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Introduction

A central problem in probability theory and statistical physics is to understand how large
interacting systems relax to equilibrium. For linear Markov chains (Glauber dynamics,
Kawasaki dynamics, and their relatives) this question has a rich theory, with spectral
gaps, logarithmic Sobolev inequalities, and coupling methods providing sharp quantitative
answers. These chains are also the standard tool for sampling, where the same estimates
that describe relaxation to equilibrium bound the cost of the algorithm, and they have the
further advantage of being simple to implement. This thesis addresses the same question for
a class of nonlinear evolution equations. We consider Boltzmann-type evolution equations
of the form

dpt

dt
= pt ◦ pt − pt, (0.1)

where pt is a probability distribution on a configuration space Ω, and the collision product
pt ◦ pt is defined through a probability kernel Q(τ | σ, σ′). The kernel takes as input
two independent configurations σ, σ′ ∈ Ω, each sampled from pt, and produces an output
configuration τ ∈ Ω, with law

pt ◦ pt(τ) =
∫
pt(dσ)

∫
pt(dσ′)Q(τ | σ, σ′). (0.2)

A classical example is Kac’s caricature of a Maxwellian gas [Kac59], which captures
essential features of the Boltzmann equation [Bol72] in a simplified setting; see also [Bas+22]
for a discrete version of Kac’s model. Such nonlinear equations admit a natural probabilistic
representation in terms of random binary trees [Wil51; McK67]. A key structural property
is the existence of conservation laws, associated to quantities that remain invariant under
the collision product. Each conservation law gives rise to a family of stationary measures,
which determine the possible limiting distributions of the dynamics.

For instance, in Kac’s model, where Ω = R is the set of one-dimensional velocities and
collisions conserve the kinetic energy, for any initial distribution p0 on R with mean zero
and finite variance one has convergence to the centered Gaussian distribution with the same
variance as p0. Understanding the rate of convergence to equilibrium has been a longstanding
question, and even in this simple setting it presents significant challenges [Kac56; Vil02;
Vil03; Car+10; DGR09].

In this work we focus on a combinatorial counterpart of the Boltzmann equation, where
Ω is the Boolean cube, and the analogue of the Maxwellian equilibrium is played by a high-
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dimensional Gibbs measure, such as the Ising model on a graph. At infinite temperature,
the model reduces to a version of the recombination equations commonly studied in
population genetics [RSW92; RRS98; CP24]. When interactions are present, however, the
system becomes substantially richer, and analyzing its convergence to stationarity raises
new challenges. This thesis develops a quantitative theory of convergence to equilibrium
for two important families of Gibbs measures: the Ising model and the Hardcore model.

0.1 The models

We consider two models from statistical physics: the Ising model and the Hardcore model.
Both were introduced as toy models to describe mathematically physical phenomena known
as phase transitions. Their mathematical study has since attracted interest across several
fields of research, including probability theory [Mar97; Geo11; FV17], computer science
[Wei06; Sly10; GŠV16], combinatorics [BW99], and social science [Kel85; CFL09].

Both models belong to the family of graphical spin systems, which model interactions
through a graph. Given a graphG = (V,E), the states of the system are called configurations
σ = (σi, i ∈ V ), consisting of an assignment of a value σi from a list S, called spin, to each
vertex of the graph, which in our case will take the form S = {−1,+1} for the Ising model,
where spins represent the magnetic moment of a particle, and S = {0, 1} for the hardcore
model, where spins represent occupation, with 1 indicating the presence of a particle and 0
its absence. A statistical weight is then assigned to each configuration, depending on the
interaction between spins along the edges of the graph.

We now present each model with its precise mathematical definition. Throughout, we
use the notation [n] = {1, · · · , n} to identify the set of vertex of the graph V = [n] of the
underlying graph.

0.1.1 Ising Model

The Ising model is one of the most studied models in statistical mechanics. It plays a key
role in the rigorous understanding of phase transitions. We refer e.g. to [FV17; Dum23]
for background and key facts.

The model is defined as follows. Let Ω = {−1, 1}n denote the set of spin configurations.
The Ising model is defined through the Gibbs distribution

µJ,h(σ) = 1
ZJ,h

exp
(

1
2
∑

i,j∈[n]Ji,jσiσj +∑
i∈[n]hiσi

)
, σ ∈ Ω, (0.3)

where J = (Ji,j)i,j∈[n] is the interaction matrix, h = (hi)i∈[n] is the external magnetic field,
and ZJ,h is the partition function ensuring normalisation, so that µJ,h is a probability
measure over Ω. We assume that J is a real symmetric matrix and h is a real vector. When
h = 0 we simply write µJ .

When J = aAG, where a ∈ R and AG is the adjacency matrix of an undirected graph
G with n vertices, then µJ,h represents the Ising model on the graph G with external field
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h and interaction strength a. If a > 0 the model is called ferromagnetic, while it is called
antiferromagnetic if a < 0.

A classical example is the Curie–Weiss model (or mean-field Ising model), where the
interaction matrix is given by Ji,j = β/n for all i, j ∈ [n], with β > 0 denoting the inverse
temperature. This corresponds to the Ising model on the complete graph with interaction
strength a = β/n. Other examples include disordered systems such as the Sherrington–
Kirkpatrick model, where Ji,j = β√

n
gij , where gij = gji, i < j, are i.i.d. standard normal

random variables, or the Ising model on a random d-regular graph with interaction strength
a ∈ R, where d ≥ 3 is a fixed integer, in which case J = aAG, where AG is the adjacency
matrix of a random d-regular graph with n vertices.

It is well known that if the interaction is sufficiently weak, the Gibbs measure exhibits
rapid decay of correlations, and the system can be sampled efficiently through Markov
chain algorithms such as Glauber dynamics; see [Mar97] for a comprehensive review in the
case of the integer lattice. Weakness of the interaction can be formulated in several ways.
A classical approach is to use a Dobrushin condition, see [Dob68] and [Hay06]. We also
refer to [CLV23; Bla+22] and references therein for some recent extensions based on the
concept of Spectral Independence introduced in [ALG21].

Here we study a nonlinear counterpart of the above classical results. That is, the linear
evolution represented by a Markov chain such as Glauber or Kawasaki dynamics, in our
case will be replaced by the quadratic evolution defined by a dynamical system such as
(0.1).

We shall see that for a natural class of collision kernels, whose definition depends on J ,
one can obtain a general convergence result stating that the nonlinear process converges, for
all initial distributions, to the target Gibbs measure (0.3) for a suitable choice of external
fields h. Here an important role is played by the conservation laws of the dynamical
system. Moreover, we shall obtain quantitative convergence statements under a suitable
weakness hypothesis on the interaction J . Our results for the Ising model are obtained in
collaboration with P.Caputo and have recently appeared in the paper [CM25].

0.1.2 Hardcore Model

In this model, a configuration assigns to each site an occupation variable σi ∈ {0, 1},
subject to the hardcore constraint: no two adjacent sites can be simultaneously occupied.
In other words, a configuration is an independent set of the graph G.
Formally, given a graph G = (V,E) with |V | = n, let ΩG denote the set of independent
sets of G, i.e. configurations σ ∈ {0, 1}n such that σiσj = 0 for all {i, j} ∈ E. The Gibbs
measure with parameter λ > 0 is

µG,λ(σ) = λ|σ|

ZG(λ) 1(σ ∈ ΩG), |σ| = ∑
i σi, (0.4)

where ZG(λ) = ∑
σ∈ΩG

λ|σ| is the partition function, which normalizes the measure. The
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parameter λ plays the role of a fugacity: larger values of λ favor configurations with more
occupied sites. In analogy with the weak interaction regime for the Ising model, one can
find a low-fugacity regime, often called the uniqueness regime for the hardcore gas, such
that the model exhibits rapid decay of correlations and natural randomized algorithms
such as Glauber dynamics provide efficient sampling, see e.g. [ALG21; CLV23].

In this setting, the uniqueness threshold is given by

λc(∆) = (∆− 1)∆−1

(∆− 2)∆ , (0.5)

where ∆ denotes the maximum degree of G.
This value can be understood as the critical fugacity of the infinite ∆-regular tree:

for λ ≤ λc(∆) there exists a unique infinite-volume Gibbs measure, while for λ > λc(∆)
uniqueness fails, marking the presence of a phase transition [Kel85]. This threshold is also
sharp from a computational perspective, see [Wei06] and [Sly10; SS12; GŠV16]. We refer
to Section 0.4 for a full explained computational picture.

In our work, we shall develop a nonlinear counterpart to the above picture. Namely, we
study convergence to stationarity of a nonlinear process of the form (0.1), for a collision
kernel, whose definition depends on the graph G, that will guarantee the convergence
to the Gibbs distribution (2.1) for a suitable choice or λ. As we will see, the collision
conserves the initial density and thus, given any initial distribution p on ΩG, we obtain
convergence to the target µG,λ, where λ is such that µG,λ and p have the same density
α. This picture holds provided α < 1/(∆ + 1). Moreover, we shall derive quantitative
convergence results in the uniqueness regime, that is for initial densities corresponding to
a fugacity λ < λc(∆). The conservation law also makes these dynamics natural candidates
for sampling: since the density is preserved along the evolution, the process converges to
the target measure without any knowledge of the corresponding fugacity, which is precisely
the situation one faces when the model is parameterized by its density rather than by λ.
Direct simulation of the nonlinear evolution is prohibitively expensive, but this can be
bypassed by approximating it with a finite particle system, which yields polynomial-time
samplers both at prescribed density and, using a different collision kernel, at prescribed
marginal vector. We discuss this in Section 0.4. All our results for the hardcore model are
obtained in collaboration with P. Caputo, Z. Chen, M. Abbaszadeh, and A. Sinclair, and
is appeared recently in the paper [Min+26].

0.2 Exchange dynamics

To define equation (0.1) for these models, it is convenient to work with the following version
of the kernel Q introduced in (0.2). Rather than specifying only the law of the output
configuration τ , we prescribe the joint law of the pair (τ, τ ′) produced by the collision: this
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is encoded in a kernel Q(σ, σ′; τ, τ ′), related to Q by

Q(τ | σ, σ′) =
∑
τ ′

Q(σ, σ′; τ, τ ′).

Working at the level of pairs is natural for exchange dynamics, where (τ, τ ′) is obtained from
(σ, σ′) by swapping spins, and makes the conservation laws of the dynamics transparent.

The precise definition of the kernel Q will be given in later sections. For the moment,
let us only observe that Q consists of two main ingredients: a mechanism, which prescribes
how the new pair (τ, τ ′) is generated from (σ, σ′) and encodes the conserved quantities
of the system, and a rate, which determines the likelihood of each such transition as a
function of the current configurations. These nature of the kernel determines the family of
stationary measures of the nonlinear process.

We focus on exchange models: when two configurations σ and σ′ collide, they produce a
new pair by exchanging one spin of σ with one spin of σ′. For the hardcore model we allow
exchanges between σℓ, σ

′
k, where k, ℓ are pairs of sites chosen uniformly at random. In the

case of the Ising model we have an additional layer of structure, in that we exchange σℓ, σ
′
k,

where ℓ ∈ [n] is chosen uniformly at random, and k is chosen according to the distribution
K(ℓ, ·), where K is a symmetric stochastic matrix, the transport kernel.

Two transport kernels play a central role in this thesis. The single-site model corresponds
to K = I, so that only spins at the same site may be exchanged. The mean-field model
corresponds to K(ℓ, k) = 1/n for all ℓ, k, so that every pair of sites is exchanged with
equal probability. Both are special cases of the multi-component mean-field model: given a
partition A of the site set [n], the kernel KA allows exchanges uniformly within each block
of A and forbids exchanges across different blocks. See Subsection 1.1.1 for a detailed
definition.

In the Ising model, the proposed exchange is accepted with a probability that depends
on the Gibbs weights of the configurations involved in the swap, chosen so as to make
the kernel Q reversible with respect to the product µJ ⊗ µJ . In the hardcore model,
the exchange is accepted whenever it produces two valid independent sets, and rejected
otherwise. In both cases the collision kernel Q satisfies the detailed balance condition with
respect to the product of two copies of the target Gibbs measure, which guarantees that
every measure in the target family is a stationary solution of equation (0.1).

We refer to later sections for a detailed discussion. For the time being, we point out
that in both models the total spin count is conserved by each collision. It follows that in the
hardcore model the density α(pt) = 1

nEσ∼pt [|σ|] is a conserved quantity, and the nonlinear
dynamics will converge to the unique stationary distribution of the form (2.1) with the same
density as the initial distribution p0. Similarly, in the Ising model with transport kernel
KA, the dynamics preserves the A-magnetization profile mA(pt), defined as the vector of
average magnetizations within each block of A, and the nonlinear dynamics will converge
to the unique stationary distribution of the form (0.3) with the same magnetization profile
as the initial distribution p0.
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0.3 Main results

We now state the main results of the thesis. We present them for the two models separately,
following the order in which the arguments are developed.

0.3.1 Qualitative convergence.

The first result establishes that, for the Ising model, the exchange dynamics always converges,
regardless of the interaction strength. The notion of convergence we use throughout is the
total variation distance, defined for two probability measures p, q ∈ P(Ω) by

∥p− q∥T V = 1
2
∑
σ∈Ω
|p(σ)− q(σ)|.

Theorem 0.1 (Convergence — Ising model, informal; see Theorem 1.5). Let J ∈ Rn×n be
any symmetric interaction matrix and let K be any symmetric stochastic matrix with irre-
ducible components forming a partition A. For any initial state p0 whose A-magnetization
profile is non-degenerate, the solution pt of the nonlinear exchange dynamics (0.1) satisfies

∥pt − µJ,h∥T V −→ 0 as t→∞,

where h is the unique external field, constant on each block of A, such that µJ,h has the
same A-magnetization as p0. Moreover, the A-magnetization profile is constant along the
evolution.

