree A to our
problem [SS12]. As in [DP23], we add many copies of cliques Ka11 to G in order to bring
down the density of the resulting graph H close to . Then, by a variance comparison we

show that approximately sampling from p¢; gives an approximate sample from pg x.

Lemma 3.12. Let G be a graph on n vertices and & > o > 0. Assume there exist constants

¢, C such that for every p € |, @],

cn < Var__ s(lo]) < Cn.
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Then, we have
5 vVCn, .
s — wllav < Yo "o~ al.
c
We provide the proof of Theorem 3.12 in Appendix B.1.3.

Lemma 3.13. Fiz A >3 and o € (a(A), ﬁ), and let

A= °

T l—alA+1)
If there is a polynomial time approximate sampler for pug on graphs with maximum degree
A, then there is a polynomial time approxzimate sampler for g on graphs with maximum

degree A.

Proof. Assume O, is an oracle that, given a graph H with maximum degree A and € > 0, in
time poly(|H|, 1/¢) outputs a random independent set whose law is within € total variation
distance of u%;.

Let G = (V, E) be a graph with maximum degree A, and write n = |V|. We construct
a graph H by adding M disjoint copies of complete graphs on A + 1 vertices to G, i.e.,

H:=GUMKna,

where M will be chosen later as a polynomial in n and 1/. Note that the graph H also
has maximum degree A.

Note also that a(pur,,, 1) = . Let

&= a(pmn)-

Since H is a disjoint union, and the lowest density of u¢s \ occurs when G’ = Kayq, we
conclude & > «. Also, we have

n M(A+1)

= ) e v

Therefore,
n

\V(H)|
We next verify that the variance assumption in Theorem 3.12 holds for all 5 € [«, &].
Let Ag be the fugacity such that

a<a+

Ji = HH A
Since H is a disjoint union,

Var, s (10]) = Vatgpg., (10]) + M Varguu, , (lo]):
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We first prove the upper bound. Since 0 < |o| < n on G,

77,2

Va'ro'NMG,)\ﬁ (Jo]) < -

Also, on K a1, the size of an independent set is either 0 or 1, so

1
Vatmpiy o, (7)< 7
Therefore,
n? M
Varawug(lal) S Z + Z
If M > n?, then
M _ |V(H)|
< —< .
VaroN#g(|a|) S5 S
This gives the desired upper bound with C' = 1/2.
We now prove the lower bound. Since
n M(A+1
5 (A+1)

’V(H)’a(ﬂG,Aﬁ) + WQ(MKA+17>‘[3)’

with a similar argument as above, we have

n
(UK ng) S B < alpra i ns) +

V(H)|

Moreover, since [ lies between a and @&, and |& — a| < |V("H)‘, we get

18—a| < —r

V(H)|

Hence
2n
\V(H)|

Since a € (a.(A), ﬁ) is fixed, by taking M > A, an for a sufficiently large constant
Ay A, we can ensure that

la(prping) — @l <

« a—l—ﬁ
a(/’LKA+1,/\5) € |‘272+ .

On KA1, the random variable |o| is Bernoulli with parameter

g = UNMKP;I“HA;;H(ﬂ =1=(A+ 1)04(MKA+17>\£)'

The previous display implies that x is bounded away from both 0 and 1 by constants
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depending only on o and A. Therefore, there exists a constant b = b(c, A) > 0 such that

Valomuy 1, (101) = 25(1 — 25) > b

Consequently,
Vargwﬂgﬂa\) > Mb.
If M > n, then
[V(H)=n+MA+1) < M(A+2),
and hence

b
Var,_ s (o)) = 55 IV ()]
Thus the variance lower bound in Theorem 3.12 holds with

b
C—T+2.

Combining the upper and lower bounds, Theorem 3.12 gives

\/C\V(H)y|d_a|<~/0|V(H*)|' n__VC =n
2c -

a & < .
g — prllTv < 2% V(H)| 2 JV(H)]

But by definition of &, we have
M?{ = KHX-

Choose

for a sufficiently large constant A, o. Then

€
1t — paallTy < >

Now run the oracle O, on H with accuracy €/2, and let v be the law of its output.
Then

lv — pgllry <

| ™

We output the restriction of this independent set to the original vertex set V(G). Let Pg

denote this projection. Since total variation distance cannot increase under projection,

|Pav — Popglltv <

N ™

Also,
|Partr — Popmalrv < 0% — paalltv <

| ™

Finally, because H = G U M Ka,1 is a disjoint union,
Pougy = pax
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Therefore,

|Pav — paalltv < e.

Note that by the choice of M, |H| is polynomial in |G|, and the oracle runs in time

poly(|H|,1/e). Thus the whole procedure runs in time poly(|G|, 1/e). O
Proof of Theorem 3.11. Set
A=
T l-a(A+1)
Since
Ac(A)

QAA):1+(A+1MJAY

and the map = is strictly increasing on (0,00), the assumption a > a.(A)

TATE
implies that

A > A(A).

Assume for contradiction that there is a polynomial time approximate sampler for ug on
graphs with maximum degree A. By Theorem 3.13, this gives a polynomial time approxi-
mate sampler for p ) on graphs with maximum degree A. But hard-core approximate
sampling at fugacity A > A.(A) on A-regular graphs is known to be hard [SS12]. Thus,
unless NP = RP, there is no polynomial approximate sampler for ug on graphs with

maximum degree A. O

3.2.3 Sampling with prescribed vertex marginals

We now focus on the single-site inverse sampling problem. Let m = (m,),cy be a target

marginal vector, and let A, € (0,00)" be the unique fugacity vector such that !

Pr [o, =1] =m, Yv e V.

O~UG Am,

For brevity, throughout this subsection we write
HE = G Am-
The particle system approach is as follows. We choose N sufficiently large, set
e = Ny Yv eV,

and consider the space Qﬁ’\sff with uniform measure Py 7 We then run the single-site
particle chain P close to its stationary distribution ;ﬁ\s,f and output the first particle.
Thus the law of the output is approximately P; uﬁ\s’,f.

The analysis has two parts. First, we prove that Pu% i is close to the target measure

pci - Second, we show how to sample efficiently from 4y » by running the particle chain

!See Appendix B.1 for a discussion of existence and uniqueness of the fugacity vector realizing a
prescribed marginal vector.
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P

To prove the first step, we use a relative entropy argument, along with concentration
inequalities. One could also proceed as in the mean-field case, by using a direct estimation
via the local central limit theorem (Theorem 3.7). In this case, however, one has to deal
with an n-dimensional event and the Fourier transform argument used there appears to
lead to a substantially worse dependence of N on n.?

The next lemmas provide the proof of the first step.

Lemma 3.14. With the above notation, assume 0% ~# 0. Then we have

1 1
DKL<P1MN7~ MG) < 5 log m-
RE
Consequently,
1
ss ., m il

[Pt =] = | e ()™ (%)

,T

Proof. First, note that for o € Q% - and XA = Ay, we have

; o
WX (@) o IT neate®) o IT TIAY = [T A< ™ = T A

1€[N] i€[N]veV veV veV
Hence, all elements of QF - have the same measure under (ug’)@w, which means that
®N
W= ) (| 0%5).

We now have

m)®N
o
piste) = LB T yaeoz,,  ocal
(Mg) ( ?\s/f)
Hence, for every o € Q% N
pnAo) 1
®N =
W&)™" (o) (ug)” (N7
Therefore,
Dict (i1l (1B) ™) = i rlo) log ——x—— =log —————.  (3.16)
oeQy ~ (1) (Q?S/,F) (u&) (Q?\sfr)
Now, by the chain rule for relative entropy,
Do (3 || (1) Z]Eowfs D (15350 | oD, o) | ) |

1=1

20n the other hand, we note that a relative entropy argument, along with concentration inequalities,
could also be used in the mean-field case, but it gives a worse dependence on N than the one-dimensional
local central limit theorem.
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By convexity of relative entropy in the first argument,

Eosp [ Dx (5 (0@ | 0,0t D) [ 1) = Dcw.(Psr | 1.

Thus,

Dxr(pn | (MG) >ZDKL N 7l uéd) = N - DL (P # || 16 )-

=1

Combining this with (3.16) gives

DL (Prpy 7|l néd) <

Finally, by Pinsker’s inequality,

T
1PLpy 7 = picillrv < \/2DKL(P1“§3’FH He

and therefore

1P — péilrv < | 57 log ——axn——
2N (Mg’) (Q?\S},F)

O]

By Theorem 3.14, to find an upper bound on the total variation distance, it suffices to

provide a lower bound on the probability (ug)@)N(Q?\sﬂF). The next two lemmas establish

such a lower bound for the case where 7 is an integer vector such that || — Nm|» is

O(v/Nlogn).
Lemma 3.15. Assume that
1-9
< <
v <my, < Al YueV

for some constants v > 0 and 6 € (0,1). Then there exists C = C(v,0,A) such that for all

N > Clog(4n), the following hold.
First, for every 5 ¢ 7Y, o satisfying

N
|5 — Nm||oo < 5 log(4n),

one has Qy » 7& 0.
Second, let 7,7 € 7Y, 2o satisfy

N N
7= Nmlloo < 5 logldn), 7 = Nl < 1/ log(4n),
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and suppose that for some v €V,
r=1r,+1, v, =1y forallueV\{v}.

Then .
QN T

SS
OF

<

<

M\Q
SR

Proof. Let C = C(~,d,A) be sufficiently large so that for every N > C'log(4n) one has

N N
2(A +1)4 5 log(4n) < 6N and w— log(4n) <

We now prove the first statement. Fix § € ZY,, satisfying |5 — Nm|e < /X log(4n).
p >0 ymg 5 108

N.