Theorem 0.2 (Convergence — hardcore model, informal; see Theorem 2.2). Let G be any
graph with maximum degree ∆ ≥ 3. For any initial state p0 with density α(p0) ∈ (0, 1

∆+1),
the solution pt of the mean-field hardcore exchange dynamics satisfies

∥pt − µG,λ∥T V −→ 0 as t→∞,

where λ = λ(p0) is the unique fugacity such that µG,λ has density α(p0). Moreover, the
density is constant along the evolution.

We note that Theorem 0.2 holds for densities up to 1/(∆ + 1). This is optimal since
already with density α = 1/(∆ + 1) one can have an example violating the convergence in
Theorem 0.2. For example, take the complete graph with ∆ + 1 vertices and consider the
probability measure which gives mass 1/(∆ + 1) to each singleton. In this case one has
α(p) = 1/(∆ + 1) and the system is frozen at the initial state with pt = p for all t ≥ 0.

The proofs of both theorems rest on a common strategy. The first ingredient is the
H-theorem: the relative entropy is non-increasing along the dynamics for any fixed Gibbs
measure µ, and the monotonicity is strict at a non-stationary state. The second ingredient
is an irreducibility property: along any trajectory, the probability of every configuration
eventually becomes and stays uniformly bounded away from zero. Together, these two
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facts force convergence to the unique stationary state selected by the conserved quantity;
see Section 1.2 for the Ising Case and Section 2.2 for the Hardcore Case.

This approach to the convergence of quadratic systems has its roots in the classical
theory of the Boltzmann equation and the subsequent developments in the context of
Mass Action Kinetics [Fei19]. In our context it was used by [RSW92] for non-interacting
recombination models, and was subsequently developed in [CS24b] for the interacting
single-site Ising dynamics. In both cases the argument to obtain the irreducibility relies on
a fragmentation structure that is available only when exchanges are restricted to spins with
the same label. When the transport kernel K allows exchanges between spins at different
sites, a new difficulty arises: the fragmentation alone is no longer sufficient, and must be
combined with a mixing step induced by K within each block of the partition A. For the
Ising model our analysis covers all symmetric transport kernels.

For the hardcore model the proof of irreducibility is rather different. A key feature of
the irreducibility argument for the Ising model is that it can be reduced to the convergence
of the same model in the non-interacting case J = 0, which is simple and tractable. This
reduction is not available for the hardcore model: the hard exclusion constraint cannot
be relaxed, and there is no simple non-interacting limit to compare the system with. The
irreducibility argument therefore requires genuinely new combinatorial ideas, developed in
[Min+26] for the first time; see Subsection 2.2.2.

0.3.2 Quantitative entropy decay.

The qualitative convergence results stated above give no information on the speed of
convergence. A natural quantity to measure this speed is the relative entropy (or KL-
divergence) of pt with respect to the target Gibbs measure: for ν, µ ∈ P(Ω),

H(ν | µ) =


∑
σ∈Ω

ν(σ) log ν(σ)
µ(σ) if ν ≪ µ,

+∞ otherwise,
(0.6)

where ν ≪ µ denotes absolute continuity of ν with respect to µ. By Pinsker’s inequality,

∥pt − µ∥2T V ≤ 1
2 H(pt | µ),

the decay in relative entropy also implies decay of total variation distance to stationarity.
A classical feature of nonlinear dynamics of Boltzmann type is that relative entropy is
non-increasing along solutions; this is the content of the celebrated H-theorem, which
has been at the heart of kinetic theory since Boltzmann’s original work. The H-theorem
identifies H(pt | µ) as a Lyapunov functional, but does not by itself say at what rate this
functional decays.
Exponential decay of the relative entropy H(pt | µ) is equivalent to a functional inequality
relating H(pt | µ) to its time derivative, which gives rise to a nonlinear variant of the
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so-called modified logarithmic Sobolev inequality (MLSI). Establishing such nonlinear MLSI
inequality is notoriously difficult: in the Boltzmann setting, this is known as the Cercignani’s
conjecture, whose investigations led to impressive developments in the last few decades,
see e.g. [Vil03].
In the linear Markov chain setting, by contrast, the corresponding family of inequalities,
namely the standard log-Sobolev inequality and its modified version, is one of the most
studied tools for quantifying convergence to equilibrium of Markov chains; see e.g. [DS96;
Mar97; CP07; CDP09; Cap23] for an introduction. In recent years there has been substantial
progress [BB19; Ana+21; CP21; Bla+22; HS23; CE22; CS24a; BBD24a].
Our approach is to bridge the nonlinear and linear settings via Kac’s program [Kac56;
Car+10; MM13]: we will show that a nonlinear MLSI for the dynamics pt can be deduced
from a (uniform-in-N) linear MLSI for an associated N -particle system. This reduces the
nonlinear inequality to a linear one, at the price of having to deal with a high-dimensional
setting.

The main quantitative contributions of this work are the following two theorems, one
for each model.

Theorem 0.3 (Entropy decay — Ising model, informal; see Theorem 1.7). Let J ∈ Rn×n be
nonnegative definite with largest eigenvalue λ(J) < 1

2 , and let J = maxi
∑

j |Jij |. For any
partition A of [n] and any initial state p0, the solution pt of the nonlinear multi-component
mean-field Ising exchange dynamics satisfies

H(pt | µJ,h) ≤ H(p0 | µJ,h) e−rt/n, t ≥ 0,

where h is the unique external field compatible with the A-magnetization of p0, and the rate
satisfies

r ≥ 1
8(1− 2λ(J))2 e−16J .

For the next result we introduce the critical density

αc(∆) = λc(∆)
1 + (∆ + 1)λc(∆) , (0.7)

This corresponds to the occupation ratio of the complete graph with ∆ + 1 vertices for the
hardcore model with fugacity λc(∆), see [DP23].

Theorem 0.4 (Entropy decay — hardcore model, informal; see Theorem 2.4). Let G be a
graph with maximum degree ∆ ≥ 3. For any γ, δ > 0 and any initial state p0 with density
α(p0) ∈ (γ, (1− δ)αc(∆)), the solution pt of the mean-field hardcore exchange dynamics
satisfies

H(pt | µG,λ) ≤ e−rt/nH(p0 | µG,λ),

for a rate r = r(γ, δ,∆) > 0, where λ = λ(p0) is the unique fugacity matching the density
of p0.
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The rate in Theorem 0.3 is of order 1/n, which is optimal: even at zero interaction
(J = 0), the relative entropy cannot decay faster than e−ct/n for some constant c > 0;
see [CS24b]. It is also uniform over all choices of partition A and all values of the conserved
magnetization. To our knowledge, Theorem 0.3 is the first instance of a high-dimensional
interacting spin system for which Kac’s program can be fully implemented quantitatively,
yielding uniform exponential relative entropy decay independent of the conserved quantities.
It is worthy of note that this situation is in sharp contrast with the classical Boltzmann-Kac
model in kinetic theory; see [Kac56; Vil02; Car+10].

Both theorems are proved by implementing Kac’s program: one lifts the nonlinear
equation to a linear mean-field N -particle system, proves a uniform MLSI for it, and
transfers the estimate back to the nonlinear equation as N →∞ via Entropic and Fisher
Chaos, which in turn are based on the Local Central Limit Theorem. The two models
require different constructions of the particle system and different methods to establish the
MLSI, reflecting their different structures.

For the Ising model, the N -particle system is a reversible Markov chain on {−1,+1}Nn

whose invariant measure is µ⊗N
J conditioned on a fixed A-magnetization profile, the multi-

canonical Ising measure. Inspired by recent work on Kawasaki dynamics [BBD24a], we
derive the uniform MLSI for this system (Theorem 1.10) by using stochastic localisa-
tion [CE22; BBD24b]. This technique allows us to decompose the multi-canonical measure
into a mixture of simpler measures, for each of which the the MLSI can be derived from
log-concavity of the associated generating polynomials [CGM21; Ana+22] ; see Subsection
1.4.3 and Subsection 1.4.4. The quantitative transfer between components uses entropy
factorisations in the spirit of the recent work [CCP25].

For the hardcore model, the N -particle system is a Kawasaki-type exchange dynamics
on fixed-size independent sets of the disjoint union of N copies of G. Following the recent
works [Jai+23; JPV26], we prove the MLSI for this exchange dynamics by first reducing
the density to a low-enough value, and then by proving a Log-Sobolev inequality for the
Down–Up walk on fixed-size independent sets; see Section 2.4.

0.3.3 Wasserstein contraction.

Alongside the entropy-based results, we establish exponential decay in the L1-Wasserstein
distance induced by the Hamming metric. Recall that the Hamming distance between two
configurations σ, σ′ ∈ Ω is |Dσ,σ′ | = #{i ∈ [n] : σi ̸= σ′

i}; the corresponding Wasserstein
distance on P(Ω) is

W1(p, q) = inf
π∈Γ(p,q)

∑
σ,σ′∈Ω

π(σ, σ′) |Dσ,σ′ |, (0.8)

where Γ(p, q) is the set of couplings of p and q. This distance is methodologically significant
for two reasons. First, unlike the total variation distance — which, as noted in [CLL25],
need not be monotone along the nonlinear dynamics — W1 is monotone decreasing along
the nonlinear evolution, making it a natural Lyapunov functional. Second, the proof
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is direct: it rests on an explicit coupling of two solutions starting from different initial
conditions, without any auxiliary particle system or functional inequality. Kac’s program,
by contrast, requires a Local Central Limit Theorem, a uniform MLSI for the N -particle
system, and Entropic Chaos estimates. The two approaches are thus complementary:
Wasserstein contraction is simpler and self-contained; on the other hand, entropy decay
requires more work while covering a larger temperature range in the Ising model, and a
larger density range in the hardcore model.

Theorem 0.5 (Wasserstein contraction, informal; see Theorems 1.11 and 2.3). The
following exponential decay in W1 holds.

• (Nonlinear multi-component mean-field Ising Model.) If J = maxi
∑

j |Jij | < 1
10 , then

for any initial state p0,

W1(pt, µJ,h) ≤ W1(p0, µJ,h) e−εt/n, ε = 1
2(1− 10J),

where h is the unique external field compatible with the A-magnetization of p0.

• (Nonlinear Hardcore model.) If α(p0) < 1
3(∆+1) , then

W1(pt, µG,λ) ≤ W1(p0, µG,λ) e−εt/n, ε = 1− 3(∆ + 1)α(p0),

where λ = λ(p0) is the unique fugacity matching the density of p0.

We remark that, in both cases, one has

∥pt − µ∥T V ≤ n e−εt/n,

since ∥p − q∥T V ≤ W1(p, q) ≤ n for all p, q ∈ P(Ω). The rate ε/n has the correct n-
dependance: even at zero interaction, the bound decays no faster than e−ct/n for some
constant c > 0; see [CS24b; RRS98]. For the Ising model, Wasserstein contraction requires
J < 1/10, which is more restrictive than the λ(J) < 1/2 of Theorem 0.3, so entropy decay
covers a strictly larger regime at the cost of a deeper analysis. Similarly, for the hardcore
model, the Wasserstein condition on the density is more restrictive than the density range
in Theorem 0.4.

0.4 Sampling Hardcore Model with nonlinear dynamics

Sampling from discrete high-dimensional distributions is a fundamental problem in computer
science. Many important applications, such as statistical estimation, causal inference, and
experimental simulation, rely on massive samples drawn independently and approximately
from a complex target distribution. Developing fast samplers for general distributions is
thus a crucial task. In this thesis we focus on the hard-core model, and in particular on the
sampling problem associated with nonlinear dynamics.
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One of the most popular methods for generating samples approximately from a target
distribution is the Markov Chain Monte Carlo (MCMC) method. This involves simulating
a suitable Markov chain for a sufficiently long period and outputting the final state. Among
the various MCMC methods, Glauber dynamics, also known as the Gibbs sampler, is a
standard approach widely used in many applications. At each step, this dynamics picks a
random coordinate and updates it according to the conditional marginal distribution with
all other coordinates fixed.

The Glauber dynamics for the hard-core model has a simple description. If the current
state is σ ∈ ΩG, we pick a vertex v ∈ V uniformly at random and let σ′ := σ ∪ {v}. If
σ′ /∈ ΩG, then we set the new state τ = σ; otherwise, we set τ = σ′ with probability λ

1+λ ,
and τ = σ′ \ {v} with the remaining probability 1

1+λ . It is easy to verify from elementary
Markov chain theory that this process is ergodic (i.e., irreducible and aperiodic) and
converges to the Gibbs distribution µG,λ as the number of updates tends to infinity. Its
utility as an algorithm for sampling from µG,λ thus depends on its rate of convergence.

Let ∆ be the maximum degree of the graph. Recent research has determined the exact
threshold λc(∆) as in (0.5) for the phase transition between fast and slow convergence of
the Glauber dynamics. Specifically, the Glauber dynamics converges rapidly whenever
λ ≤ λc(∆) [ALG21; Che+22; CE22; Che+25], and can be exponentially slow when
λ > λc(∆) [MWW09].1 Here, the speed of convergence is characterized by the mixing
time, which is the time until the distribution of the chain is close to µG,λ in total variation
distance. Thus, Glauber dynamics provides an efficient sampling algorithm for the hard-core
model at all fugacities λ ≤ λc(∆).

While fugacity is the classical parameterization of the hard-core model in statistical
physics, many modern applications actually call for alternative parameterizations in terms
of the density or occupancy probabilities of vertices in the independent set. The density of
the hard-core model, defined as

α = α(µG,λ) := 1
n
EµG,λ

[|σ|],

describes the average (normalized) size of an independent set drawn from the hard-core
model.2 The map λ 7→ α(µG,λ) is strictly increasing and gives a one-to-one correspondence
between the fugacity λ ∈ (0,∞) and the density α ∈ (0, imax/n), where imax is the size of
a largest independent set; see Appendix B.1.2. Thus, we can alternatively parameterize
the hard-core model using α and represent its Gibbs distribution as µα

G. This approach
is applicable when we want to sample at a specific density but do not have access to the
corresponding fugacity.

We can extend the density to a finer parameterization in terms of the vector of marginal
occupation probabilities of the vertices. To introduce this, we first consider a generalized

1This computational phase transition actually coincides exactly with a physical phase transition on the
∆-regular tree, defined by the onset of long-range correlations between vertices in the independent set; see,
e.g., [Wei06].

2Throughout, we write n = |V | for the number of vertices in G.
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version of the hard-core model in which each vertex has a distinct fugacity. Given a vector
of positive fugacities λ = (λv)v∈V ∈ (0,∞)V , we define the Gibbs distribution as

µG,λ(σ) = 1
ZG(λ)

∏
v:σv=1

λv, where ZG(λ) :=
∑

σ∈ΩG

∏
v:σv=1

λv.

If λv = λ for all v ∈ V , we recover the hard-core model µG,λ with uniform fugacity λ. We
now define the marginal vector m = (mv)v∈V ∈ (0, 1)V as

mv = Pr
σ∼µG,λ

(σv = 1).

Analogously to the bijection between fugacity λ and density α mentioned above, there is
also a one-to-one correspondence between the fugacity vector λ ∈ (0,∞)V and the marginal
vector m ∈ P◦

IS; see Appendix B.1.1. Here, PIS denotes the independent set polytope (i.e.,
the convex hull of vectors in ΩG), and P◦

IS its interior. Therefore, the hard-core model
can alternatively be parameterized using the marginal vector m, with associated Gibbs
distribution denoted by µm

G .
In this thesis, we study the sampling problem when we are given either the density α or

the marginal vector m, while the corresponding fugacity λ or, respectively, fugacity vector
λ are unknown to us. The Gibbs distribution µα

G or µm
G is known as the maximum entropy

distribution: it is the unique distribution supported on ΩG that achieves maximum entropy,
when either the density or the marginal vector is fixed [Jay57a; Jay57b]. Maximum entropy
distributions have been extensively studied for their applications in exponential families,
machine learning, and combinatorial optimization: see, e.g., [Kap89; WJ08; OSS11; SV14b;
Asa+17; SV19; CKV20; MSP22] for representative examples.

As a concrete toy example, consider a social network in which edges between two
people represent mutual friendships. We want to select a committee from a distribution
that is “as random as possible” (to prevent predictability or manipulation), subject to the
constraints that no two selected individuals are friends and that each individual v is chosen
with a given probability mv (e.g, one important scenario is to set mv = c uniformly across
individuals, thereby ensuring fairness of the selection). To achieve this, we should sample
from the maximum entropy distribution over independent sets with marginal vector m,
which corresponds to the Gibbs distribution µm

G .
It is important to note that, without access to the fugacity parameter(s) λ or λ, we

cannot implement the Glauber dynamics for the hard-core model specified by a density α
or a marginal vector m. Indeed, the classical approach to this problem is to first estimate
the fugacity parameter(s) given the density or marginals, and then use Glauber dynamics.
This approach is known as solving the “inverse problem”, and is well studied; see [NZB17]
for a survey and [SV14b; BGS14; Mon15] for related results. Solving the inverse problem
is in general a complex learning task relying on methods such as bisection or gradient
descent, and involves tuning multiple parameters and the use of sampling or inference as
subroutines. In the appendix, we sketch these approaches in the context of the hard-core
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model and compare them with our new algorithms.
This discussion motivates the central question we aim to address in this thesis, namely:

• Is there an efficient and easy-to-implement stochastic process that samples directly
from the hard-core model with a given density or marginal vector?

0.4.1 Nonlinear dynamics as Gibbs sampler

To address the algorithmic question above we consider a discrete time version of (0.1)
specialized to independent sets. Namely, one iteration of the discrete-time dynamics is
described by the quadratic map

T : p 7→ p ◦ p :=
∑

σ,σ′∈ΩG

p(σ)p(σ′)Q(· | σ, σ′), (0.9)

where Q is based on exchange dynamics described in Section 0.2. For our sampling problem,
we consider two different types of exchange collision kernels: mean field, suited for the
density parameterization, and the second, single site is suited to the marginal vector
parameterization. Recall that the mean-field kernel allows exchanges between any pair of
vertices, while the single-site kernel only allows exchanges at matching vertices. We call
the associated nonlinear dynamics, defined as in (0.9), the mean-field and the single-site
dynamics respectively, and denote their one-step maps by Tmf and Tss.We refer to Figure 1
for an illustration.

σ

σ′ 

τ

τ′ 

v

u

v

u

mean-field

exchange

σ

σ′ 

τ

τ′ 

v

v

v

v

single-site

exchange

Figure 1: An illustration of the mean-field (left) and single-site (right) exchange kernels.

We can now explain why nonlinear dynamics are well suited to the sampling problem
we want to solve. First, updates in nonlinear dynamics do not require knowledge of
the fugacities. Second, as follows directly from the definitions of the corresponding
collision kernels, the mean-field dynamics preserves the density, i.e. α(Tmf(p)) = α(p)
for all distributions p over ΩG, while the single-site dynamics preserves the marginal
vector, i.e. m(Tss(p)) = m(p); see Lemma 2.11 for the mean-field case. Moreover, both
dynamics converge to a Gibbs distribution, a non-trivial fact stated in Proposition 0.6
below. Consequently, when initialized with the desired density or marginal vector, they
converge to the corresponding maximum entropy distribution.
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Proposition 0.6 ([Min+26]). Consider the mean-field and single-site nonlinear dynamics
on independent sets in a graph G = (V,E) of maximum degree ∆.

(1) If p is a distribution on ΩG with density α = α(p) satisfying 0 < α < 1
∆+1 , then

lim
t→∞

T t
mf(p) = µα

G.

(2) If p is a distribution on ΩG with marginal vector m = m(p) satisfying 0 < mv <
1

∆+1
for all v ∈ V , then

lim
t→∞

T t
ss(p) = µm

G .

We omit the proof, which amounts to establishing an irreducibility property for the
discrete-time process: for all large enough times, every state is reached with positive
probability, uniformly over the initial distributions. For the mean-field kernel, this property
is proved in the continuous-time setting in Section 2.2.2, and the argument adapts easily
to discrete time; the single-site kernel is handled similarly. Full details can be found in
[Min+26, Propositions 3.5 and 3.7], for the mean-field and the single-site case respectively.

While nonlinear dynamics in principle provide a simple and elegant solution to our
sampling problem, a number of substantial technical challenges remain if we are to turn
this idea into an efficient algorithm. First, in contrast to linear Markov chains, which have
a well-established theoretical foundation and extensive literature, research on nonlinear
dynamics is very limited. For instance, we have a comprehensive understanding of the
convergence of Markov chains, under simple conditions, at an exponential rate. However,
for nonlinear Markov chains, there are no general conditions that ensure convergence, at
any rate, to a unique stationary distribution.3 Additionally, many techniques, such as
coupling and functional inequalities, that have been successfully applied to the analysis of
the speed of convergence, or mixing time, of Markov chains do not have immediate analogs
in the nonlinear case.

Furthermore, while nonlinear dynamics may be straightforward to describe, their
efficient implementation is not trivial. As is clear from (0.9), each iteration of the dynamics
requires two independent samples from the current state. Consequently, to obtain a sample
after t iterations, 2t independent samples from the initial distribution are needed, which
is computationally prohibitive. In contrast, a linear Markov chain can be simulated by
following the trajectory of a single sample.

3Notable exceptions for general nonlinear Markov chains are [And+11] and [But14], but the conditions
for convergence that these works require are far too restrictive to apply in our setting. A famous open
problem known as the “Global Attractor Conjecture” [Fei19] postulates the convergence of any nonlinear
dynamics under fairly mild conditions.
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0.4.2 Algorithms via particle systems

The direct implementation of nonlinear dynamics can be prohibitive because generating a
single sample from T (p) requires two independent samples from p. Consequently, producing
an output from T t(p) after t iterations necessitates 2t independent samples from the initial
distribution p.

Applying Lemma 2.15 iteratively, used in the proof of Theorem 0.5, and comparing
the Wasserstein and total variation distances, one deduces that for every distribution
p ∈ P(ΩG) with α(p) < 1

3(∆+1) ,

∥T t
mf(p)− µα

G∥TV ≤ n e−εt/n,

where ε := ε(α) is as prescribed in the lemma. This means that our mixing time is
t = O(n logn) and the overall runtime becomes exponential. We claim that similar result
of Lemma 2.15 can be established for the single site case, leading to the same negative
conclusion for Tss, see [Min+26, Theorem 4.3 and Lemma 4.4].

We can overcome this obstacle using the idea of particle systems, a concept from
kinetic theory dating back to Mark Kac [Kac56]. The idea is to approximate the nonlinear
evolution via a finite population of N particles σ(i), i = 1, . . . , N , each represented by an
independent set σ(i) ∈ ΩG, which undergo pairwise collisions

(σ(i), σ(j)) 7→ (τ (i), τ (j))

where the pair (τ (i), τ (j)) is obtained from the pair (σ(i), σ(j)) through the exchange of
two bits σ(i)

v and σ
(j)
u , according to a choice of sites u, v that matches the behavior of

the nonlinear collision kernel. This evolution is actually a (linear) Markov chain on the
set ΩN

G ; crucially, it is efficiently implementable (provided N is not too large). Moreover,
one expects that if the number of particles N is sufficiently large, then the particle system
should approximate the evolution of the nonlinear dynamics. In particular, since the
nonlinear dynamics converges to the desired Gibbs distribution, then after sufficiently
many steps the law of a typical particle should be close to this target measure.

This suggests the following general algorithmic template:

(1) Initialize N particles so that the relevant conserved quantity (density α or marginal
vector m) has the desired value.

(2) Run the corresponding particle-system chain for t steps, where t is large enough.

(3) Output one particle.

The analysis of this algorithm involves two main steps. First, we show that, for N
sufficiently large, the one-particle marginal of the stationary distribution of the particle
system is close to the desired hard-core measure. Second, we bound the mixing time of
the particle-system chain, which determines how large t should be. Combining these two

15



steps shows that the output particle is approximately distributed according to the target
measure in polynomial time.

For the mean-field dynamics, we carry out this program for densities up to the critical
density αc(∆) and obtain a new sampling algorithm for the hard-core Gibbs distribution
parameterized by the density.

Theorem 0.7 (informal version of Theorem 3.9). There is a sampling algorithm (Al-
gorithm 4) such that, for any graph G on n vertices with maximum degree ∆ ≥ 3, any
density δ ≤ α ≤ (1− δ)αc(∆) where δ ∈ (0, 1), and any approximation error ε ∈ (0, 1), the
algorithm runs in time4 Õ(n

ε ) and outputs an independent set from a distribution µalg on
ΩG satisfying

∥µalg − µα
G∥TV ≤ ε.

We note that the critical threshold αc(∆) in Theorem 0.7 is the best possible, beyond
which the sampling problem becomes computationally hard. Specifically, in Theorem 3.11,
we show that there is no polynomial-time algorithm to sample from µα

G for any fixed
α ∈ (αc(∆), 1

∆+1), assuming NP ≠ RP. This result follows from an adaptation of the
approach used in [DP23] for proving the hardness of sampling from µG,λ(· | |σ| = αn)
under the same regime (that is, uniformly random independent sets of size αn).

The proof of Theorem 0.7 follows the two-step strategy mentioned above. For the
first step, let µmf

N,α be the stationary distribution of the mean-field particle-system chain,
where M = ⌊Nnα⌋ is the prescribed total occupation over all particles. This distribution
is uniform over all N -particle configurations with total occupation M . Equivalently, it
can be viewed as N independent samples from µα

G conditioned on the event that the
total number of occupied vertices over all the particles is exactly M . We prove that this
conditioning does not significantly change the law of a typical particle. The intuition is that
M is chosen close to the expected total occupation under the product measure

(
µα

G

)⊗N ,
and fixing one particle σ only changes the required total occupation of the remaining
particles by |σ|, which is at most n. When N is large, this change is small compared to
the fluctuations of the total occupation over all particles. We make this intuition precise
using local central limit theorem estimates, which show that the one-particle marginal of
µmf

N,α is within variation distance ε of µα
G when N = Õ(1

ε ). For the second step, we use
entropy contraction for the mean-field particle system to show that the particle-system
chain converges to µmf

N,α within time Õ(Nn). This step relies crucially on a recent result
from [Jai+23; JPV26], which allows us to obtain a tight entropy production bound for the
particle system at all subcritical densities. Therefore, outputting one particle from the
resulting configuration gives a sample close to µα

G.
We go on to provide an analogous analysis for the particle system simulation of the

single-site dynamics.

4Hereafter, we use Õ(·) to suppress dependencies on (log n, log(1/ε)).
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Theorem 0.8 (informal version of Theorem 3.18). There is a sampling algorithm (Al-
gorithm 6) such that, for any graph G on n vertices with maximum degree ∆ ≥ 0, any
marginal vector m ∈ (0, 1)V such that δ ≤ mv ≤ 1−δ

2(∆+1) for all v ∈ V where δ ∈ (0, 1),
and any approximation error ε ∈ (0, 1), the algorithm runs in time Õ(n3

ε4 ) and outputs an
independent set from a distribution µalg on ΩG satisfying

∥µalg − µm
G ∥TV ≤ ε.