D[22

We show that (O - # (). Indeed, since G has maximum degree at most A, it admits a
proper (A + 1)-coloring. Let V' =V U---U Va1 be the corresponding partition of V' into
independent sets. For each j € [A + 1], define

M; := max s,
J ueVj ’

with the convention that M; = 0 if V; = (). Since || — Nm||e < /5 log(4n), we have for

every u € V,
1 — 5
Su < Nmy, + log (4n) — log (4n).
Hence
1-96 N
M; < ——N — log(4 for all j € [A +1].
AVt 5 log(4n)  forall j € [A +1]
Therefore,
> M; < (1-6)N+(A+1) 510g(4n) <N.
j=1
Now, partition [N] into pairwise disjoint sets I1,...,Ia41,Io such that I; = M; for

each j € [A+1]. For each j € [A+1] and each u € Vj}, since s, < M}, we may choose a set
Ju C I with Ju = Su-

Now, for each ¢ € I, define
o) =ueVjite Jy,

and for each ¢t € Iy, set o®) := 0.
Since each Vj is an mdependent set, every ¢ is an independent set. Moreover, for

each u € Vj, the vertex u belongs to exactly the sets o) with ¢ € J,, and hence appears
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exactly s, times among oM, ..., o). Therefore

which shows that (¢™),...,0(M) e QF s Hence QF - # 0.
Note that the first part of the lemma shows that the ratio we want to bound in the
second part is well-defined, and thus now we can prove the second statement.
Let
L:= Q?\S},F: R:= RSI,F’?

and define a bipartite graph H = (L U R, F) as follows. For o = (¢(1), ..., 0(N)) € L and
T = (7'(1), . ,T(N)) € R, we place an edge between o and 7 if there exists j € [N] such
that

) = ¢ U {o}, 70 = o) for all k # j,

and @) U {v} is an independent set. Equivalently, o is obtained from 7 by deleting v
from exactly one coordinate j for which v € 7). Clearly, every vertex of H has degree at
most V.

We first bound the degree of vertices in R from below. Fix 7 € R. Then degy () =1},
since each coordinate i € [N] with v € 7() yields one neighbor in L, obtained by deleting

v from 7. Therefore,

N N
degyy(7) =1, = Nm, — || 5 log(4n) = yN — |5 log(4n) = L N.

Next, we bound the degree of vertices in L from below. Fix o € L, and let

M = Z O',L(}i).

1€[N]

Let
B:=ie[N]:a® #0.

Note that if i ¢ B, then v can be added to o while preserving independence. Thus
degy (o) = N — B.

Since each i € B contributes at least 1 to the sum defining M, we have B < M, and

therefore
degy (o) > N — M.

On the other hand, since o € Q% ,

M:Zru.

ucv
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Using v < A + 1 and the bound r, < Nm,, + % log(4n) for every u € V', we obtain

M<(A+1) (mea‘;(mu -N + ];rlog(éln)) < (A+1) (HN—F Nlog(4n)) :

A+1 2
Hence
N
M<(1-6N+(A+1) 510g(4n),
and so
N 1)
deggy(oc) > N —M > 0N — (A +1) Elog(éln) > 5]\7.

We now double-count the edges of H. Since every vertex has degree at most N, while

every vertex in L has degree at least gN and every vertex in R has degree at least %N , we

have 5
§N L<F<NR,
and
%NRgFgNL
Therefore,
L 2 L _ v
— <z d = > L.
rR=5 ™ R=2
Since L = Q?@f and R = Qﬁ\sjf,, this gives
QSS R
Yo TNE 2
27 O% 0
as claimed. 0
Lemma 3.16. Assume that
’YSmUSAiz_l YueV

for some constants v > 0 and 6 € (0,1). Then there exists C = C(v,0,A) such that for all
N > Clog(4n), if we define

N
L:= Hglog(éln) and  B:=7cZV :|Ff— Nm|s <L,

ON ~y 2nL
in (um sy >-@L+D) ™ (L) .
min(u) "V (%% ) = 5L+ ()

then

—_

Proof. Let C' = C(v,d,A) be as in Theorem 3.15, and fix N > C'log(4n). For ¥ € B, we
first show that

N

3 (1) N (%5 =

reB
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Let o = (W, ..., 0M)) ~ (ugl)(@N7 and set B := YN, 00, Fix v € V. Then R, =
N 07() ), where 01()1), e ,O'q()N) are independent {0, 1}-valued random variables with E[UT(,Z)} =

m,. Hence, by Hoeffding’s inequality,
N 2172 _ 1
(Ng'b)(g (|[Ry = Nmy| > L) < 26Xp<—N> = 2¢~ 1o8l4) = mn

Applying the union bound over all v € V', we obtain

L\DM—~

()" (1B = Nl > L) < 5.

—_

Therefore,
N

Z(NG)® QN7 = ('“G) (HR Nm|o < L) 5

reB

We next compare the probabilities of neighboring vectors. Let 7,7 € B satisfy

=1y + 1, r,=mr, forallueV\ {v},

for some v € V. Let A = Ay,. Since all elements of )% ~ have the same measure under

(1) N we have

mA®ON [/ es . N
<M>WWLAMAHy4_mer
N .
(”g)(g <Q§\Sff") Nf” ueV |QNF’| Av
By Theorem 3.15,
v el 2
27 |Q¥ A T =5

We now bound the fugacities. For each v € V', one has

My = Ay gy (0, = 0 for all u € v).

Hence A\, > m, > . Also, by the union bound,

1-96
,ugl(au:()foralluev)Zl—%mUZI—(A—i—l)-m:&
and therefore
My <1

Ay =
pt(oy =0 foralluewv) = 9§

Thus v < Ay < %, which implies

®N

oy (Mg) (97\57,77)
5 = ON /s

2 (H?;L) (97\37,77*)

2
< —.
Y
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Now let 7 € B be such that
QN . QN
(ne) (N 7)) = min (ne) ™ (N 7)-

Fix any § € B. There exists a path 7, = 9,7 . 7™ = §in B such that consecutive
points differ in exactly one coordinate by +1, and m = ||§ — 7||1. Applying the previous

bound along this path gives

®N 2\" ®N 2\ I5=rl ®N
R0 < (5) WO = () W@,
v v
Since §, 7, € B,

15 = 7lly < D~ (Isu = Nmw| + [rvu — Nma|) < 2nL.
ueV

Hence onl
m N Ss " m N Ss
N exa < (5) N eRs)

Also, for each u € V, the coordinate r, ranges over an interval of length 2L, and hence
has at most 2L + 1 possible integer values. Therefore |B| < (2L +1)™. Summing over § € B,

we obtain

2nL 2nL
<™ OR <181 () 6B @%a) <L () 08O

we conclude that

. m\®ON /~ss _ m\®ON /~ss > 1 2 1+ 1)~ " vy 2nk
glelg(ﬂa) Q%) = (u&) ™ ( N,F*)_Q( +1) 5 .

This proves the lemma. O

Corollary 3.17. By Theorems 3.14 to 3.16, for every ¥ € B,

s m 1 2
HPWN,F —petllrv < \/2]\7 <10g2 +nlog(2L + 1) 4+ 2nLlog 5’7>7

L=\ glog(éln).

In particular, there exists C = C(~,9, A) such that if

where

n? log(4n)

Nz 0

)
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then
1PN — nctllrv < Ve B.

Moreover, one has ¥ = Nm € B, and hence
| PN 7 — pné llrv < e.

We now consider sampling from u%; » by running the particle-system chain Py. Let
~v € (0,1), and let ceo) > 1 and Ag be the coloring-mixing constants in Section 3.1. Assume
that

A > A, <Mmy< ——— YoeV. 3.17
- 0 'Y —_ v = CCOI(A+ 1) ( )
Note that

Ty Nm, 1

N N Ccol(A—i-l)'
Also, if N > %

re  INmy 1 v

M- >my, — — > .

N N =T N=2

Thus, for N > %, 7 satisfies the assumption in (3.7) with parameter 3. Thus, applying
Theorem 3.5 with parameter 3, we conclude that for every N > Ny(A, ceo1), PR’ mixes

within total variation distance ¢ of p - in

N
Or A el <Nn log Cn>

steps.

We are now ready to state the resulting algorithm. First, we give a deterministic
procedure for constructing an initial configuration in Qﬁ\s,f. This will be used as the starting
point for the particle-system chain in the final sampling algorithm. Algorithm 5 constructs
an element of €2 » whenever

(A +1)maxr, <N.
veV

In our application, this condition holds for r, = Nm, by (3.17). Note that this is exactly
the constructive procedure used in the proof of Theorem 3.15 to show that Q% - # 0.

Theorem 3.18. Let v € (0,1), and let ccop > 1 and Ag be the coloring-mixing constants
in Section 3.1. Let G = (V, E) be a graph on n vertices with mazximum degree A > Ay,

and let m be a marginal vector satisfying

1
<My < WweV.
yEmes ATy S

Then, for every € € (0,1), Algorithm 6 outputs a random independent set whose law is
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Algorithm 5 Constructing an Initial Particle Configuration

Require: Graph G = (V, E) with maximum degree A, an integer vector 7 € ZY, satisfying
maXycy Ty < ALH, and an integer V.
Ensure: A configuration o¢ € Q} .
1: Find a proper (A + 1)—coloring’ of G, and let

be the corresponding partition into independent sets.
2: Set
M :=maxr, with M, =0ifV,=0 Vk € [A + 1]

veEVY

3: Partition [INV] into pairwise disjoint sets
-[17 o 7IA+17IO

such that I, = My, for every k € [A +1].
4: For every k € [A 4 1] and every v € V}, choose

J, C I, with  J, =7,

5: Define
oW :=veV:tel, for every t € [N].