Remark 0.9. In fact, our sampling algorithm works as long as all marginals are less
than 1

ccol(∆+1) , where ccol is the smallest constant such that the Glauber dynamics for
sampling q-colorings on any graph of maximum degree ∆ (not necessarily bounded) mixes in
nearly linear time whenever q ≥ ccol∆. Under the widely believed conjecture that Glauber
dynamics has optimal mixing when q ≥ ∆ + 2, we would achieve the marginal bound 1−δ

∆+1
for any δ ∈ (0, 1), matching the constraint in Theorem 0.6. This would not contradict the
hardness derived from [DP23] as discussed immediately following Theorem 0.7, since that
hardness corresponds to constraints on the global density rather than individual marginals.

The proof of Theorem 0.8 is again based on the two steps as before, but the ingredients
are different from the density case in Theorem 0.7. Let r⃗ = (rv)v∈V be an integer vector
with rv = Nmv, and let µss

N,r⃗ be the stationary distribution of the single-site particle-system
chain. This distribution is uniform over all N -particle configurations in which exactly rv

particles contain vertex v, for every v ∈ V . Equivalently, it can be viewed as N independent
samples from µm

G conditioned on having these exact vertex counts. For the first step, we
show that this conditioning does not significantly change the law of a typical particle. By
a standard relative entropy argument, it is enough to show that the exact-count event has
sufficiently large probability under

(
µm

G

)⊗N . To lower bound this probability, we first use
concentration inequalities and a union bound to show that the vertex counts are close to
their expected values with high probability, and then compare the probabilities of nearby
count classes. This shows that, for N = Õ(n2

ε4 ), the one-particle marginal of µss
N,r⃗ is close

enough to µm
G with ε total variation error. For the second step, we prove rapid mixing of

the single-site particle-system chain by comparing it with Glauber dynamics for proper
colorings of an auxiliary graph constructed from G and r⃗. This gives mixing after Õ(Nn)
many steps. Combining these two steps shows that, after running the chain for its mixing
time and outputting one particle, the output distribution is close to µm

G .
We remark that, while our algorithms based on particle systems are crucially inspired

by the nonlinear dynamics, their analysis does not depend on the convergence rate of those
nonlinear dynamics, nor do they imply such a rate.

We conclude the introduction by comparing our algorithms based on nonlinear dynamics
with more classical approaches that involve solving the inverse problem (i.e., learning the
relevant fugacities given the density or marginal vector). The formal statements and proofs
are included in Appendices B.1.1 and B.1.2, and we summarize them here.
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To sample from µα
G with a specified density α ≤ (1− δ)αc(∆), we can begin by utilizing

the bisection method (as outlined in Algorithm 8) to estimate the corresponding fugacity λ
of the hard-core model. Then, we can generate samples using efficient sampling algorithms,
such as Glauber dynamics, based on this value of λ. The running time of such an algorithm
is Õ( n

ε2 ), whereas our algorithm achieves a faster running time Õ(n
ε ).

To sample from the distribution µm
G with a specified marginal vector m, we can utilize

the gradient descent method (see Algorithm 7) to determine the fugacity vector λ. Once
we have (an estimate of) λ, we can sample from µG,λ using Glauber dynamics. The
running time for this algorithm is Õ(n2

ε2 ), which is more efficient than what we claimed in
Theorem 0.8 for our algorithm. It is thus interesting to see whether our analysis can be
improved to match this quadratic running time. One possibility is to apply strong local
central limit theorems as we did in the mean-field case; however, this becomes technically
much more challenging in the single-site case and the bounds we have been able to obtain
so far are not sufficient to establish the desired result.

The gradient descent algorithm works when all marginal probabilities are less than
αc(∆). We note that our algorithm is potentially effective over the wider range of marginals
up to 1

∆+1 , assuming the widely accepted mixing conjecture on colorings (see Theorem 0.9).
This raises the interesting question of whether the sampler based on gradient descent could
also work efficiently in this regime.

In summary, we see that in the prescribed-density case, our nonlinear dynamics based
algorithm has a better performance guarantee than the traditional learning method. In
the prescribed-marginal case, however, the performance guarantee for our algorithm is
slightly worse than that of the gradient descent approach. Nevertheless, in both cases, our
algorithms have the advantage of being very simple to implement, involving only the direct
simulation of a particle system of suitable size with no additional computation. Moreover,
they represent a potentially powerful new computational paradigm whose full power is far
from fully understood.

0.5 Overview of the chapters

Chapter 1: Nonlinear Ising Model. This chapter develops all our results for the
Ising model. With the exception of the Wasserstein contraction (Theorem 0.5), the results
of this chapter appeared in the preprint [CM25]. The chapter is organised as follows.
Section 1.2 establishes the structural properties of the nonlinear dynamics: detailed
balance, conservation of magnetization, characterisation of stationary states, and proof
of Theorem 0.1. Section 1.3 contains the proof of Wasserstein contraction (Theorem 0.5
for Ising Model), based on an explicit coupling. Section 1.4 contains the proof of the
uniform MLSI for the particle system, via stochastic localisation and entropy factorisation.
Section 1.5 completes Kac’s program by transferring the MLSI to the nonlinear equation
via Entropic and Fisher Chaos, thereby proving Theorem 0.3.
Chapter 2: Nonlinear Hardcore Model. This chapter studies the nonlinear hard-core
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dynamics with the mean-field kernel and establishes its convergence to equilibrium. Part of
the material comes from joint work with Abbaszadeh, Caputo, Chen, and Sinclair [Min+26].
Section 2.2 establishes structural properties of equation (0.1) and proves Theorem 0.2,
including the irreducibility argument specific to the hard-constraint setting. Section 2.3
contains the proof of Wasserstein contraction (Theorem 0.5 fo the Hardcore model). The
uniform MLSI for the hardcore particle system is proved in Section 2.4. Section 2.5 then
completes Kac’s program for the hardcore model (Theorem 0.4), establishing propagation
of chaos by means of a local central limit theorem.
Chapter 3: Algorithmic Applications to Hardcore Model. We presents the
algorithmic consequences of the nonlinear dynamics for the hard-core model. The material
is joint work with Abbaszadeh, Caputo, Chen, and Sinclair [Min+26]. Section 3.1 introduces
the mean-field and single-site particle systems in discrete time and establishes their mixing
properties. Section 3.2.1 turns these into an algorithm for sampling µα

G at a prescribed
density α as in Theorem 0.7, and Section 3.2.2 proves a matching hardness result, showing
that the regime α < αc(∆) in which the algorithm operates is optimal, see Theorem 3.11
for a detailed statement. Finally, Section 3.2.3 treats the prescribed marginals case, where
the single-site particle system yields a polynomial-time sampler for µm

G , as presented in
Theorem 0.8.

0.6 Related work

Equation (0.1) appears across several fields. In kinetic theory it is a central object
of study [Vil02]; in chemistry it appears as mass-action kinetics [Fei19]; in biology it
models genetic recombination [RSW92; RRS98]; in computer science it underlies genetic
algorithms [Gol89; Mit98] and random sampling [SV14a]. The framework of nonlinear
Markov chains [McK66] provides a convenient unifying language.

The spin-system version of equation (0.1) was introduced as Reversible Quadratic
Systems in [CS18], where relative entropy decay was analysed for recombination models at
infinite temperature. Quantitative mixing and cutoff results for non-interacting models
were subsequently obtained in [CP24; CLL25]. The first quantitative results for an
interacting quadratic system — exponential total variation decay at high temperature for
a single-site model — appear in [CS24b]. The present work extends those results in three
directions simultaneously: arbitrary transport kernels, arbitrary magnetization profiles,
and exponential decay in relative entropy rather than total variation.

Proving exponential entropy decay for kinetic equations is notoriously difficult [Vil03;
Car+10; MM13; Bon+18; EFS20]. Kac’s program and the associated concept of Propa-
gation of Chaos [Kac56] are central tools; we refer to [MM13] for a detailed analysis in
the Boltzmann setting and to [CD22] for a recent survey. In the linear setting, MLSI
inequalities for conservative spin systems (Kawasaki dynamics) under spatial mixing condi-
tions have been studied in [Yau96; CMR02], but they do not provide uniformity in the
number of particles N in the mean-field setting that is relevant to our problem. Our
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approach, inspired by recent developments in Kawasaki dynamics [BBD24a], achieves this
uniformity via stochastic localisation [CE22; BBD24b], entropy factorisation [CCP25],
and the log-concavity of generating polynomials of strongly Rayleigh measures [CGM21;
Ana+22].

For the hardcore model, the Kac program naturally leads to the analysis of an exchange
dynamics for fixed-size independent sets, which is reversible with respect to the canonical
ensemble. Canonical ensembles for the hardcore model were previously studied by Davies
and Perkins [DP23]. The log-Sobolev inequality for the Down–Up walk that underpins
our MLSI is due to [Jai+23; JPV26], which is the first instance of optimal mixing for
sub-critical fixed-size independent sets. To our knowledge, the present work is the first
to study a nonlinear evolution equation of the form (0.1) whose stationary measures are
Gibbs measures of the hardcore model; the hard exclusion constraint makes this setting
genuinely new compared to all previously studied instances of nonlinear spin dynamics.

The exponential decay in terms of Wasserstein distance, stated Theorem 0.5, rests on
coupling techniques that are novel and differ from those used for linear Markov chains. For
instance, considering the nonlinear hardcore model case, the well-known path coupling
argument for Markov chains [BD97] cannot be applied directly to nonlinear dynamics. This
is because creating a path between two independent sets either requires the inclusion of non-
independent sets along the path, or alters the density or marginal vector of the intermediate
independent sets, which poses considerable challenges for analysis. Additionally, the
traditional coupling approach requires showing that the expected one-step contraction in
Hamming distance occurs for two variables X0 and Y0 generated from any pair of coupled
initial distributions p and q. Thus, it is sufficient to consider fixed initializations, such that
X0 = x0 and Y0 = y0 (in other words, p and q are both delta measures). However, for our
analysis, both p and q must have the specified density or marginal vector, and our coupling
analysis critically depends on this fact.

Moreover, these coupling techniques yield a simpler route to convergence results, and at
the same time cover a broader parameter regime. For the single-site dynamics for the Ising
model as in Theorem 0.5, for instance, they give convergence whenever maxi

∑
j |Jij | < 1

10 ,
strictly improving on the range obtained in [CS24b] with a more elaborate recursive
construction.
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Chapter 1

Nonlinear Ising Model

This chapter is entirely devoted to the analysis of the nonlinear exchange dynamics for the
Ising model. The content presented here is based on the article [CM25].
For the sake of completeness, we briefly recall the mathematical definition of the model.
Let Ω = {−1,+1}n denote the spin configuration space. The Ising model is defined through
the Gibbs measure

µJ,h(σ) = 1
ZJ,h

exp

1
2
∑

i,j∈[n]
Ji,j σiσj +

∑
i∈[n]

hi σi

 , σ ∈ Ω,

where J ∈ Rn×n is a symmetric matrix, referred to as the interaction matrix, h ∈ Rn is the
vector of external fields, and ZJ,h is the normalizing partition function.
The results discussed in this chapter were already presented informally in the introduction
of this thesis. Here, we expose them in full detail, providing the complete statements of
the theorems together with their proofs.

1.1 Introduction and main results

1.1.1 The collision kernel

A collision between two spin configurations (σ, σ′) ∈ Ω× Ω consists in the exchange of the
ℓ-th spin of σ with the k-th spin of σ′, that is

(σ, σ′) 7→
(
Sℓ(σ, σ′

k), Sk(σ′, σℓ)
)
, (1.1)

where Sℓ : Ω× {−1, 1} → Ω is the configuration defined as

Sℓ(σ, a)i =

σi if i ̸= ℓ,

a if i = ℓ.

The sites (ℓ, k) at which the exchange occurs are chosen by picking ℓ uniformly at random
in [n] and then by picking k according to a prescribed symmetric stochastic n× n matrix,
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denoted K(ℓ, k), which we refer to as the transport kernel. In order to guarantee the
reversibility of our system with respect to the Ising measure, the proposed exchange (1.1)
is accepted with probability

pJ(ℓ, k |σ, σ′) = µJ(Sℓ(σ, σ′
k))µJ(Sk(σ′, σℓ))

µJ(σ)µJ(σ′) + µJ(Sℓ(σ, σ′
k))µJ(Sk(σ′, σℓ))

, (1.2)

and is otherwise rejected. Summarizing, the pair (σ, σ′) ∈ Ω× Ω produces the new pair
(τ, τ ′) ∈ Ω× Ω according to the probability kernel on Ω× Ω given by

QK
J (σ, σ′; τ, τ ′) = 1

n

n∑
ℓ,k=1

K(ℓ, k) Qℓ,k
J (σ, σ′; τ, τ ′), (1.3)

where, for each pair of sites ℓ, k ∈ [n], Qℓ,k
J is the probability kernel on Ω× Ω defined as

Qℓ,k
J (σ, σ′; τ, τ ′) = pJ(ℓ, k |σ, σ′)1(τ = Sℓ(σ, σ′

k), τ ′ = Sk(σ′, σℓ)) +

+ (1− pJ(ℓ, k |σ, σ′))1(τ = σ, τ ′ = σ′), (1.4)

and we use the notation 1(E) for the indicator function of the event E. If A denotes the
set of equivalence classes corresponding to the irreducible components of the kernel K, it
follows that QK

J satisfies the detailed balance condition with respect to µJ,h ⊗ µJ,h, for any
choice of external fields h ∈ Rn such that h is constant over every subset A ∈ A:

µJ,h(σ)µJ,h(σ′)QK
J (σ, σ′; τ, τ ′) = µJ,h(τ)µJ,h(τ ′)QK

J (τ, τ ′;σ, σ′),

for arbitrary (σ, σ′), (τ, τ ′) ∈ Ω× Ω and h ∈ Rn such that hi = hj for all i, j ∈ A, for all
A ∈ A; see Lemma 1.13.