6: return oo = (¢, ... ,J(N)).

within total variation distance € from pgt. Moreover, the running time is

O’YvA »Ccol 574 :

Proof. By choosing the constant C' = C(y, A, ceo1) sufficiently large, Theorem 3.17, applied

. o 1 .
with d =1 — o and accuracy €/2, gives
Ss m €
HPWNvF_ He HTV =5
Also, by Theorem 3.5, after running P53 for

N
O'YyA:cCol <Nn log :)

steps, the law [i of the resulting particle configuration satisfies

Let v denote the law of the output o). Since total variation distance cannot increase

146



Algorithm 6 Particle System Sampler

Require: Graph G = (V, E) with maximum degree A, target marginals m = (my)yecv
satisfying (3.17), and accuracy € € (0, 1).
Ensure: A random independent set whose law is within total variation distance ¢ from
He -
1: Choose
n?log(4n)

N >0t

Y

where C'= C(, A, ceo1) is a sufficiently large constant.
2: Set
Ty = Nmy, for every v € V.

3: Use Algorithm 5 to construct an initial configuration
0'0 < ?\S[’F.

4: Run the particle system chain P5? from o for

N
04,4 ccon (N” log En)

steps.
5. return o), where
o= (W, . .. ™)

is the resulting particle configuration.

under projection to the first particle,

E
Piii— Piuss - < —.
‘ = PNy = 5

SS
HV — Pz ™V ‘

Therefore,

lv = wliey < [v = P o, + | P — @ L <&

Finally, by the choice of N,

2
n*logn
N = Oy A coy <€4 > .

The initial construction takes Oa(Nn) time, and the running time of the chain is

N
Oy A conn (Nn log :) )

6 7”3
Asceo :
Y>8;Ccol 54

Remark 3.19. There is also a classical approach to the same algorithmic problem: first,

Thus the total running time is

O
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estimate the fugacity vector A, and then sample from pg »,, using existing samplers for

the hard-core model. We present this approach in Appendix B.1.1.
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Appendix A

Proof of Lemma 2.34 and Lemma
2.35

For all o € Q)y 4, define
Mssolo] :={(j,k) €{2,...,N} x [n] : NT((j,k)) Nno = 0}, (A.1)

and denote by M>s[o] the cardinality of Mxs[o].

Proof of Lemma 2.34

First, assume that (19, 7() are given by the following rule:
0) Sample 77 ~ vy.
1) Select uniformly at random two pairs (z,¢') and (j, k) in [N] x [n].
2) If either (i,¢') or (j,k) is equal to u := (1, ¢), define

«— / P— 7i72/;.7k
no =1, no :=1n"" "

If both (i,¢') and (j, k) are different from u, there are two cases:
i) One of i or j is equal to 1; then define ny = nj = 7.
ii) Both 7 and j are different from 1; then define 9 = n}, = itsak,

We call T'y the above coupling of (o, 7). Note that ny ~ vy, and nj ~ v P, n. Therefore,

o0

2
|Ey, [Py, nh — P, nh]| < m’EE(nO,ng)Nro[ (F(me) = F(m) | mo # 776}
t=0

. (A2)

where we used the bound P[ng # 1] < %, and for a fixed realization of ng, 7} we use an

arbitrary coupling of n, ;.
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On the event {ny # n,}, there exists (j,k) with j > 2 such that (n)x(j) = 0 and
(¢, k)no(l),no(j) is satisfied; in words, (j,%) is an empty and available vertex. According
to the definition given in (A.1), the law L € P(Q?V,a) of (no,ny) ~ Ty conditioned on

{mo # mo} is given by

1{(j, k) € M>2[nol}

L(no, 1) = ve(mo) 1{n), = bk,
’ ]22:2 M2[no] 0=
ke(n]

We may compare the measures L and I'. For all ng € Qy , such that ny(1) = 7t and all
(4, k) € M>a[no], by definition one has

ve(mo) BN, (10) (A.3)

17K7 lvk 1’€7 -’k
L0,10™") Sy Dlnos ™) 4= 30 5 Svsa (N 1y,

where we used the short-hand jix o = pin (- | 0(1) = 75, o ()i = 0, VK’ € N*(k)).
We now focus on proving

ve(1o) 7N (10)
Maalin] S92 (N = (A.4)

Recalling the definition

oo N oI
N -1 (N —1)n’
we have
Msalne) > (N = 1)n — (N = D)na™ (A +1) (A.5)
= (N =1)n(1- 7]\[]\1 a(A+1) + |(T]|\§A_J1r)i))
2(N—1)n(1—Na(1+A) 1 )

N -1 N -1
N(1 - a(l + A))
N -1 )

= (N = 1)n(
and using a < (1 — 6)ae(A) together with a.(A) <0,74/A and A > 3, we have

1—a(A+1)>1-0,74(1 - 6)(A+1)/A
=1-0,74(1 - 6) — 0,74(1 — §)/A
=0,26 40,745 — 0,74(1 — §) /A
> 0,26+ 0,746 — 0,74/3 > 1/100

which returns Mx>a[no] > n(N — 1)/100.
Our goal is to show that

R(l,mo, ) = % = O, 5a(1). (A.6)
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Now fix a subcritical fugacity A such that o(uy ) = a. Then
PN, (o =m0)
ina(o(1) =74 o(f)r =0, VK’ € NT(k))

Hae (@ = 10)
/J:%;g((f(l) = Tev U(j)k' =0, VK € N+(k), o c QN7O¢>’

N« (770) =

and similarly,

ve(no) = M%’g((j = o)
,u,%g(a(l) =7l 0€0Naq,)

We have,
HEN(a(1) =74, o (j)p = 0, VK € N*(k), 0 € Qy.a)
R(& 7o, a) = N 7
M)\,G(U(l) =T 0¢€ QN,a)
N—-2
N§§7G (QN72,CKT‘€7”)
= Z pxc(n) N1
Yo (@
TN+ (k) =0 Ve ( N—l,oc*é)

¢ £ £ £ . .
where o™ 1 = Foa — Z\,l_g')ﬂ and o7 = Fra— (N‘T—1|)n' By Proposition 2.28 and since

N > n since uniformly in 7,1 € Qg holds that

[T+ 10l 2 4n
@™ — a2(N = 2)n = | p ~a

®N72
IS We! QN 207

N-1
l"?c <QN,U¢T)

then, = 0,,5(1). We finally obtain

R(l, 0, @) ~y5.A HxG(On, (k) = 0) = Oq5(1).

This ends the proof of (A.4)
It is clear that (A.2) together with (A.3) yields

Buy [P = Punvhl] S8 o] gEEM>NF ((Fa-Fa)]| A7)
To complete the proof, we show how (A.7) implies (2.56). Define
&t = EE (o noyor [F(ne) + F(n)]
Note that, uniformly in ¢,
& = EE(o )~ [F' ()] + EE (g 0 )or [F(n})] Sys.a EJ[F], (A.8)

since P, y is reversible with respect to v and the marginals of I' can be estimated from
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above with a constant multiple of v (with constants depending only on ~,d, A), which
follows from the local central limit theorem similar to (A.6).

Let ¢ > 0 be a positive constant. Using the Cauchy—Schwarz inequality, (A.7), we have

2
|Ey [Py, nh — P, nh]| 1 e o2
I 9 < - , .
E, [ 68 TR PE | 2 BEmap~r (Fm) = Pl
1 oo
< - —ct/nN
= (Nn)?E,[F] Lzoe &
00 2
% [Zed/m|EE(nO,ng)~r[F(m) - F(’?ft)” }
t=0 &t
Using (A.8), we obtain
S~ —ct/n nN
Yo e NG < sa TE,,[F].

t=0

Next, by another application of the Cauchy—Schwarz inequality,

|EE(no,ng)~F[F(77t) - F(UQ)HQ =< EE (g p)~r {(\/F(nt) B \/F(n‘{)f]
< B -1 | (VFO0) +/F D)’
< 26 EE p)or [(\/F(m) - \/F(né))z]

Combining the above estimates, we conclude that

By, [Py, 5 — Pyh)|”
SH6A
EV[F] ~7,0,

1 X a/m 2
s 3 eV ER | (F () — FU))?),
t=0

which proves (2.56). This ends the proof of Lemma 2.34. O

Proof of Lemma 2.35

We recall the definition in (2.55)

H(e,T) = t;ioed/"NEK\/F(m) - ¢F<nz>)2}

The quantity H(c,T") depends on the specific choice of the coupling between 7, and n;. The
inequality stated in Lemma 2.57 follows from a suitable construction of such a coupling. It
is sufficient to specify the coupling at time ¢t = 1 and only for pairs of independent sets
no, 1 € supp(l'). The extension to all remaining cases can then be obtained by standard
arguments, for instance by applying the Gluing Lemma.
Let no, 1§, € supp(I'). By definition, the pair satisfies g ~ 7. Denoting u = (1,£), we
w

have n9(1); = 1 and there exists a site v = (i, ¢,) with ¢, > 1 such that 7, = 7]((] ) We
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now describe the coupling.

1) Select uniformly at random two pairs (i,¢') and (j, k).

2) Perform the following update, with the convention that the exchange is carried out

only if it produces two admissible independent sets; otherwise, the update is rejected.

i) If (i,0) = u, set

-, )
mo= ", = (),
If (4,0) = v, set
o )
m =0T, g = () @R,

By symmetry, the same definitions apply when (j, k) coincides with u or v.

ii) If both (i,¢') and (j, k) are different from u and v, we distinguish the following

cases:

A) If either ¢ = 1 or j = 1, reject the update and set

!/

m=mno, M=o
B) If both i and j are different from 1, set
lzzl; .7k W
m =" = () IR,

We now prove that if a < &, for C' > 241 and ¢ < 1/1000

H(e,T) < Ny oo [(F(m0) = /F ()2, (A.9)

The inequality (A.9) is obtained by analyzing the evolution at time ¢ = 1, which leads to
a recursive inequality for H(c,T'), see (A.11) below. Consider therefore the coupled pair
(m,n}) at time ¢ = 1.

Exactly one of the following three situations may occur:

(3) m = n(()w;w/) and 7] = n), where w = (iy,¥ly,) and w' = (iy, L) belong to
{2,..., N} x [n], with iy, = iy, by, € N(£,), and (10)w = (10)w = 1.

The third case corresponds to subcase (B) in the coupling construction, where the
update is admissible for 7y but rejected for nj. This occurs because the presence of a
particle at v prevents the insertion of a particle at a neighboring site in 7.

Let p1, p2, and ps denote the probabilities of cases (1), (2), and (3), respectively. Observe

that, on the event corresponding to the second case, the law of (71, 7)) coincides with T".
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Let I denote the law of (11, 7]) conditioned on the third case. We then obtain

H(e.T) =By gyt | (y Fm) = y/F00)° | + pae/ " H e, ) e/ H(e.T).

The key estimate needed to close the argument is the following comparison result.

Proposition A.1. Suppose that a < & with C' > 5. Then

H(c,T') < 120A H(c,T). (A.10)

Assuming Proposition A.1, we can complete the proof of (A.9). Indeed, combining the

previous identity with (A.10) yields

H(e.T) < Bgygyer | (/FOm) = /)] (A11)

4 eC/nN(l —p1+ (120A — 1)p3)H(C7 P)'

Proof of (A.9) assuming Proposition A.1

Assume that the density satisfies o < & with C' > 241. We estimate the probabilities
p1, P2, and p3 and substitute the resulting bounds into (A.11).
The probability ps of the third case satisfies

a™ e < a™ A
N =P8 = "N

The probability p; of the first case satisfies

1 ¢
—>p>—(1—-a" A).
Np =PL= Nn( " 4)
Indeed, this event corresponds to two possible choices of (7,¢) € {u,v} and to a choice of

(j, k) among admissible vertices:

v

p1= %(P[(J} k) € Mxalmol] +P[(5 k) = (n)k(5) = 1D
> niN(LJ\_f ! (1- o™ (A + 1)) + N - 104#) = i\f(l — ozTéA),

2
Nn

where M>2[no] is defined in (A.1).

As a consequence, since ps = 1 — p1 — p3, we obtain

L

1 ¢ 1
1——(2 ™) < <1l——(1—-0a" (A-=1)).
(2+a")<p2 < nN( a’ ( )

niN

If a < 1/(CA?) with C > 241, then

1 1\ 1
—(120A — D)pa > =(1— ——)—.
p1 — (120 )p3_2( )Nn
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In the end, if ¢ < 1/1000, then

1 1 1 1
(1= (0 To0) ) <1 2w

which yields the claim of Lemma (A.9).

It therefore remains to prove Proposition A.1.

Proof of Proposition A.1

Let 01, 7] € QN be sampled according to I'V. The construction starts from ng, g ~ I', with
no = n(()“;v) for some vertex v such that j, > 2. Choose uniformly at random a neighbor
w = (juw, bw) of v; by construction, j,, = j,. Then choose a site w’ = (j,, £y) such that
(m0)e,, (jur) = 1, and set m =y and 5} = n.

The discrepancy of the pair (11, 7]) is therefore increased by two with respect to that
of (no,mg), i-e. | \ ny| = 2 while |no \ ny| = 1, see figure A. However, the distribution I’
is supported only on pairs with the same discrepancy. Hence, in order to compare the
distributions I" and I", it is necessary to introduce auxiliary random variables that restore
the correct discrepancy.

We now describe such a construction.

Let z = (¢, j.), with j, > 2, be chosen uniformly at random among the available empty
sites of n1; equivalently, z € M>a(n]) (see definition (A.1)).

Consider the following sequence of configurations:

m — Xo = (m)®) = X1 = (Xo) ™% = Xy = (X)) - (A.12)
= o = (X2)(5) = g = () ") — = (o).

Our claim is that the distributions Law(n1, Xo), Law(X1, Xo), Law(X1, X2), and Law(ny, X2)
are all bounded above by 24AT. Once this claim is established, the conclusion follows

immediately. Indeed, by the Cauchy—Schwarz inequality,

H(c,I") < H(c, Law(m, Xo)) + H (¢, Law(X1, Xo)) + H (¢, Law(X1, X2))
+ H(C7 Law(n()a 771)) + H(Ca La‘w(n()v 773))
< 120A H(c, ).

In what follows, we explicitly write the laws of the auxiliary random variables and
compare each of them with I'. The comparison relies on change-of-measure arguments
based on the Local Central Limit Theorem (Proposition 2.28) and on the bounds provided
by Proposition A.2. For clarity, it is useful to keep in mind the supports of the auxiliary

random variables defined through the sequence (A.12).
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.\53 0z GK}% 0z 6K§2 Y

Figure A.1: Schematic representation of the sequence of independent sets appearing in
(A.12). All configurations belong to the space Q. and differ only by the occupation
status of the randomly selected vertices v, w,w’, z and fixed vertex v = (1,¢). Filled
vertices represent occupied sites, while empty vertices represent unoccupied sites; edges
between vertices indicate adjacency relations in the underlying graph. The top row, where
the distinguished site u appears, represents the particle configuration o(1). Keeping this
picture in mind is useful for the study of the comparison arguments; in particular, observe
that the support of the measures involved is generated by varying the vertices v, w, w’, z.

Law of . )

Po =0) = o= > Hial(o),
(N —-1)n s
where
1.0(0) = pnalo | o(1) =75 on ) (is) = 0).

The measure i , leaves the site v = (iy, £,) available. A key point in the comparison
arguments below is that the choice of this available vertex can be modified without
significantly perturbing the reference measure py . We now make this statement precise.

Consider two vertices 2’ and 2” such that 7./, 7.~ > 2. We compare the corresponding

oL / " .
conditional measures p% , and p% , and claim that

!
z
MN,oz

<12, (A.13)

Z// —

MN,a

Let A7 denote the fugacity of the hardcore model p such that a(u) = o Suppose
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that o € supp(uf\;’a) N supp(,uf\',:a). Then

’ N —1 —1
M?V a(0> 6 ,LL (U) lmln ILI’®(N72) (QN,Z aﬂ‘g,s) Y mln M®(N72) (QN72 ang,s) ‘| .
’ u(rt) M(UN+(eZ,) = 0) s€[n] ’ s€[n] ’
As a consequence,
i N—
KN, o ,U,®( ? (QN—2,anévS) /’L(O-N""(Zz/) = 0)
7 = max . (A.14)
PN 0=ss'sn ®(N-2) (QNJ’M@,S,) (on+e..) =0)

Here, for s € [n], we define

By Proposition 2.28,

§®WN=2) (QN%M%)
p®WN-2) (Q

N —2)n(ja — a2 — a7 — a"¥|2 C
Sexp(_( n( ? - )\, Cusa

202
N—2,a"lv5,) N-2

<2

9

for N > n sufficiently large.
Finally, by Proposition A.2 (see below), we obtain

Zl
MN,O(

o =0
o g ey MOVTH =0 2[(1+ XA 1), (A.15)
Mf\f,a .k’ €[n] ,LL(O'N+(k/) = 0)
Tt Tt : Tt /\Te : _
By Lemma 2.12, the parameters A™ and o” satisfy o” > T (A’ since OC(MG,)\#) =

. Moreover, if a < 1/(CA?2), then a < lel + ClAQ < (Cfl)AQ for N > C(C - 1)A.
In particular, A" < ﬁ. Substituting this bound into (A.15) yields (A.13).

We now proceed to the analysis of the law of 7;.

Law of 7;. By definition, 77 is obtained from 7y by moving a particle from a site w’ to a
site w, where w is chosen uniformly at random from the neighborhood of v. Throughout the
remainder of the proof, we implicitly assume that jy, ju, juw' = 2, Jw = Ju, and £, € N(4y),

that is, w € N(v); for simplicity, we do not repeat these assumptions every time.

1(02w, (Juw) = 1) 1(0 = (U/)(“”wl))
Z,: (N — Dna™ Z

w

1
P(n =0) = = Hivalo)
(N —-1)n o« =
o’ weN (v)

1 5 137,00 (o N+, ) = 0,00, (juw) = 1)
(N —-1)n IN(0)|(N - 1)na™ .

v,w,w’
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Law of (11, Xo). Given n1,v,w,w’, the configuration Xj is obtained by selecting uniformly
a vertex z among the available sites in Mo (m)\ (N1 (w')UNT(v)), and setting X = ngu;z).
Thus,

“qfv,a(g(mw/)ﬂ(UNﬂgw,) =0,0¢,(jw) =1)
’Uu%;z IN()|(N = 1)2n2a""
12 € Msa(0) \ (N* (') UN*(0))
[Mz2(0) \ (N (w') UN*(v))]

P(m =0, Xo=0') = X

1(0’ = U(U;Z)).

Law of Xy. Taking the second marginal of the previous law,

v (u32) ) (wiw')y =0, W) =1
=)= 3 Male o =00l =D

oz |IN(v)|(N — 1)2n2aT
1(z € M>a((0#)) \ (N (w') UNT(v)))
[(Mza((a(w52)) \ (N*+(w') U N+ (v))]

Law of (Xy, X1). Given v,w,w’, 2 and Xy, define X; = Xowm). Then

P(Xo=0,X1=0)=

X

o (NN 0 ) = 0,07, () = 1)
P N@I(V - 1)2n2a™
1(z € Moa((019)) \ (N* () UN*()))

Mo ((00))\ (N (') UNT ()]

1(o’ = U(w;“))

z

: a0 L(O N+ () = 0, On(w) = 0,00(1) = 1)
s X O T
1(z € Mxa(c™#)\ (NT(w') UNT(v)))
[Mso(ow?)) \ (Nt (w') UN*t(v))|

Law of (X1, X5). Given v, w,w’, z and X1, by definition Xy = (X))

_ N Mq]]\f,a((jz’w/)l(UN'*‘(w’) = 070N(w) =0,0,(1) =1)
P(Xl =0,X> —U) _v,u%;gz ]N(U)](N—l)QHQCWZ X
1(z € M>2(c!?) \ (N (w') U N (v)))
[M2(c2) \ (NF(w') UNT(v))|

1(o" = o),

167



Law of X5.