In conclusion, for any given interaction J ∈ Rn×n, and any transport kernel K, we have
constructed a probability kernel QK

J on Ω×Ω, which satisfies the detailed balance condition
with respect to µJ,h ⊗ µJ,h, independently of the choice of h, provided h is constant over
the irreducible components of K.

Nonlinear dynamics

Let P(Ω) denote the set of probability measures on Ω. Given the collision kernel QK
J , the

nonlinear evolution on P(Ω) is defined by the dynamical system

dpt

dt
= pt ◦ pt − pt, p0 = p, (1.5)

for some initial value p ∈ P(Ω), where p ◦ q ∈ P(Ω), for p, q ∈ P(Ω), denotes the
commutative collision product defined as

p ◦ q (τ) = 1
2

∑
σ,σ′,τ ′∈Ω

(
p(σ)q(σ′) + p(σ′)q(σ)

)
QK

J (σ, σ′; τ, τ ′). (1.6)
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Note that this has the form (0.2) with

Q(τ | σ, σ′) = ∑
τ ′∈ΩQK

J (σ, σ′; τ, τ ′) .

For any J ∈ Rn×n and any stochastic matrix K, the Cauchy problem (1.5) has a unique
solution pt ∈ P(Ω), t ≥ 0, for any initial state p ∈ P(Ω). This can be seen by standard
existence and uniqueness results, see e.g. [BBS15] for related statements. Moreover, a
representation of the solution based on random binary trees can be obtained, see e.g.
[CCG00; CP24; CLL25] for similar constructions. Here, we are interested in the structure
of the stationary states of (1.5), that is the set of p ∈ P(Ω) such that pt ≡ p, and in
the analysis of the convergence to stationarity. As we will see, the set A of irreducible
components of the kernel K determines the conservation laws of the dynamical system
(1.5) and the set of stationary states is fully determined by J and A. The following are
some examples of kernels K to keep in mind.

Example 1.1 (Single-Site Dynamics). If K(i, j) = 1(i = j) for all i, j ∈ [n], exchanges are
allowed only between spins at the same site. With the notation (1.4), the collision kernel
is given by

QK
J (σ, σ′; τ, τ ′) = 1

n

n∑
ℓ=1

Qℓ,ℓ
J (σ, σ′; τ, τ ′) .

In this case the partition associated to K is made of singletons: A = ({i}, i ∈ [n]). The
system (1.5) is the continuous-time counterpart of the nonlinear Single-Site Dynamics
introduced in [CS24b].

Example 1.2 (Mean-Field Exchange Dynamics). If K(i, j) = 1/n for all i, j ∈ [n], the
proposed exchanges are uniformly chosen between all pairs of sites. The collision kernel is
given by

QK
J (σ, σ′; τ, τ ′) = 1

n2

n∑
ℓ,k=1

Qℓ,k
J (σ, σ′; τ, τ ′) .

In this case the partition A consists of a single component A = {[n]}, and the process (1.5)
is a nonlinear analogue of a mean-field Kawasaki dynamics.

The two examples discussed above are both covered by the general class of examples
defined as follows.

Definition 1.3 (Multi-component Mean-Field Exchange Dynamics). Fix an arbitrary
partition A of [n], and define the matrix K = KA by

KA(ℓ, k) =


1

|A| , if ℓ, k ∈ A for some A ∈ A,

0, otherwise,
(1.7)

In this case, the nonlinear dynamics associated to the kernel QK
J in (1.3) is referred to as

the Nonlinear Multi-component Mean-Field Exchange Dynamics.
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Definition 1.4. Given a partition A of [n], and p ∈ P(Ω), we define the A-magnetization
profile as the vector

mA(p) = (m(p,A) , A ∈ A) , m(p,A) = 1
|A|

∑
ℓ∈A

p[σℓ] ,

where p[σℓ] is the expected value of the spin at site ℓ according to p. The vector mA(p) is
in [−1, 1]A, and we say that p is A-regular if mA(p) ∈ (−1, 1)A, that is if |m(p,A)| ≠ 1 for
all A ∈ A. We write PA(Ω) for the set of p ∈ P(Ω) that are A-regular.

We note that in Example 1.1, specifying the vector mA(p) ∈ [−1, 1]n is equivalent to
giving all the single-site marginals of p, while in Example 1.2, mA(p) ∈ [−1, 1] is just the
global mean magnetization of p.

The fist result is the following general convergence theorem, which summarizes the
main properties of our nonlinear dynamical system. We use the notation ΓA ⊂ Rn for the
set of external fields that are constant over each element of the partition A:

ΓA = {h ∈ Rn : hi = hj , ∀i, j ∈ A , ∀A ∈ A}.

It can be shown that for each p ∈ PA(Ω) there is a unique vector h ∈ ΓA depending only
on J and mA(p), such that mA(p) = mA(µJ,h); see Lemma 1.14.

Theorem 1.5. Fix a symmetric matrix J ∈ Rn×n and a symmetric stochastic n × n

matrix K. Let A denote the partition of [n] induced by the irreducible components of K.
A probability p ∈ PA(Ω) is a stationary state if and only if p = µJ,h for some h ∈ ΓA.
Moreover, the expected values m(pt, A), A ∈ A, are independent of t ≥ 0. Finally, for any
initial state p ∈ PA(Ω), one has the convergence

∥pt − µJ,h∥TV −→ 0 , t→∞ ,

where ∥ · ∥TV denotes the total variation distance and h is the unique vector h ∈ ΓA such
that mA(p) = mA(µJ,h).

Remark 1.6. We note that the requirement that p be A-regular in Theorem 1.5 is not
essential, as it can be removed if one allows the external fields h to take the value ±∞.

Theorem 1.5 establishes convergence to stationarity, but it does not provide infor-
mation on the speed of convergence. The next results address this question under a
high–temperature assumption on the interaction matrix J .

1.1.2 Entropy decay

We restrict to the case of Multi-component Mean Field Dynamics, that is we take K = KA

as in Definition 1.3 with an arbitrary choice of the partition A.
Recall the definition of relative entropy given in (0.6).

Our main quantitative result is formulated as follows.
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Theorem 1.7. Let J ∈ Rn×n be a nonnegative definite matrix with largest eigenvalue
λ(J) < 1

2 , and let J = maxi∈[n]
∑

j∈[n] |Ji,j |. Then, for any partition A of [n], the nonlinear
system (1.5) defined by J and K, with K = KA given in (1.7), satisfies

H(pt |µJ,h) ≤ H(p |µJ,h) e−r t , t ≥ 0, (1.8)

for any p ∈ PA(Ω), where h is the unique vector h ∈ ΓA such that mA(p) = mA(µJ,h), and
the positive constant α satisfies

r ≥ 1
8n(1− 2λ(J))2 e−16J .

Remark 1.8. We note that the estimate (1.8) implies exponential decay in total variation
as well. Indeed, by Pinsker’s inequality, ∥pt − µJ,h∥2TV ≤ 1

2H(pt |µJ,h). Using H(p |µJ,h) ≤
maxσ∈Ω log(1/µJ,h(σ)), which can be bounded by Cn, where C = λ(J) + 2h+ log(2) and
h = maxi∈[n] |hi|, it follows that, in the setting of Theorem 1.7, for all p ∈ PA(Ω), one has

∥pt − µJ,h∥TV ≤

√
C n

2 e−r t/2 . (1.9)

In particular, Theorem 1.7 is a quantitative version of Theorem 1.5 under the additional
assumption on the spectral radius of J , which can be regarded as a high temperature
requirement. It is worthy of note that the rate α is bounded below independently of the
choice of partition A. In the single-site case of Example 1.1 this reproduces essentially the
same rate that was obtained, under a more restrictive high temperature constraint, for the
discrete-time version of the single-site model in [CS24b].

By comparison with the non-interacting case J = 0, we note that the rate α has the
optimal dependence with respect to the dimension n, up to a constant factor. For instance,
in the single-site case, one can use a coupon collector argument to show that if J = 0 and
the initial distribution p is all +1 with probability 1/2 and all −1 with probability 1/2,
then the left hand side in (1.9) is at least c e− t

c n , t ≥ 0, for some absolute constant c > 0;
see [CS24b].

The estimate in Theorem 1.7 is equivalent to a certain nonlinear logarithmic Sobolev
inequality, which provides a lower bound on the relative entropy dissipation in terms of the
relative entropy; see Section 1.5.1 below. Rather than establishing such a bound directly,
to prove Theorem 1.7 we follow the strategy introduced by Mark Kac in his seminal 1956
paper [Kac56], that is we approximate the nonlinear evolution of one particle by a linear
mean-field type Markov process involving a large number of particles.

1.1.3 Kac’s program

We consider a system of N ∈ N particles {σ(i), i = 1, . . . , N}, where each σ(i) =
(σ1(i), . . . , σn(i)) is a spin configuration in Ω = {−1,+1}n. In words, the process is
described as follows. Independently, each ordered pair of particles (i, j), including i = j, is
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updated at the arrival times of a Poisson process with rate 1/N . When an update occurs
at particles (i, j), a site ℓ is picked uniformly at random, a site k is picked according to the
transport kernel K(ℓ, k), and then with probability p̂J(ℓ, k | σ(i), σ(j)) the ℓ-th spin of the
i-th particle is exchanged with the k-th spin of the j-th particle, while with probability
1 − p̂J(ℓ, k | σ(i), σ(j)) the particle configuration is left unchanged. Using the notation
(1.1), the exchange can be written as

(σ(i), σ(j)) 7→ (Sℓ(σ(i), σ(j)k) , Sk(σ(j), σ(i)ℓ),

with the understanding that when i = j this is replaced by σ(i) 7→ σ(i)ℓ,k, where σ(i)ℓ,k

denotes the configuration σ(i) after the exchange (σℓ(i), σk(i)) 7→ (σk(i), σℓ(i)). Here the
probability p̂J(ℓ, k | σ(i), σ(j)) is defined by

p̂J(ℓ, k | σ(i), σ(j)) =

pJ(ℓ, k | σ(i), σ(j)) i ̸= j

µJ (σ(i)ℓk)
µJ (σ(i))+µJ (σ(i)ℓk) i = j

(1.10)

where we use the notation (1.2). This defines a continuous-time Markov chain with state
space ΩN = {−1,+1}Nn, which is described by the infinitesimal generator

LNF (σ) = 1
Nn

N∑
i,j=1

∑
ℓ,k∈[n]

K(ℓ, k) p̂J(ℓ, k | σ(i), σ(j))∇i,ℓ;j,kF (σ), (1.11)

where σ ∈ ΩN , F : ΩN → R, and the gradient operator ∇i,ℓ;j,k is defined by

∇i,ℓ;j,kF (σ) := F (σi,ℓ;j,k)− F (σ), with σi,ℓ;j,k(u) :=


σ(u) u ̸= i, j,

Sℓ(σ(i), σ(j)k) u = i,

Sk(σ(j), σ(i)ℓ) u = j,

(1.12)

with the convention that, when i = j, then σi,ℓ;i,k(u) = σ(u) if u ≠ i, and σi,ℓ;i,k(i) = σ(i)ℓ,k.
We may picture the system as a spin exchange dynamics in a N × n grid, with

exchanges occurring between sites (i, ℓ) and (j, k). By construction, the Markov chain is
reversible with respect to the product measure µ⊗N

J . Since only pairs (ℓ, k) belonging to
sites within the same equivalence class are exchanged, to turn the Markov chain into an
irreducible process we need to impose a constraint of fixed magnetization in each block
BN,A := {(i, ℓ) , i ∈ [N ], ℓ ∈ A}, A ∈ A. To this end, we need the following definitions.

Definition 1.9. Given a partition A of [n], we write DA,N for the set of all vectors
α = (α(A), A ∈ A) ∈ [0, 1]A such that N |A|α(A) is a nonnegative integer. Given A, DA,N

is called the set of A-density profiles. Given α ∈ DA,N , we define

ΩN,α =
{
σ ∈ ΩN : ∑i∈[N ]

∑
ℓ∈Aσℓ(i) = (2α(A)− 1)N |A|, ∀A ∈ A

}
. (1.13)

It follows that the Markov chain with generator (1.11) is irreducible in the state space
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ΩN,α, for every choice of α ∈ DA,N . Moreover, the probability measure

µN,J,α := µ⊗N
J (· | ΩN,α) (1.14)

obtained as tensor product of µJ restricted to ΩN,α is the associated unique invariant
distribution. We refer to µN,J,α as the multi-canonical Ising measure.

Our main result concerning the particle system is the following modified log-Sobolev
inequality (MLSI), with bounds that are uniform in N and in the density profile α ∈ DA,N .
To introduce the relevant quantities, observe that the Dirichlet form associated to the
reversible pair (LN , µN,J,α) is given by

EN,J,α(F,G) := 1
2Nn

N∑
i,j=1

n∑
ℓ,k=1

K(ℓ, k)µN,J,α

[
p̂J(ℓ, k | σ(i), σ(j))∇i,ℓ;j,kF ∇i,ℓ;j,kG

]
,

(1.15)
for functions F,G : ΩN,α → R. Recall that the entropy of a function F ≥ 0 with respect to
a probability measure µ is given by Entµ F := µ[F logF ]− µ[F ] logµ[F ].

Theorem 1.10 (MLSI for the particle system). Let J ∈ Rn×n be a nonnegative definite
matrix with largest eigenvalue λ(J) < 1/2, and let J = maxi∈[n]

∑
j∈[n] |Ji,j |. Then, for

any partition A of [n], for any N ≥ 2, and α ∈ DA,N , the Markov chain with Dirichlet
form (1.15) defined by J and K = KA given in (1.7), satisfies

EN,J,α(F, logF ) ≥ rEntµN,J,α F,

for all F ≥ 0, with constant α such that

r ≥ 1
4n(1− 2λ(J))2 e−16J . (1.16)

It is well known that a MLSI of the form (1.16) is equivalent to an exponential decay
statement for the relative entropy, with decay rate given by the same constant α. That is,
for any initial distribution ν on ΩN,α, the distribution νt := νetLN of the particle system
at time t satisfies

HN (νt | µN,J,α) ≤ HN (ν | µN,J,α) e−r t, t ≥ 0, (1.17)

where HN denotes the relative entropy for distributions on ΩN . The key feature of the
bound in Theorem 1.10 is the independence on N and α ∈ DA,N . This, together with
so-called Entropic Chaos and Fisher Chaos results for our system, will allow us to transfer
the result (1.17) on the linear particle system to the desired entropy decay estimate (1.8)
for the nonlinear system, as stated in Theorem 1.7; see Section 1.5.
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1.1.4 Wasserstein decay

The results presented in this subsection concern the multi-mean-field case described in
Definition 1.3, namely the choice of the transportation kernel KA associated with a given
partition A of the set [n]. Recall the definition of Wasserstein metric (0.8).

Theorem 1.11. Fix a partition A of the set [n]. Let J ∈ Rn×n be a matrix such that
J = maxi∈[n]

∑
j∈[n] |Ji,j | < 1

10 . Then the nonlinear system (1.5) defined by J and KA

satisfies
W1(pt, µJ,h) ≤W1(p, µJ,h)e−εt/n

for any initial state p ∈ P(Ω), where h ∈ Rn is the unique external field in ΓA such that
m(µJ,h,A) = m(p,A), and ε = 1

2(1− 10J).

Remark 1.12. Theorem 1.11 implies exponential convergence to equilibrium in total
variation for the multi-mean-field dynamics. More precisely, let pt be the solution of the
nonlinear system (1.5) defined by the interaction matrix J and the kernel KA associated
with a given partition A of the set [n]. Then

∥pt − µJ,h(p)∥T V ≤ ne−εt/n,

where ε = 1
2(1− 10J), under the restriction J < 1

10 , and h(p) ∈ Rn is the unique external
field in ΓA such that m(µJ,h(p),A) = m(p,A).

This follows from the coupling characterization of the total variation distance: for all
p, q ∈ P(Ω),

∥p− q∥T V = inf
π∈Γ(p,q)

Pσ,σ′∼π(σ ̸= σ′),

which is a standard identity (see, for instance, [LP17]). Denote µ := µJ,h(p). Using
Theorem 1.11, we obtain

∥pt − µ∥T V = inf
π∈Γ(pt,µ)

∑
σ,σ′∈Ω

π(σ, σ′)1(σ ̸= σ′)

≤ inf
π∈Γ(pt,µ)

∑
σ,σ′∈Ω

π(σ, σ′)|Dσ,σ′ |

= W1(pt, µ)

≤ e−εt/nW1(p, µ) ≤ ne−εt/n.

Here we used the elementary bounds 1(σ ̸= σ′) ≤ |Dσ,σ′ | ≤ n.
The result of Theorem 1.11 does not depend on the choice of the partition of the set

[n]. Moreover, restricting to the case of single-site dynamics, i.e., A = {{i}, i ∈ [n]}, yields
the correct order of decay, as already noted in Remark 1.8, and improves the condition on
J obtained in [CS24b].

However, the corresponding high-temperature assumption is more restrictive than the
one required in Theorem 1.7, since λ(J) ≤ J < 1/10 here, whereas Theorem 1.7 only
requires λ(J) < 1/2.
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Therefore, while this approach yields the correct exponential rate in terms of the
dimension n, it does not cover a wide range of interactions. We stress that the strategy
used to prove Theorem 1.7 is considerably more involved: it relies on Kac’s program
together with a uniform modified logarithmic Sobolev inequality for the associated particle
system (see Theorem 1.10). By contrast, the Wasserstein contraction argument follows
from a direct construction of a suitable coupling.

1.1.5 Plan of the chapter

General structural properties of the dynamical system are discussed in Section 1.2, which
also contains the proof of Theorem 1.5. The proof of Theorem 1.11 is in Section ??. The
analysis of the associated Kac particle system, together with the proof of Theorem 1.10,
is presented in Section 1.4. Finally, in Section 1.5 we show how to transfer these results
from the Kac particle system to the nonlinear equation, thereby completing the proof of
Theorem 1.7. We conclude with some open problems about establishing exponential decay
to equilibrium without the high temperature assumption.

1.2 Structural properties of the nonlinear equation

The statements in this section hold for any integer n ∈ N, for any fixed choice of the
symmetric matrix J ∈ Rn×n and the symmetric stochastic n× n matrix K.

1.2.1 Preliminary facts

Recall the notation A for the partition of [n] induced by the irreducible components of K
and the set ΓA of external fields associated to A.

Lemma 1.13. The kernel QK
J defined by (1.3) satisfies

µJ,h(σ)µJ,h(σ′)QK
J (σ, σ′; τ, τ ′) = µJ,h(τ)µJ,h(τ ′)QK

J (τ, τ ′;σ, σ′), (1.18)

for all h ∈ ΓA, and σ, σ′, τ, τ ′ ∈ Ω.

Proof. Let pJ,h(ℓ, k|σ, σ′) denote the quantity defined in (1.2) with the difference that µJ

is replaced by µJ,h, with h ∈ Rn. By the definition of ΓA, it follows that, whenever ℓ, k
belong to the same irreducible class,

pJ(ℓ, k|σ, σ′) = pJ,h(ℓ, k|σ, σ′) , h ∈ ΓA.

In particular, if (τ, τ ′) = (Sℓ(σ, σ′
k), Sk(σ′, σℓ)), and h ∈ ΓA, then

µJ,h(σ)µJ,h(σ′)pJ(ℓ, k|σ, σ′) = µJ,h(τ)µJ,h(τ ′)pJ(ℓ, k|τ, τ ′).

Since only pairs (ℓ, k) such that K(ℓ, k) > 0 enter the definition (1.3) of QK
J , this shows

that the kernel QK
J satisfies the claimed detailed balance (1.18).
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Recall the Definition 1.4 of the magnetization profile mA(p).

Lemma 1.14. Fix a partition A of [n]. For any vector v = (vA, A ∈ A), with vA ∈ (−1, 1),
for all A ∈ A, there exists a unique choice of h ∈ ΓA such that mA(µJ,h) = v.

Proof. We adapt the argument from Lemma 1 in [BE19]. We need to show that the map

h 7→ mA(µJ,h)

is a bijection between ΓA and (−1, 1)A. Using the change of variables θA := ∑
i∈A hi,

A ∈ A, this is equivalent to showing that the map

θ ∈ RA 7−→ f(θ) := ∇φ(θ) ∈ (−1, 1)A

is a bijection, where

φ(θ) = log

∑
σ∈Ω

e
∑

A∈A θAsA(σ)µJ(σ)

 , sA(σ) := 1
|A|

∑
i∈A

σi .

The Jacobian ∇f = ∇2φ coincides with the covariance matrix of the random vector
(sA)A∈A when σ is distributed according to µJ,h, which is easily seen to be strictly positive
definite for all θ ∈ RA. Therefore, φ is strictly convex and f = ∇φ is injective. To show
that it is also surjective, it is sufficient to show that the image of f , Im(f), satisfies

∂Im(f) ⊂ ∂(−1, 1)A.

Indeed, suppose by contradiction that there exists y ∈ (−1, 1)A \ Im(f), and consider
the line segment [f(0), y]. Since Im(f) is open, this segment must intersect ∂Im(f) at
some point z. If ∂Im(f) ⊂ ∂(−1, 1)A, then z ∈ ∂(−1, 1)A, which contradicts the fact that
(−1, 1)A is convex.

To prove ∂Im(f) ⊂ ∂(−1, 1)A, take w ∈ ∂Im(f). Then there exists a sequence
(θk) ⊂ RA such that limk→∞ f(θk) = w. By continuity of f , the sequence (θk) must be
unbounded, since otherwise one could extract a converging subsequence θ′

k → θ ∈ RA

which would imply that w = f(θ) ∈ Im(f). Therefore, there exists a subsequence (θ′
k) and

some A ∈ A such that (θ′
k)A → +∞ or (θ′

k)A → −∞. It follows that

wA = lim
j→∞

f(θ′
k)A ∈ {−1, 1},

and therefore w ∈ ∂(−1, 1)A.

1.2.2 Entropy and stationary states

A distribution p ∈ P(Ω) is called stationary if p ◦ p = p, where the collision product “◦” is
defined in (1.6). Equivalently, p is stationary iff pt = p, for all t ≥ 0. It follows from the
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reversibility in Lemma 1.13 that µJ,h ◦ µJ,h = µJ,h, for any h ∈ ΓA, and thus all measures
µJ,h, h ∈ ΓA, are stationary. To characterize all stationary states we use the relative
entropy functional.

The following statement is a version of Boltzmann’s H-theorem from kinetic theory.

Lemma 1.15. Let pt denote the solution of (1.5) with initial datum p ∈ P(Ω), and let
µ = µJ,h for some arbitrary, fixed h ∈ ΓA. Then,

d

dt
H(pt | µ) = −Dµ(ft, ft), t ≥ 0, (1.19)

where ft := pt/µ, and the entropy dissipation functional Dµ is defined by

Dµ(f, f) = 1
4

∑
σ,σ′,τ,τ ′

µ(τ)µ(τ ′)QK
J (τ, τ ′;σ, σ′)

(
f(τ)f(τ ′)− f(σ)f(σ′)

)
log

(
f(τ)f(τ ′)
f(σ)f(σ′)

)
.

In particular, H(pt | µ) is non-increasing in t ≥ 0. Moreover, p ∈ P(Ω) is stationary iff
the density f = p/µ satisfies f(τ)f(τ ′) = f(σ)f(σ′) whenever QK

J (τ, τ ′;σ, σ′) > 0.

Proof. For any p ∈ P(Ω), setting f = p/µ, and using Lemma 1.13, for any τ ∈ Ω,

p ◦ p (τ)− p(τ) =
∑

σ,σ′,τ ′

µ(σ)µ(σ′)QK
J (σ, σ′; τ, τ ′)

(
f(σ)f(σ′)− f(τ)f(τ ′)

)
. (1.20)

Therefore, differentiating the relative entropy,

d

dt
H(pt | µ) =

∑
τ

[
d

dt
pt(τ)

]
log pt(τ)

µ(τ)

= −
∑

σ,σ′,τ,τ ′

µ(τ)µ(τ ′)QK
J (τ, τ ′;σ, σ′)

(
ft(τ)ft(τ ′)− ft(σ)ft(σ′)

)
log ft(τ).

Symmetrizing first with respect to τ ↔ τ ′ and then with respect to (τ, τ ′)↔ (σ, σ′), Lemma
1.13 shows that the above expression can be rewritten as (2.9). Note that Dµ(f) ≥ 0, for
any function f : Ω→ R+, since every summand in its definition is nonnegative. Now, if p is
stationary, then the density f = p/µ satisfies Dµ(f) = 0, and therefore, by positivity of µ,
f(τ)f(τ ′) = f(σ)f(σ′) whenever QK

J (τ, τ ′;σ, σ′) > 0. Conversely, if f(τ)f(τ ′) = f(σ)f(σ′)
whenever QK

J (τ, τ ′;σ, σ′) > 0, then (1.20) shows that p ◦ p = p.

We turn to a characterization of the stationary states. Let P+(Ω) denote the set of
positive distributions, that is the set of p ∈ P(Ω) such that p(σ) > 0 for all σ ∈ Ω. Clearly,
µJ,h ∈ P+(Ω) for any h ∈ Rn.

Lemma 1.16 (Stationary measures). A probability measure p ∈ P+(Ω) is stationary if
and only if p = µJ,h for some h ∈ ΓA.

Proof. We already know that µJ,h is stationary, for any h ∈ ΓA. It remains to show that
these are the only positive stationary distributions. Fix µ = µJ,h for some h ∈ ΓA, and let
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p ∈ P+(Ω) be a stationary measure. From Lemma 1.15, f = p/µ satisfies

f(σ)f(σ′) = f(Sℓ(σ, σ′
k))f(Sk(σ′, σℓ)), (1.21)

for all ℓ, k ∈ [n] such that K(ℓ, k) > 0, for all σ, σ′ ∈ Ω. For any ℓ, fix some k = k(ℓ) ∈ [n]
such that K(ℓ, k) > 0. For any σ ∈ Ω and any j ∈ [n], let σ[j] ∈ Ω denote the configuration
equal to +1 on all sites {1, . . . , j} and equal to σ on {j + 1, . . . , n}. Setting σ[0] = σ, we
have:

f(σ) = f(+)
n∏

j=1

f(σ[j − 1])
f(σ[j]) ,

where σ[n] = + is the all + configuration. Define φj(a) := f(+k(j),a)
f(+) , where +k,a denotes

the configuration equal to a at site k and +1 elsewhere. Taking σ = σ[j − 1], σ′ = +, from
(1.21) with j = ℓ and k = k(j),

f(σ[j − 1])
f(σ[j]) = f(+k(j),σj )

f(+) = φj(σj).