. . MQJ)V,a (Uu,z)l(o'fw/ (jw’) =1, ON(w) = O)
PXy=0) = wzl; IN(W)|(N — 1)2n2a™ 8
1(z € Mo((0W#)=w))\ (N+(w') UNT(v)))

[ Mo ((o(wi2)ww)) \ (N+(w') U N+(v))|

Law of (X3,79). Given v, w,w’, z and X, by definition 7y = (X3)®)

_ N :uqu\f,a(o-uyz)l(afw/ (jw/) = 170-N(w) = 0)
P(Xy=0,m=0") = w%;/’z NN — Enzar X
1(z € Mxa((o!™2) ) \ (NF(w') UN*(v)))

(M2 ((o(wi2) ) \ (N (w') U NT(v))]

1(o’ = o=,

Finally, the law of (no,n}) is T, since in the third case we have 1] = 7.

Comparison between the law of (71, Xy) and I'. Explicitly, the law of (n1, Xg) is

X

) R 0N Loy ) = 0,00, (uw) = 1)
Pin =0, X0 =0) = Z, & ]N(v)]](VN(Z—w i)%?mi :
1(z € Mx2(0) \ (N (w') UNT(v)))

o'/ — O—(U§Z)
|(Msa(0) \ (NT(w') UNT(v))] 1 ),

where the quantity in the sum is non-zero only if oy+(;) = 0. Therefore, o lies in the

support of uj ,, and by homogeneity we can apply estimate (A.13). This gives

P(m =0, Xo = U,)(O-a U,) < (N1—21)n ;H?\[@(U)l(dl = U(U;Z))X

1(w' € N(v)) Lon+,,) = 0,00,(Jw) =1)
, [Mz2(0) \ (NF(w') UNT(v))] IN@)|(N = Dnam®

VW, W

Proceeding similarly to (A.5) and using the hypothesis a@ < &, which implies

o™ < m, we get for C' > 5

(N —1)n.

DN | =

[(Mz2(0) \ (N (@) UNF(0))] = (N = )n[l = (A+1)(@ +2/(N = 1)n)] 2

Moreover,

£

Zl(w € N(w),o0,(juw) =1) = Zl(v € N(w),o¢,(jw) =1) <AN(n—1)a™ .
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Finally, we obtain

3 1(w' € N(v)) L(on+,) = 0,00, (juw) = 1)
o, M)\ (N @) UNT@))] NN — na”
2 1(w e N(v),00,(jw) =1
< (N — 1)2n2a7_e Z 1(O'N+(fw/) = 0) vXﬂ:} ( = (’]z[(vé)’ <j ) )
= (N - 1§2n2are (N o 1)2n2aTlA =24,

which leads to
P(m =0, X0 =0') <24AT(0,0’).

Comparison between the law of (Xi,X;) and I'. Note that ¢/ = % is in
the support of uj , and py ,, allowing a change of measure as in Proposition (A.2).

Moreover, z must satisfy 0'22 (j2) = 1. Using the previous observation and the lower bound
(Mo (c9)\ (NF(w') UNT(v))] > §(N — 1)n, we obtain

P(X; =0,Xo=0') < (N 2n2 Z pN,e (o)1 (o = o' 4)) %

W:Jw>2
Z 10N+(w =0, O'gw( )—1 UEN( )U;\H(Z)ZO)
‘o |IN(v)|(N — l)naT

<2 Z NNa (0= O,/(w;u))7

w Jw>2

where the second sum is estimated by A(N — 1)2n20f£, giving

P(X, =o0,Xo=0") <24AT(0,0").

Comparison between the law of (X;, X3) and I'. The sum over z is non-zero only for

z such that oy_(j,) = 1. Proceeding as before, we have

P(X; =0,X3=0") < >, 15 o(0)1(0" = o)) x
( w’:g,,r>2
5~ Howliz) = Lw € N(w)
. —l)noﬂ
< Z NNoz J _O_(uw))7
( w Fw! =2

leading to
P(X, =o0,Xs =0') <24AT(0,0").

Comparison between the law of (19, X2) and I'. Since ¢’ is in the support of KN o
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we can change the measure and reorganize the sum as before:

24

Py =0,Xo=0") <
(770 g, A2 J)—(N_l)znz

Y Hhal0)1(0" = 0 x
22 >2

Yo, (Ju) =1, 0n@w) = 0)
2 IN(@)|(N = 1)n

v,w,w’

The last sum is bounded by A(N — 1)n, giving
P(no = 0, X2 = 0') < 24AT(0,0").

This concludes the comparison that we need. O

We conclude this subsection with an estimate we used in the previous proof.

Proposition A.2. Consider a graph G with n vertices and mazimum degree A > 3. Then,
for all T € Q¢ and for all £ € [n] such that 7, =0 for all k € NT(¢), we have

1 1

<P (on+@) =0]or =7p) < TN

5 <Por Al
I+ NA A = e (A.16)

where A = (N (£))¢ denotes the complement of N*(£).

Proof. Let o be an independent set of the graph G' sampled according to ug, . Conditioned
on the configuration outside N*(¢) being equal to some 7, the restriction & = {0} :
k € N*T(£)} is again an independent set, distributed according to a hardcore model with
fugacity A, with some vertices forced to be 0, on a graph with maximum degree A.

Let Z denote the partition function of this conditioned hardcore model. Then,
L+ N2+ A>Zy > 1+,

which yields the estimate (A.16). Here, we used that Z is maximized on the star graph

with £ as the center. This concludes the proof of proposition. O
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Appendix B

B.1 The marginal polytope

Let
Prs :=conv{o : 0 € Qg} C RY

be the independent set polytope. Equivalently, Pig is the set of all feasible one vertex
marginal vectors of probability measures supported on Qg. Also, we write Py for its
interior.

We first note that the marginal assumption used in 7?7 implies that the prescribed

vector belongs to the interior of this polytope.

Lemma B.1. Let m = (my)yey satisfy

0< < Yv e V.
_mU_A—i-l ve
Then m € Prg. Moreover, if for some v, > 0,
1-96
ngng—Fl VUEVY,

then m € Prg.

Proof. The first statement follows from the initialization construction in Algorithm 3,
which gives a probability distribution on ¢ with one-vertex marginals m whenever
max, m, < 1/(A+1).

For the second statement, choose

_1 { J }
17.—2m1n %A—f—l .
If [m — m/|| <, then
YveV.

1
0<m, <
=M= § +1
Hence every such m’ belongs to Pig by the first part. Thus an £>°-neighborhood of m is
contained in Pis, and so m € Prg. O

By the standard canonical parameter correspondence for finite exponential families,
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for m € Pry, there is a unique fugacity vector A € (0, o)V whose hard-core measure
has marginal vector m; see, e.g., [WJ08]. Thus, Theorem B.1 verifies that the marginal
assumptions used in the main text indeed correspond to a well-defined hard-core Gibbs

measure figy.

B.1.1 Gradient descent for prescribed marginals

In this section, we answer the same algorithmic question addressed in Section 3.2.3, this
time using an optimization approach. The method we present is an adaptation of the
approach of [Dia+21].

Note that the hard-core model can be viewed as a canonical exponential family. In

general, an exponential family has the form
Py(z) = exp((0, T (x)) — A(0)),

where T'(x) is the sufficient statistic and A(#) is the log-partition function. For the hard-core
model, the sufficient statistic is simply the independent-set vector o. In the notation of

the preliminaries, for € R,

HG.0(0) = exp (8,0) — Aa(9), o € Q.

Equivalently, 8, = log A\, where ), is the fugacity of v.

Let Prg be the independent set polytope introduced in Appendix B.1. In Appendix B.1
we noted that, for every m € Pfg, there is a unique finite canonical parameter ,, € RY
such that

E

UG, 0m [0] =m.

This is the usual backward map from mean parameters to canonical parameters; see, for
example, [WJ08; BGS14].

The problem of finding the fugacities corresponding to a prescribed marginal vector m
is therefore the problem of computing this backward map. The standard dual objective for
this problem is

Frn(0) := Ag(0) — (6, m).

Indeed, the Fenchel conjugate of Ag is

Ag(m) = Sup, {(m,8) — Ac(0)} .

For m € P, the supremum is attained at the unique parameter 6,, satisfying

VAq(0m) = m.

172



Thus, for the target marginal vector m, the desired log-fugacity vector is characterized by

Om Egerv {(m, 0) — Ac(0)}.

Equivalently,
Om €gerv {Ac(0) — (0, m)} =gcrv Fin(6).

Thus minimizing Fy, is exactly the convex-dual formulation of recovering the canonical
parameter whose Gibbs measure has marginals m. Projected gradient descent for this type
of exponential-family objective, including with approximate gradients, has been used in
related works; see, for example, [WJ08; BGS14; Dia+21].

We now compute the derivative of Fy,. For every v € V,

0
00,

Ac(0) = Eyg olou]-

Hence
VEm(0) = Eyg olo] —m.

Therefore, the minimizer 8, = 0,,, of F,, satisfies

Euc,e* [o] =m.
Thus gradient descent on Fj, has a simple interpretation: if the current marginal of a
vertex v is larger than the target value m,, then the update decreases the corresponding
log-fugacity 6,; if it is smaller than m,,, then the update increases 6,. In this way, the
algorithm iteratively adjusts the fugacities to reduce the discrepancy between the current
marginals and the target marginals.

Moreover,

V2Fn(0) = Cov,g ,(0).

Consequently, a uniform lower bound on the minimum eigenvalue of Cov,, ,(o) gives strong
convexity, while a uniform upper bound on the maximum eigenvalue gives smoothness.
Once these two bounds are available, we can apply projected gradient descent to F,. In
our setting, the gradient need not be computed exactly; instead, we estimate I, ,[o] by
approximately sampling from pq g.