Since φj is a positive function on {−1,+1}, we can write φj(a) = cje
hja, a = ±1, for some

constants cj > 0, hj ∈ R. It follows that

f(σ) = C exp
(∑

j∈[n]hjσj

)
,

for some h ∈ Rn, where C > 0 is a constant. It remains to prove that h ∈ ΓA. To see this,
note that by (1.21), whenever K(ℓ, k) > 0 one has

(hℓ − hk)(σ′
k − σℓ) = 0 ,

for all σ, σ′. It follows that hℓ = hk if K(ℓ, k) > 0. Therefore h ∈ ΓA.

1.2.3 Conservation laws

Recall the Definition 1.4 of the magnetization profile mA(p) = (m(p,A), A ∈ A).

Lemma 1.17. For all p, q ∈ P(Ω),

mA(p ◦ q) = 1
2 mA(p) + 1

2 mA(q).

In particular, if pt is the solution of (1.5) with initial datum p, then d
dtmA(pt) = 0

Proof. By definition,
m(p ◦ q, A) = 1

|A|
∑
i∈A

p ◦ q [τi],

where
p ◦ q [τi] = 1

2
∑
σ,σ′

p(σ)q(σ′)
∑
τ,τ ′

(
QK

J (σ, σ′; τ, τ ′) +QK
J (σ′, σ; τ, τ ′)

)
τi.
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Moreover,

∑
τ,τ ′

QK
J (σ, σ′; τ, τ ′) τi = σi + 1

n

n∑
k=1
K(i, k)pJ(i, k | σ, σ′)(σ′

k − σi).

Therefore,

1
2
∑
τ,τ ′

(
QK

J (σ, σ′; τ, τ ′) +QK
J (σ′, σ; τ, τ ′)

)
τi = 1

2(σi + σ′
i) + 1

2n

n∑
k=1

Ri,k(σ, σ′)

where

Ri,k(σ, σ′) = K(i, k)
[
pJ(i, k | σ, σ′)(σ′

k − σi)− pJ(k, i | σ, σ′)(σ′
i − σk)

]
,

and we have used the symmetries pJ(i, k | σ, σ′) = pJ(k, i | σ′, σ). Since K(i, k) = K(k, i),
Ri,k(σ, σ′) is antisymmetric in the exchange i↔ k. Therefore, for any fixed A ⊂ [n],

∑
i,k∈A

Ri,k(σ, σ′) = 0.

In particular, using that K(i, k) = 0 when i, k do not belong to the same irreducible
component, this proves that for any fixed A ∈ A,

1
|A|

∑
i∈A

p ◦ q [τi] = 1
2m(p,A) + 1

2m(q, A) .

1.2.4 Proof of Theorem 1.5

The key to the proof of Theorem 1.5 is the following statement about positivity of solutions,
that we refer to as the irreducibility lemma. Recall the notation PA(Ω) for the set of
A-regular distributions.

Lemma 1.18 (Irreducibility). For any p ∈ PA(Ω), there exists t0 > 0 and ε0 > 0 such
that for all t ≥ t0 the solution pt of (1.5) satisfies

pt(τ) ≥ ε0, ∀τ ∈ Ω. (1.22)

The proof requires several steps and is given in the next subsections. Here we show
how to prove Theorem 1.5 once we have Lemma 1.18. If p ∈ PA(Ω), then Lemma 1.18
ensures that pt ∈ P+(Ω) eventually. Therefore, if p is A-regular and stationary, then it
must be in P+(Ω), and therefore by Lemma 1.16, p = µJ,h for some h ∈ ΓA. Next, we
show that if p is A-regular, then pt converges as t→∞ to a stationary state ν. If this is
the case, then by the above discussion ν = µJ,h for some h ∈ ΓA, and, using Lemma 1.14
and Lemma 1.17, h is the unique element of ΓA such that mA(p) = mA(µJ,h). Thus, the
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proof of Theorem 1.5 is complete once we establish the following statement.

Lemma 1.19. If p ∈ PA(Ω), then there exists a stationary state ν such that pt → ν, as
t→∞.

Proof. Fix µ = µJ,h, for some h ∈ ΓA, and p ∈ PA(Ω), and let St(p) = pt denote the
solution of (1.5). By compactness, there exists a diverging sequence of times (tk)k∈N and
ν ∈ P(Ω) such that

Stk
(p)→ ν as k →∞.

By Lemma 1.15, it follows that

lim
t→∞

H(St(p) | µ) = inf
t≥0

H(St(p) | µ) = H(ν | µ). (1.23)

Note that this holds for any µ = µJ,h, h ∈ ΓA. If ν is stationary, then by Lemma 1.18
and Lemma 1.16 we know that ν = µJ,h, for some h ∈ ΓA. Therefore, in (1.23) we can
take µ = ν, which then implies that H(St(p) | ν)→ 0, t→∞. In turn, e.g. by Pinsker’s
inequality, this implies the desired convergence St(p)→ ν. Thus, it suffices to prove that ν
is stationary.

Assume, for contradiction, that ν is not stationary. Then, by Lemma 1.15 one has that
f = ν/µ satisfies Dµ(f) > 0. Therefore, there exist u > 0 and δ > 0 such that

H(Su(ν) | µ) ≤ H(ν | µ)− δu.

On the other hand, by the convergence Stk
(p) → ν, and the continuity of St(·) and

H(· | µ), there exists k ∈ N such that H(Su(ν) | µ) ≥ H(Su(Stk
(p)) | µ) − δu/2. Since

Su(Stk
(p)) = Su+tk

(p), this would then imply

H(Su+tk
(p) | µ) ≤ H(ν | µ)− δu/2,

which contradicts (1.23). This ends the proof.

Thus, we have proved Theorem 1.5 assuming the validity of Lemma 1.18. We now turn
to the proof of Lemma 1.18. The strategy is based on ideas introduced in [CS24b] to prove
convergence for the discrete time version of the single site model in Example 1.1, where
the irreducibility was deduced from the analysis of a fragmentation process and a coupon
collector argument. However, the dynamics considered here differs from that in [CS24b]
in two respects: first, it evolves in continuous time, and second, exchanges are allowed
between any pair of sites. The passage to continuous time entails a natural modification
of the original argument, which is based on a representation of the solution in terms of
random binary trees. More substantially, allowing exchanges across arbitrary pairs of sites
requires a new analysis, since fragmentation and coupon-collecting arguments alone are
no longer sufficient; one must also account for the “mixing” within each class A ∈ A in
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order to conclude. The proof is broken down into several steps. We start with a graphical
representation needed to take care of the continuous time nature of the process.

1.2.5 Graphical representation

We introduce some notation to handle binary rooted trees. The infinite rooted binary tree
is represented as the set T := {∅} ∪k≥1 {0, 1}k, where ∅ denotes the root, and an element
x ∈ {0, 1}k represents a node in the k-th generation. For x ∈ T we let |x| denote the length
of the sequence x, interpreted as the depth of the node x. We equip T with the partial
order ≺ defined by saying that x ≺ y, if |x| < |y| and y = (x, z) for some z ∈ {0, 1}|y|−|x|,
where (x, z) denotes the concatenation of the two sequences. A finite rooted binary tree is
a finite subset γ of T which satisfies the following:

1. For any x ∈ γ and any y ∈ T, if y ≺ x then y ∈ γ.

2. For any x ∈ γ either {(x, 0), (x, 1)} ⊂ γ or {(x, 0), (x, 1)} ∩ γ = ∅.

The set of maximal elements in γ (for the order ≺) that is, its leaves, is denoted by

L(γ) := {x ∈ γ : ∄y ∈ γ, x ≺ y}.

Given a finite rooted binary tree γ, and p ∈ P(Ω), we define the distribution Tγ(p)
recursively as follows. Assign to each node u in γ a probability distribution νu ∈ P(Ω), in
such a way that each leaf node u ∈ L(γ) is assigned the distribution p, and each internal
node is assigned the distribution resulting from the binary collision µ1 ◦ µ2, where the
measures µ1, µ2 are assigned to its two children. The distribution Tγ(p) is defined as the
distribution at the root of the tree obtained in this way. See Figure 1.1 for an illustration.

More generally, given a collection of measures (p1, p2, . . . , pL) ∈ P(Ω)L and a binary
tree γ with L leaves L(γ) = {x1, . . . , xL}, we define Tγ(p1, . . . , pL) by assigning pi to the
leaf xi, and then recursively applying the binary collision rule at internal nodes up to the
root.

p p

p ◦ p p

p(p ◦ p) ◦ p

((p ◦ p) ◦ p) ◦ p

Figure 1.1: An example of a binary tree γ with four leaves, and the corresponding measure
at the root: Tγ(p) = (((p ◦ p) ◦ p) ◦ p).
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We now define the binary branching process, namely a stochastic process (γt)t≥0 taking
values in the space of finite rooted binary trees. The process evolves as follows: start
with γ0 = {∅}, the single-node tree (the root). Each leaf of the tree is equipped with an
exponential clock of mean one. When a clock associated with a leaf x rings at time t, the
leaf splits, and two children (x, 0) and (x, 1) are added to the tree, making x an internal
node. Equivalently, γt can be interpreted as a first-passage percolation process on the
infinite binary tree T. Let (Ex)x∈T be a collection of i.i.d. exponential random variables
with mean one. Define the passage time to a vertex x ∈ T as

τx :=
∑
y≺x

Ey, (1.24)

where the sum runs over all ancestors y of x (excluding x itself). Then, the random tree at
time t is given by

γt := {x ∈ T : τx ≤ t} . (1.25)

We denote by P the law of the random process (γt)t≥0, and by E the associated
expectation. The following representation of the continuous time equation can be derived
as is [CLL25, Lemma 3.1] or, alternatively, as in [CP24, Section 3.2]. For completeness, we
give a proof.

Lemma 1.20 ([CLL25], Lemma 3.1). Let (γt) be the branching process defined above.
Then, for any initial measure p ∈ P(Ω), the solution pt to the nonlinear equation (1.5) is
given by

pt = E [Tγt(p)] .

Proof. We set ρt := E [Tγt(p)] clearly we have ρ0 = p so we only need to show that ρt

satisfies (1.5). Setting νt(γ) := P [γt = γ] we have

ρt =
∑

γ

νt(γ)Tγ(p) = νt({∅})µ+
∑

γ ̸={∅}
νt(γ)Tγ(p) . (1.26)

By definition of γt one has (recall the notation (1.25))

νt({∅}) = e−t and ∂tνt(γ) = 1{γ ̸={∅}}νt(γ0)νt(γ1)− νt(γ) . (1.27)

The second identity in (1.27) can be checked as follows. If γ = {∅}, then νt(γ) = e−t and
the identity follows. If γ ̸= {∅} then the first branching occurs at some time s ∈ [0, t] and
we have

νt(γ) =
∫ t

0
e−(t−s)νs(γ0)νs(γ1)ds ,

and differentiating this expression yields the asserted identity.
By construction, if γ ̸= {∅}, one has that Tγ(p) = Tγ0(p) ◦ Tγ1(p). Thus differentiating
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(1.26) and using (1.27) we obtain

∂ρt = −e−tp+
∑

γ ̸={∅}

[
νt(γ0)νt(γ1)Tγ0(p) ◦ Tγ1(p)− νt(γ)Tγ(p)

]
= −e−tp+

∑
γ′,γ′′

νt(γ′)νt(γ′′)Tγ′(p) ◦ Tγ′′(p)−
∑

γ ̸={∅}
νt(γ)Tγ′(p)

= ρt ◦ ρt − ρt ,

where the sum in γ′, γ′′ runs over all finite binary rooted trees. This concludes the proof.

1.2.6 Reduction to discrete time and the case J = 0

The discrete time version of the equation (1.5) is the dynamical system Φu, u ∈ N, defined
by

Φu(p) = Φu−1(p) ◦ Φu−1(p) , u ∈ N, Φ0(p) = p .

Therefore, adopting the notation introduced above, the probability measure Φu(p) can
be written as TΓu(p), where Γu denotes the rooted regular binary tree with depth u; see
Figure 1.2 for an illustration.

p p p p

p ◦ p p ◦ p

(p ◦ p) ◦ (p ◦ p)

Figure 1.2: Φ2(p) = (p ◦ p) ◦ (p ◦ p) is the distribution at the root of the binary tree Γ2
with depth 2.

We are going to compare the continuous time process with the discrete time approx-
imation, and then reduce to the simpler case J = 0. As above, we extend the notation
to include possibly distinct measures assigned to the leaves of the tree. Thus, we write
Φu(p1, . . . , p2u) = TΓu(p1, . . . , p2u), for the distribution at the root of the regular rooted
tree Γu when the 2u leaves are assigned the distributions p1, . . . , p2u ∈ P(Ω). Similarly, we
write Φ0

u(p1, . . . , p2u) for the corresponding quantity when collisions are computed with
the J = 0 kernel QK

0 instead of QK
J .