Throughout this section, we assume that
v <my < (1—0)ac(A) Yv eV, (B.1)

where 7,5 > 0 are fixed constants. The lower bound in (B.1) will be used to obtain a
uniform lower bound on the minimum eigenvalue of the covariance matrix, and hence

strong convexity. Note that since a.(A) < 1/(A+1), (B.1) implies that there exists §' > 0
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such that
1-¢

Hence, by Theorem B.1, the assumption implies m € Pry.
We now state the consequence of (B.1) for the fugacities. Let u = pg ,,. For every
v € V, we have

My = (Am)v (o = 0 for all u € v).

Therefore, since the probability above is at most one,

On the other hand, by the union bound,

p(oy =0 for all u € v) > 1—Zmu2 1—(A+1)a(A).

ucv

Hence
My < (1 =9)ac(A)

(Am)o = ploy =0foralluewv) — 1 —(A+1)a(A)

Since

_ ac(A)
1= (A+1Da(A)’

Ac(A)

we conclude that

(Am)v < (1 =9)A(A) for allv € V.

Thus the desired fugacity vector lies uniformly below the uniqueness threshold. In particular,

if we define
Amax = (1 = §)A:(A),

then
¥ < (Am)v < Amax forallv e V.

Equivalently, the desired log-fugacity vector 8, = 6,, belongs to the box
D := {0 eRY: log~y < 0, < log Amax for all v € V} .

We will run projected gradient descent on this set D.

The next lemma gives the strong convexity of F),, on D. The proof uses the same
conditioning idea as in [DP23]: after choosing a large independent set, we condition on
its complement, so that the remaining available vertices behave as independent Bernoulli

random variables.

Lemma B.2. For every 8 € D, one has

Covyg (o) = 4,
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where

(= 7
(A + D)1+ A ) 572

Consequently, Fp, is {-strongly convex on D.

Proof. Fix @ € D, and write A\, = ¢’. Then
¥ < Ay < Amax Vv e V.

It is enough to show that for every a € RV,

Var, o (Z avav> > l||a)3.

veV

Since G has maximum degree at most A, we can color it using A + 1 colors. Let
V =ViU...UVa4; be the corresponding partition of V' into independent sets. Choose
i € [A 4 1] such that

1
2 2
> ap > —lall3.
veV; A+ 1

By the law of total variance,

Varuc,e (Z avav) > Euc,e

veV

Var,. ( Z (y 0y

veV;

)|

Since V; is an independent set, once oy, is fixed, the variables (0 )yey; are conditionally
independent. Moreover, for each v € V;, if some neighbor of v is occupied, then o, =0

deterministically; otherwise o, is Bernoulli with parameter \,/(1 + A,). Therefore,

v

(1+X)2%

Jv\vi) =1{o, =0 for all u € v}

-

A

2 v

= E ay (0w = 0 for all u € v) ———.
vEV; Y <1+AU>

Var,,, , (O'U

Hence

E

HG,6

Var#qe (Z AyOy

veV;

We now lower bound the probability that all neighbors of v are unoccupied. Reveal the
vertices of v one at a time. At each step, regardless of the previously revealed values, the
conditional probability that the next vertex is unoccupied is at least 1/(1 + Apax). Indeed,
if all its neighbors are unoccupied, its conditional probability of being occupied is at most

Amax/ (1 + Amax ), and otherwise it is forced to be unoccupied. Therefore,

1

=0foralluev)> ———.
pa.o(oy orall u € v) > -
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Also,

Ay vy
> )
(14 X)2 = (14 Aax)?
Thus,
v 9
> .
(1+X)2 = (1 + Apax)212

pe.o(oy =0 for all u € v)

Combining the previous estimates gives

Y 2

veV veV;
v 2
> .
= ( A 1)(1 /\max)A+2HaH2

Since this holds for every a € RV, we conclude that

v

1.
(A+ D)1+ Amax) 372

COV#G,Q (o) =

Finally, since
V2Fm(0) = Covyg ,(0),

the same bound implies that F, is ¢-strongly convex on D. O

We now prove the corresponding smoothness bound. We use the complete spectral
independence for the hard-core model below the uniqueness threshold established in
[Che+-21]. Since every 0 € D satisfies

e’ < Apax = (1 =X (A)  forallveV,

the measure g ¢ can be viewed as the hard-core model with uniform fugacity Amax, followed

by local fields
el
Oy = <1

>\max

Thus complete spectral independence applies uniformly throughout D.

Lemma B.3. Assume A > 3. Then there exists a constant L = L(A, ) such that for
every @ € D, one has
Covygelo) 2 LI

Consequently, Fp, is L-smooth on D.
Proof. Fix 8 € D, and for u # v, define the signed influence
Ju,v = /’LG,G(UU =1 ‘ Oy = 1) - /’LG,H(UU =1 | Oy = 0)7

and set J,, = 0. By complete spectral independence of the hard-core model below
the uniqueness threshold [Che+21, Lemma 8.4], there exists Cs; = Csi(A, d) such that
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agp(]J]) < Cgsr, where |J| denotes the entrywise absolute value of J, and ag, denotes
spectral radius.
Let
Vo := diag(Var, ,(0y) 1 v € V).

For u # v, we have
COVMG,@ (Ou,00) = Varuc,e (0u) [nGe(ow =1 0w =1) — pge(o, =10y =0)].

This means that
Covyge(o) =Vo(l + J),

where [ is the identity matrix. Equivalently,
—-1/2 —-1/2 1/2 —-1/2
Vo / Covyugo(0)Ve /2 = 0/ (I +J)Vy 2

The matrix on the left is symmetric, and it is similar to I + J. Hence its eigenvalues are
the same as the eigenvalues of I + J. Also, note that asp(J) < agp(]J]) < Csi. Therefore,
the max eigen value of V;l/z Covyg (O‘)V;UQ is at most 1 + Csy. Thus

Vy 2 Covyg o (0)Vy /2 < (14 Csn) 1.
Multiplying on the left and right by V;/ 2 gives
COVMG,Q(U> =< (14 Cs1)Ve.

Finally, since each o, is {0, 1}-valued, Var,,, ,(d,) < ¥, and hence

1+ Cq1
4

Covyg (o) = I

Taking L := 1+TCSI gives Cov,, ,(0) =< LI. Since V2F () = Cov,,, ,(0), we conclude that
F,, is L-smooth on D. ]

We now apply projected gradient descent on D. The projection onto D is explicit. For
z€RY,
IIp(z)y = min {log Apax, max{log~y, 2z, } } .

Thus there is no projection error in our application.

We consider the projected gradient descent iterates
(t+1) @ _ Lo

where g is an approximation to VFm(O(t)). We use the following guarantee, which is the

specialization of [Dia+21, Algorithm 3 and Claim D.2] to our setting.
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Lemma B.4. Let 8, be the unique minimizer of F,, over D. Suppose that

Hﬁm - VFm(H(t))H2 <m for all t.

Then after T = O (% log diarg(p)) iterations, one has

L
HO(T) — OmH2 <n+ 1_\7;1:{_%
In particular, since 1 — /1 —¢/L > %, we have
oo <o 2

We now explain how accurate the output parameter needs to be. For any 0e D, we

have
Dict, (H6.0m | 165) = A6(8) = A6(Om) = (VAG(6m), 8 — Om)

Since Ag is L-smooth on D, it follows that

D (e [5) = 50~ 0n-

Therefore, by Pinsker’s inequality,

VL

™V = 2 Ha B BmHz'

|6 = o
Note that our algorithm first runs projected gradient descent with approximate gradients
to find an estimate 6. At iteration t, it estimates the gradient by sampling from g, ).
The algorithm then uses Glauber dynamics to generate an approximate sample from p co

Hence there are three sources of error in the output: the event that some gradient estimate

is inaccurate, the parameter estimation error H@ — Om) ) and the final sampling error from
approximately sampling u P The following lemma, assuming that all gradient estimates
are accurate, chooses the gradient accuracy and number of iterations so that the combined

contribution of the parameter error and the final sampling error is at most /2.
Lemma B.5. Let ¢ > 0, and set

€ le

"SWE " TAE

g — VFm(O(t))H2 <, whereT = O (% log dh%(m) _

Suppose that for everyt =0,...,T—1,
Then the output 6 :=0T satisfies

€

< .
2~ 2L

[o—6n]
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Consequently,
m €
HMG,a ~Ha HTV =7
If, in addition, the final sample is generated from a distribution within total variation
distance /4 from e then the final output distribution is within total variation distance

e/2 from pg.
Proof. By Theorem B.4, after T iterations we have

o - o0, <+ 2.

By our choice of n and 7,

2 5 € €
ot 2

N AW, e

Thus

[o=6m], < 5,

~2V/L
Using the total variation bound proved above, we get
VL 4 £
- <29 - <=,
HMG,O 'UG’G’"HTV - 2 HO GmH2 !
Since pa.g,, = per, this gives
l#oa =& < 3
Finally, if the last Glauber-dynamics sample is drawn from a distribution within total

variation distance /4 from o then by the triangle inequality the final output distribution

is within total variation distance /2 from g O

Throughout the gradient descent we need to estimate the gradient. Recall that

VEn(0)=E,.,[c] —m.

— HG,e

The estimation of £, ,[o] will be done by sampling from pg ¢ multiple times and then
taking the average. Therefore, we need to make sure that we can sample from pug g for
every 6 € D.

Since every 0 € D satisfies

e < Amax = (1 — 0)A(A) forallv eV,

the fugacity vector from which we need to sample is uniformly below the uniqueness

threshold, with slack . Therefore, the Glauber dynamics for ug e mixes to total variation

Oas <n log z)

distance ¢ in
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steps [CLV21; Ana+22; Che+22; CE22]. We note that, although the results in these works
are presented only for uniform fugacity below the critical threshold with slack §, they can
be easily extended to non-uniform fugacity vectors as well. This extension assumes that
each entry is at most (1 — J)A.(A), consistent with our case. Therefore, for every sampling

accuracy ¢ > 0, we can sample from a distribution within total variation distance ¢ from

paG,e in
n
On s <n log )
’ ¢

steps of Glauber dynamics.
The following lemma shows that if the number of samples that are taken to estimate the

gradient at each iteration is sufficiently large, then the event that all the gradient estimates

are accurate occurs with probability at least 1 — 5. Thus, together with Theorem B.5,

it shows that our algorithm outputs an independent set whose law is within ¢ variation

distance of the target measure.

Lemma B.6. Let e € (0,1) and 1 > 0. At each stept =0,...,T — 1, suppose that we

generate independent samples ot . gtM)

variation distance 27\7/15 from e g - Define

such that each sample has law within total

1y
g = i ZU(W —m.
=1
If M > i—?log %, then

Pr (ng - VFm(H(t))H2 <o forallt=0,...,T—1)>1- g
Proof. For each t, let
6o {0~ o) < )

We show that Pr(&f) < 57 for every ¢, and then take a union bound.

Fix t, and condition on all randomness before step ¢. Then 0" is fixed. Write

qi(}t) = EMG,H(t> [O’v], S V.
For each v € V, set
1 .
—(t) .__ t,1
0= 5 3Bl

where the expectation is with respect to the actual law of the samples used at step ¢. Since

each sample is within total variation distance 11/(2y/n) from p o), we have

=) _ 0] « T
T =W =9 m
. (t,1) (t,M) . .
Moreover, the random variables oy, ..., 0y are independent and take values in {0, 1}.
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Hence, by Hoeffding’s inequality,

Uil M3
P M) <o - .
r( >2\/ﬁ>— eXp( 2n>

By the union bound over v € V| with probability at least

LSs (i) 0
L Z th,z‘ . qvt
M =1

we have, for every v € V,
M

i m
ot — g < =
=1

VoA

1
Mi

On this event,

1.
Vi Z o) _ E“G’g(t) o]l <m.
i=1 2
Since
VEn(0W) = ey o 0] = T

this implies the event &. Therefore,

M 2
Pr(&7) < 2nexp < 2771> .

By the choice of M,

M 2
2n exp <— 221> < %

Finally, taking a union bound over t =0,...,7 — 1 gives

T—1 .
t=0
This proves the lemma.

We now state the resulting algorithm.
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Algorithm 7 Sampling from the hard-core model with prescribed marginals

Require: Graph G = (V, E) with maximum degree A > 3, target marginals m = (my)yecv
satisfying (B.1) with parameters v, > 0, and accuracy ¢ € (0,1).
Ensure: A random independent set whose law is within total variation distance ¢ from
He -
1: Set
Amax := (1 = 0)A(A).

2: Set
D= {9 RV :logy < 0, < 10g Amax for all v € V}.

3: Set £, L to be the constants introduced in Theorem B.2 and Theorem B.3, respectively.

4: Define
€ fe

T=0 (L log d1am(D)> .
¢ U

6: Choose an integer M satisfying

5: Set

2 anT
M > —Z log me
m €
7: Choose an arbitrary initial point 00 e D.
8 fort=0,...,T—1do
9: Independently generate samples
otV gtM)

such that each sample has law within total variation distance at most 1;/(2y/n) from

Ha o -
10: Define
1 M
’g\(t) =+ ;g(tﬂ) m

11: Update

1

o) _ (9<t> _ A<t)>

Lg

12: end for

13: Run Glauber dynamics for ji, o(r) to total variation distance e /4.

14: return the resulting independent set.

Theorem B.7. Let 0,y € (0,1). Let G = (V, E) be a graph on n vertices with maximum

degree A > 3, and let m be a marginal vector satisfying
v <my < (1 —=908)ac(A) YveV.
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Then, for every e € (0,1), Algorithm 7 outputs a random independent set whose law is

within total variation distance € from pg. Moreover, its running time is

2
~ n
Onsn <€2> :

£ = {Hg(ﬂ - Vme(t))H2 <mforallt=0,...,T — 1} .

Proof. Let

By Theorem B.6, the choice of M in Algorithm 7 implies that

e
>1-—-.
Pr(€) 21—

On the event £, Theorem B.5 implies that the law of the final output is within total
variation distance /2 from pug¥. Therefore, if v denotes the law of the output, then

g
v = péllrv < Pr(€9) +v(- [ €) = péllrv < 5 +

=5 =3

| ™

The running time bound follows from the choices of T and M in Algorithm 7, together
with the Op s(nlog(n/()) mixing bound for Glauber dynamics below the uniqueness
threshold to within ¢ total variation distance. Indeed, T is logarithmic in 7 and 1/e up to

constants depending on A, J,~y, and

~ n
M — OA:&'Y <€2) .

Each approximate sample costs 6A,5’7(n) Glauber updates. Hence the total running time
2
~ n
Onsy <€2> :

B.1.2 Bisection for prescribed density

is

In this section we use the bisection method to answer the same algorithmic question
addressed in Section 3.2.1: given a target density «*, approximately sample from the
uniform fugacity hard-core Gibbs measure with density a*. Our bisection method is an
adaptation of the binary search approach used in [DP23] for sampling from the uniform
distribution on fixed-size independent sets.

Following the canonical parametrization of exponential families, we use 0 := log A and

write
elo]

Za(0)

Za(0) = Y 7l pae(o) =

c€Qqa

Vo € Qg.
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Note that

(log Zc(0))" = Eonpglloll,  (log Za(0))" = Vargwpg 4 (o).

Since Varg.,g,(|o]) > 0, the map 6 — a(ugyg) is strictly increasing. Moreover, it is a
bijection from (—o0,00) to (0, imax/n), Where ipmay is the size of a maximum independent
set in G. Therefore, for every a € (0, imax/n), there is a unique () such that the density
of 11 9(a) is exactly a.
Consider the function
4(0) = Eorpg llo]]-

Since

q'(0) = Varonyg o (lo]) > 0,

the map 6 — ¢(0) is strictly increasing. Hence the unique parameter 6, satisfying
q(0x) = na”

can be approximated by the bisection method. Thus, we first approximate 6., and then
approximately sample from the Gibbs measure p o where 8 is the output of the bisection
procedure.

Throughout this section, we assume that
Y <t < (1-8)acd), (B.2)

where v, > 0 are fixed constants. We need to find the range of fugacities corresponding to
densities satisfying (B.2). For any such density «, let A(«) be the corresponding fugacity.
Then

no = Z B () (0w =1) = Z M) piga(a) (0w = 0 for all u € v) < nA(a).
veV veV

Therefore,
AMa) > a > 7.

On the other hand, by the union bound,

na = A«) Z BGA(a) (0w = 0 for all u € v)

veV
> Ma) Y (1 = He ey (ou = 1))
veV ucv

> AMa) (n —(A+1)) " pere(ow = 1))

ueV
> AMa)n(l = (A +1)ac(A)).
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Hence, using a < (1 — §)a.(A), we get

(1 — 5)ac(A)
N S T A Dau(A)

— (1 6)A(A),
Therefore, defining
Amax = (1 = §)A:(A),

the corresponding range for the parameter 6 is the interval
7 := [log~,log Amax]-

We will apply the bisection method on Z. In Theorems B.8 and B.9, we show lower
and upper bounds on ¢’'(6). The lower bound ensures that approximate signs of ¢(0) — na*
are reliable away from 6,, while the upper bound is used to convert parameter error into

total variation error.

Lemma B.8. For every 8 € Z, one has
Varyg o (|o]) = n,

where
Y

(A4 1)(1 4 Amax) 22

Consequently, q'(0) is lower bounded by ¢n on T.

Proof. Let 6 := (0),cy. By the definition of Z, we have 8 € D, where D is the box used in
Appendix B.1.1. Also, uge = pg,e- By Theorem B.2, we have

Covyg (o) = L.
Taking the all-ones vector 1 € RY, this gives
Varyg o (|o]) = 1 Covyg o (0)1 = (15 = n.

Since ¢'(0) = Var, ,(|o|), this proves the claim. O

Lemma B.9. There ezists a constant
L=L(A,))
such that for every 8 € T, one has
VarMG’0(|a|) < Ln.

Consequently, ¢'(0) is upper bounded by Ln on I.
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Proof. Let 6 := (0)ycy. By the definition of Z, we have 6 € D, where D is the box used in
Appendix B.1.1. Also, pug g = pge- By Theorem B.3, there exists a constant L = L(A, 9)
such that

Covygelo) 2 LI

Taking the all-ones vector 1 € RV, this gives
Varyg o (|o]) =1 Covyg 4 (0)1 < LI15 = Ln.

Since ¢'(f) = Var, ,(|o|), this proves the claim. O

The following lemma gives the number of bisection steps needed to approximate 6,
assuming access to approximate evaluations of g on Z. Recall that the bisection method
proceeds as follows. Start with the interval Z. At each step, we query the midpoint 6; of

the current interval and estimate q(6;) by ¢;. If
|G — na|

is small, then we stop and output ;. Otherwise, since ¢ is increasing, we keep the left
half if g; > na*, and keep the right half if ¢ < na*. The lower bound on ¢’ ensures that
stopping in the first case already gives a good approximation to 6, while in the second

case the sign is reliable.

Lemma B.10. Assume that at each bisection step t, with midpoint 0;, we have an estimate
G satisfying
@t — q(0:)] < m.

Consider the following bisection procedure. If
’é\t - na*| S n,

then stop and output 6= 0;. Otherwise, keep the left or right half according to the sign of

q: — na*. If the procedure does not stop early, then after

T = {logQ d1am(I)W

bisection steps, output any point §fmm the final interval. Then the output satisfies

~ 2
|0 — 6, < max {n,m}.
In

Proof. Suppose first that the algorithm stops at some step ¢. Then

|Gt — na™| < 1.
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Since g — q(0¢)| < m1, we get
9(0:) — na™| < |q(6) — G| + G — na™| < 2m1.
By Theorem B.8, we have ¢/(6) > ¢n on Z. Since ¢(6.) = na*, this implies
(nl6, — 0,] < 1a(6:) — (6.)] = |q(6) —na’| < 2.

Therefore,
2m

Oy — 0, < —.
100 = 0] < In
Since § = 0:, this gives the desired bound in the case where the algorithm stops early.
It remains to consider the case where the algorithm does not stop during the first T

steps. Then, at every step t < T,
|Gt — na™[ > 1.

Since |g: — q(6:)| < n1, the quantities ¢; — na* and ¢(0;) — na™* have the same sign. Hence
every bisection decision is correct, and 6, remains inside the maintained interval throughout
the procedure.
After
T {10& diam(I)w
steps, the final interval has length at most 7. Since 6, belongs to this interval, any output
6 from the final interval satisfies

10— 6.] <.

Combining the two cases, we obtain

~ 2
|0 — 0,| < max {77,771}.
In

This completes the proof. O

For 6 € Z, let
A(0) :=log Zg(0).

Then

Dy, (G o, || heo) = A(0) — A(0x) — A'(0.)(0 — 05).
By Theorem B.9, the function A is Ln-smooth on Z, and thus

Ln
Dxw (kGo. [ heo) < —-(0 = 0,)2.
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Therefore, by Pinsker’s inequality,

VI

Ln
v S 5 |0 — 0.

1o, — e ollr
Consequently, to make the error coming from parameter estimation at most /4 in total
variation, it is enough to ensure that

3

2\/Ln.

If we then sample from a distribution within total variation distance ¢/4 from pq g, the

|0 — 0. <

final output distribution is within £/2 of pg g, -

The following, assuming that the estimates of the expected size ¢(6;) used in the
bisection procedure are accurate, chooses the estimation accuracy and number of bisection
steps so that the combined contribution of the parameter error and the final sampling error
is at most £/2. The remaining £/2 will be used to account for the probability that one of

the expected-size estimates fails.
Lemma B.11. Let ¢ > 0, and set

15 Ine

= 2\/Ln’ = 4\/Ln.

Suppose that at every bisection step t, with midpoint 8¢, we have an estimate q; satisfying

|Gt — a(0)] < m.

Run the bisection procedure of Theorem B.10 for at most

diam(Z
T= [mg2 diam(Z) )W
n
steps, and let 0 be its output. Then
~ €
0—0, < .
’ 2vLn
Consequently,
€
H’uG,H — HG,0. TV < Z

If, in addition, the final sample is generated from a distribution within total variation

distance /4 from Pe g then the final output distribution is within total variation distance

£/2 from pgo.-

Proof. By Theorem B.10, the output 6 satisfies

~ 2
|0 — 6, < max {777771}.
In
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With our choices of 7 and 71, we have

€ 2m €

77:2\/Ln’ %_2\/Ln‘

Therefore,
3

2\/Ln'

16— 6.] <
By the smoothness discussion above,

vV In € 5

< . = .
™V = 2 2/'In 4

HIU’G,/Q\ - MG,@*

Finally, if the distribution used to generate the final sample is within total variation
distance £/4 from p o7 then by the triangle inequality its distance from pg g, is at most
7+ 5 = 5. This completes the proof. ]

We first compute an approximation 07T tob, using the bisection method, and then

~

sample from the hard-core model with fugacity e’. Note that, since

(J(Q) = EMG,@HUHu

throughout the bisection process we also need to sample from g g in order to estimate

Epcolloll.
Since 6 € 7, we have

e < Amax = (1 — 8)A(A).

Thus the fugacity is uniformly below the uniqueness threshold, with slack §. Hence,
by the rapid-mixing theorem for Glauber dynamics for the hard-core model below the
uniqueness threshold [CLV21; Ana+22; Che+22; CE22], for every ¢ > 0 we can sample

from a distribution within total variation distance ¢ from pug g in

Oas (n log Z)

steps of Glauber dynamics.

The following lemma shows that by taking sufficiently many approximate samples from
pa.0, at each bisection step, the estimates of the expected size ¢(6;) are accurate throughout
the bisection procedure with probability at least 1 — §. Together with Theorem B.11, this
proves that the algorithm outputs an independent set whose law is within total variation

distance € of the target measure.

Lemma B.12. Let ¢ € (0,1) and n; > 0. Set
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At each bisection stept =0,...,T — 1, suppose that we generate independent samples

ot M)

such that each sample has law within total variation distance ¢ from pge,. Write M = BK,
and partition the samples into K blocks of size B. For each j = 1,..., K, define

¢ 1 i
Yj( )= B Z o).
i=(j—1)B+1
Let
G = median{Yl(t), .. 7Y1(<t)}'
If
2L 2T
B3 2 K >8log—,
Ui €
then

Pr(|g: —q(0y)| <m forallt=0,....,T —1)>1—

| ™

Proof. For each t, let
E={lg —q(0)] <m}.

We show that

€
Pr(&f) < —

r( t) = 97
for every t, and then take a union bound.

Fix ¢, and condition on all randomness before step t. Then 6, is fixed. Write

qr = q(0r) = By, [lol].

By Theorem B.9,
Vat,,, (o]) < Ln.

Fix a block 7, and set

) . (t)

where the expectation is with respect to the actual laws of the samples used at step t.
Since each sample is within total variation distance ¢ from p¢g,, and since 0 < |o| < n,
we have

_(t) m

’qj _Qt‘ snC< o

Moreover, if X denotes one of the random variables |c®?| in the block, then

Var(X) < B[(X = @)?] < Varug,, (|o]) +n*C < 2Ln,
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where we used ¢ < L/n. Since the samples in the block are independent,

2Ln

(®)
Var(Yj ) S ?

Therefore, by Chebyshev’s inequality,

Pr <\Yj“) ~g¢|> m) <3<

It follows that

Thus each block is good, meaning
’Yj(t) - Qt‘ <m,
with probability at least 3/4. Since the blocks are independent, Hoeffding’s inequality gives
Pr(|q —q > m) < exp <—I8{> :

By the choice of K,

Therefore,
€
Pr(&f —.
(&) < oT
Finally, taking a union bound over t =0,...,7 — 1 gives
T—1 -
t=0
This proves the lemma. O

We now state the resulting algorithm.
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Algorithm 8 Bisection sampler for the hard-core model with prescribed density

Require: Graph G = (V, E) with maximum degree A > 3, target density o* satisfying (B.2) with
parameters v, > 0, and accuracy € € (0, 1).
Ensure: A random independent set whose law is within total variation distance ¢ from pgg,,
where ¢(6.) = na*.
1: Set Apax := (1 — 0)Ac(A) and T := [log 7, log Amax)-
2: Let £, L be the constants from Theorems B.8 and B.9.

3: Set
__E _ _tne C= mm{m L}
T T W ' 2n’n |-
4: Set di I
T:= {log2 71am( )-‘ .
5: Choose integers B, K with
2L 2T
B>3 2 K >8log—,
Ui €

and set M := BK.
Initialize ag := log~ and by := log Apax-
fort=0,...,7—1do

Set 0 := (ar + b;)/2.

Generate independent samples o

© % 3@

tD . o®M) each within total variation distance ¢ from

Hna,e,-
10: Partition the samples into K blocks of size B, and define

iB

1 i
v = » S ot
i=(j—1)B+1

., j=1,...,K.

11: Set
G = median{Yl(t), . ,YI(;)}.

12: if |g: — na*| < n; then

13: Set 0 := 0; and terminate the loop.
14: else if g; > na* then

15: Set az41 := ay and byyq := 0;.

16: else

17: Set a;q1 := 0y and byyq 1= by.

18: end if

19: end for

20: if the loop was not terminated early then

21:  Set 8 := (ar + br)/2.

22: end if

23: Run Glauber dynamics for u cs to total variation distance /4.

24: return the resulting independent set.

Theorem B.13. Let v, € (0,1). Let G = (V, E) be a graph on n vertices with maximum
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degree A > 3, and let o* be a density satisfying
v <a® < (1-0)a.(A).

Then, for every € € (0,1), Algorithm 8 outputs a random independent set whose law is

within total variation distance € from pg.p,, where q(0x) = na™. Moreover, its running

~ n
OA767,7 (5:2) .

Proof. Let £ be the event that every estimate actually used by the bisection procedure

time is

satisfies
13 — q(0:)] < m1.

By Theorem B.12, the choice of M in Algorithm 8 implies that

€
>1 — —.
Pr(&)>1 5

On the event &£, the deterministic bisection guarantee in Theorem B.11 implies that the
law of the final output is within total variation distance £/2 from pgg,. Therefore, if v

denotes the law of the output, then

e 9
v = o, llry < Pr(E) + (- | €) — pga.llry < 5+ 5 = 2.

The running time bound follows from the choices of T', M, B, K in Algorithm 8, together
with the Oa s(nlog(n/()) mixing bound for Glauber dynamics below the uniqueness
threshold to within { total variation distance. Indeed, T" and K are logarithmic in n and

1/e, up to constants depending on A, J, vy, and

1
B=0ss: ()

o2
Thus .
M = BK = Ops4 (82) .

Each approximate sample costs 6A,5’7(n) Glauber updates. Hence the total running time

~ n
OA,(S,’Y <€2) .

is

B.1.3 Missing proofs from Section 3.2.2

Proof of Theorem 3.12. Similar to Appendix B.1.2, we use the log-fugacity coordinate

0 = log A. We write 0, for the log-fugacity parameter corresponding to a. Recall from
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Appendix B.1.2 that
A(fy) :=10g Za(0a),  A'(6a) =na,  A"(0a) = Varg~e (|o]).

Also, the interval [a, & corresponds to an interval [0, 05] for the log-fugacity parameters.
Note that the upper bound assumption on the variance for densities in [a, &] shows that A

is Cn-smooth on [0, éa] Thus, as we proved in Appendix B.1.2, we have

VCn

100 — 04].

|l — p&lry <

Moreover, note that by the lower bound assumption on the variance and the mean value
theorem, there exists a density € [a, &] such that

nd —nal = Var__ s (|o])|fa — 0a| > cn|fs — 04

Thus, we conclude that

vCn
2c

”M%—M%HTV < la — al.
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