Lemma 1.21. Fix a symmetric, stochastic n×n matrix K, and let A denote its irreducible
components. Fix m ∈ (−1, 1)A. Suppose there exist a positive constant ε := ε(m,K) and a
positive integer u := u(m,K) such that

Φ0
u(p1, . . . , p2u)(τ) ≥ ε, ∀τ ∈ Ω, (1.28)

for every choice of (p1, . . . , p2u) such that mA(pi) = m. Then, there exist constants t0 > 0
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and ε0 > 0 depending only on m,K, J , such that for all p ∈ P(Ω) with mA(p) = m, the
solution pt of (1.5) satisfies

pt(τ) ≥ ε0, ∀τ ∈ Ω , ∀ t ≥ t0 . (1.29)

Proof. As a first step, we show that assumption (1.28) extends to the case of arbitrary
interaction J . Specifically, there exists a constant ε1 := ε1(J,K,m) > 0 such that

Φu(p1, . . . , p2u)(τ) ≥ ε1, (1.30)

for all τ ∈ Ω, and for every choice of (p1, . . . , p2u) such that mA(pi) = m. Indeed, observe
that

QK
J = δJQK

0 + (1− δJ)Q, δJ := 1
2 e

−4J̄ (1.31)

where Q is a probability kernel on Ω× Ω that does not require explicit specification, and
J̄ := maxi

∑
j |Ji,j |. To prove (1.31) it suffices to use the definition (1.3) and note that

pJ(ℓ, k | σ, σ′) ≥ 1
1 + e4J̄

,

for all σ, σ′ ∈ Ω and ℓ, k,∈ [n]. From the identity (1.31) it follows that, with probability
δJ the collision is performed according to the kernel QK

0 . Since in the regular binary tree
TΓu there are N = 2u − 1 collisions, one can write, for any u ∈ N, and any choice of
p1, . . . , p2u ∈ P(Ω),

Φu(p1, . . . , p2u) = δN
J Φ0

u(p1, . . . , p2u) + (1− δN
J )Ψ(u, p1, . . . , p2u) ,

where Ψ(u, p1, . . . , p2u) ∈ P(Ω) is some unspecified distribution. Therefore, the assumption
(1.28) implies (1.30) with the same u and with ε1 = εδN

J .
Now, fix p ∈ P(Ω) such that mA(p) = m. Using the representation formula for pt from

Lemma 1.20, and considering the regular tree Γu, one has the lower bound

pt(τ) = E[Tγt(p)(τ)] ≥ E[Tγt(p)(τ); Γu ⊂ γt]. (1.32)

On the event Γu ⊂ γt, there exists a (random) vector (µ1, . . . , µ2u), where each µi ∈ P(Ω)
is the result of recursive collisions along subtrees rooted at the leaves of Γu. Due to the
conservation law in Lemma 1.17, each distribution µi satisfies mA(µi) = mA(p) = m, and
therefore the inequality (1.30) applies. It follows that, whenever Γu ⊂ γt,

Tγt(p)(τ) = Φu(µ1, . . . , µ2u)(τ) ≥ ε1. (1.33)

In conclusion, for all τ ∈ Ω,
pt(τ) ≥ ε1P(Γu ⊂ γt). (1.34)

To estimate the latter probability, note that Γu ⊂ γt, iff for each leaf x ∈ L(Γu), its
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associated arrival time satisfies τx ≤ t, where τx is distributed as a Gamma(u, 1) random
variable; see (1.24). By a union bound, and using a standard tail estimate, for t > u,

P(Γu ⊂ γt) ≥ 1− 2ue−t(et/u)u .

Choosing t0 = t0(u) > 0 such that the above probability is at least 1/2, one concludes the
desired bound (1.29) with ε0 = ε1/2.

1.2.7 Proof of Lemma 1.18

According to Lemma 1.21, it suffices to establish that the assumption (1.28) is satisfied. Note
that in this case one actually obtains a slightly stronger statement, since the bound (1.22)
is uniform over all p ∈ P(Ω) with the given magnetization vector mA(p) = m ∈ (−1, 1)A.

We now focus on establishing the validity of the assumption (1.28). The set of stationary
measures consists of non-homogeneous products of Bernoulli measures π = πα, where the
parameters α = (αi) ∈ (0, 1)n are constant within each component of the partition A, that
is

π(σ) = ∏n
i=1πi(σi),

with πi(σ) = Be(αi), and αi = αj for all i, j ∈ A, for all A ∈ A; see Lemma 1.16. Moreover,
for any m ∈ (−1, 1)A there is a unique vector α with αi = αj for all i, j ∈ A, for all A ∈ A,
such that the associated measure π = πα satisfies mA(π) = m; see Lemma 1.14.

Lemma 1.22. Fix m ∈ (−1, 1)A, and let π denote the associated product of Bernoulli
measures as above with mA(π) = m. Then, for every ε > 0, there exists u := u(ε,K,m)
such that

∥Φ0
u(p1, . . . , p2u)− π∥TV ≤ ε, (1.35)

for all choices of p1, . . . , p2u ∈ P(Ω) with mA(pi) = m.

Before proving the lemma we show that the assumption (1.28) is satisfied if the lemma
holds. Indeed, since m ∈ (−1, 1)A one has π∗ := minσ∈Ω π(σ) > 0. Thus, by Lemma 1.22
with ε = π∗/2, and by definition of the total variation distance,

Φ0
u(p1, . . . , p2u)(τ) ≥ π(τ)− π∗

2 ≥ ε, ∀τ ∈ Ω.

This ends the proof of Lemma 1.18 assuming the validity of Lemma 1.22.

1.2.8 Marked Partition Process

We prove Lemma 1.22 by deriving an explicit representation of the distribution Φ0
u(p1, . . . , p2u)

via a suitable discrete time fragmentation process, augmented with randomly walking
labels, which we call the Marked Partition Process (MPP). Let X = {0} ∪ [n] denote the
space of marks. At each time u ∈ N, the marked partition process takes a value Cu of the
form Cu = (Cu

1 , . . . , C
u
2u), with each fragment Cu

i given by Cu
i = (Au

i , x
u
i ), where Au

i ⊂ [n]
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is called the spatial part, and xu
i ∈ X is called the mark of the fragment Cu

i . The spatial
parts are such that {Au

i , i = 1, . . . , 2u} form a partition of [n], for each u ∈ N, that is
Au

i ∩Au
j = ∅ for i ≠ j and ∪iA

u
i = [n] (the sets Au

i can be empty). To define the evolution
of the process we introduce some more notation. For any x ∈ [n] we let Xx(u), for u ∈ N
denote the Markov chain with initial state x and transition matrix K. Similarly, we let
Y x(u), for u ∈ N, be the Markov chain with initial state x ∈ [n], and transition matrix
given by the lazy kernel

K̄ = 1
n
K + n− 1

n
I,

where I is the identity n× n matrix. With this notation, the MPP C0, C1, . . . is defined
as follows. At time 0, we start with the single fragment C0 = (C0

1), where C0
1 = ([n], 0).

Recursively, the process is defined by the following splitting and marking rules. If Cu =
(Cu

1 , . . . , C
u
2u), then, independently for every i = 1, . . . , 2u, sample a uniform random variable

U ∈ [n] and a uniform random variable B ∈ {1, 2, 3, 4}, and set Cu+1 = (Cu+1
1 , . . . , Cu+1

2u+1),
according to the rules

1. if B = 1, then (Cu+1
2i−1, C

u+1
2i ) = (Cu

i , (∅, 0)),

2. if B = 2, then (Cu+1
2i−1, C

u+1
2i ) = ((∅, 0), Cu

i ),

3. if B = 3, Cu
i = (A, 0) and U ∈ A, then (Cu+1

2i−1, C
u+1
2i ) = ((A \ {U}, 0), ({U}, XU (1)),

4. if B = 3, Cu
i = (A, 0) and U /∈ A, then (Cu+1

2i−1, C
u+1
2i ) = ((A, 0), (∅, 0)),

5. if B = 3, Cu
i = ({i}, x), x ∈ [n], then (Cu+1

2i−1, C
u+1
2i ) = (({i}, Y x(1)), (∅, 0)),

6. if B = 4, repeat the B = 3 rules and then invert the order of (Cu+1
2i−1, C

u+1
2i ).

We remark that, since we start with C0 = (C0
1), where C0

1 = ([n], 0), the above rules are
such that a nonzero mark can only be assigned to a spatial part consisting of a single site.
Thus, the above rules yield a well defined evolution. Note that, by construction, the spatial
parts are such that (Au

i , i = 1, . . . , 2u) forms a partition of [n], at any time u. We remark
that the partition (Au

i ) is monotone in the sense that it can only become finer with time,
until it consists only of empty sets or single sites with nonzero marks. One can define the
fragmentation time

H = min {u ∈ N : all nonempty sets have nonzero marks in Cu} .

For each time u, there is at most one spatial part Au
i which can have cardinality larger

than 1, and, with probability 1/2 it loses one element every time the uniform random
variable U ∈ [n] belongs to it. Therefore, the erosion of the largest spatial part can be
described by a simple coupon collecting process, where at each step, with probability 1/2,
a coupon is chosen uniformly at random, while with probability 1/2 no coupon is collected.
The fragmentation time H coincides with the first time where n distinct coupons have
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been collected, and thus a union bound gives

P(H ≥ u) ≤ n
(
1− 1

2n

)u
≤ n e−u/2n . (1.36)

We note that there is a natural representation of the Marked Partition Process in terms
of a regular binary tree. Namely, we can assign to each node of the rooted regular binary
tree with depth u ∈ N, Γu = {∅} ∪u

k=1 {0, 1}k, a marked set in such a way that the root
is assigned the set C0

1 = ([n], 0), and if the nodes with depth k are assigned, say from
left to right, the sets (Ck

1 , . . . , C
k
2k), then the nodes at the next generation are assigned,

respectively, from left to right, the sets (Ck+1
1 , . . . , Ck+1

2k+1), with the pair (Ck+1
2i−1, C

k+1
2i ),

being assigned to the two children of the node corresponding to Ck
i . In this way, starting

from the root, the marks along any path is always 0 until the first time where it takes some
value x ∈ [n], after which it evolves, along the unique branch with nonempty fragments,
with marks given the lazy Markov chain K̄. In particular, any marked set of the form
({i}, x), x ≠ 0, must be such that i and x belong to the same irreducible component A ∈ A.

We now describe how the above defined process encodes the measure Φ0
u(p1, . . . , p2u).

For any u ∈ N, and any realization of Cu, for any vector p⃗(u) = (p1, . . . , p2u), define the
measure Ψ(p⃗(u), Cu) ∈ P(Ω) by the following rule. Given Cu = (Cu

1 , . . . , C
u
2u), there is at

most one marked set Cu
i of the form (A, 0), with ∅ ≠ A ⊂ [n] and mark 0, and all other

marked sets are either empty or of the form ({j}, xj) for some j ∈ [n] and some nonzero
mark xj ∈ [n]. For any τ ∈ Ω, p ∈ P(Ω), i = 1, . . . , 2u, we define

ψ(p, Cu
i )(τ) =

pA(τA) if Cu
i = (A, 0)

px(τj) if Cu
i = ({j}, x)

In this formula, we use the notation pA for the marginal at A of the measure p and px

for the marginal at {x} of the measure p, and as usual τA denotes the spin configuration
(τx, x ∈ A), with τx denoting the spin at x. Moreover, we adopt the convention that, when
A = ∅, then we set pA(τA) = 1. Finally, we set

Ψ(p⃗(u), Cu)(τ) =
2u∏

i=1
ψ(pi, C

u
i )(τ) .

Note that Ψ(p⃗(u), Cu) ∈ P(Ω), for any u, any choice of the distribution vector p⃗(u) =
(p1, . . . , p2u), and for any realization of the MPP (Cu, u = 0, 1, . . . ). In words, Ψ(p⃗(u), Cu)
is obtained by taking products of the marginals over the largest spatial part (A, 0) in the
marked partition Cu, and the marginals over the single sites identified by the nonzero
marks, with the caveat that the marginal of Ψ(p⃗(u), Cu) on the single sites appearing with
a nonzero mark is given by the single site marginal identified by the nonzero mark.

Lemma 1.23. For any u ∈ N, τ ∈ Ω, any p1, . . . , p2u ∈ P(Ω),

Φ0
u(p1, . . . , p2u) = E [Ψ(p⃗(u), Cu)(τ)] , (1.37)
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where the expectation is over the MPP.

Proof. We use induction over u. Note that it is true at u = 0, since Cu is given by the
single marked set C0

1 = ([n], 0) and Φ0
u(p) = p. Let us check that for all p, q ∈ P(Ω),

Φ0
1(p, q)(τ) = p ◦ q (τ) = E[ψ(p, C1

1 )(τ)ψ(q, C1
2 )(τ)] = E

[
Ψ(p, q, C1)(τ)

]
, (1.38)

which is the identity (1.37) for u = 1. To see this, note that by definition of the collision
kernel QA

0 , in the case J = 0 one has

(p ◦ q)(τ) = 1
4 p(τ) + 1

4 q(τ) +

+ 1
4n

∑
ℓ,k∈[n]

K(ℓ, k)
[
p[n]\{ℓ}(τ[n]\{ℓ}) qk(τℓ) + pk(τℓ) q[n]\{ℓ}(τ[n]\{ℓ})

]
, (1.39)

where pA denotes the marginal of p over a subset A ⊂ [n], and we use pk for the marginal
of p over a single site {k}. Points (1) and (2) in the definition of the MPP take care of the
terms 1

4 p and 1
4 q in (1.39). Moreover, points (3)-(4)-(5) provide the term

1
4 p[n]\{U}(τ[n]\{U}) qXU (1)(τU )

in (1.39). Finally, point (6) provides the term

1
4 pXU (1)(τU ) q[n]\{U}(τ[n]\{U})

in (1.39). Taking the expectation over U,XU (1) yields (1.38).
Reasoning in the same way, one obtains, for any realization of Cu

i , for all τ ,

ψ(p ◦ q, Cu
i ) (τ) = E

[
ψ(p, Cu+1

2i−1)(τ)ψ(q, Cu+1
2i )(τ) | Cu

i

]
, (1.40)

where E[· | Cu
i ] denotes the expectation over one step of the MPP Cu

i 7→ (Cu+1
2i−1, C

u+1
2i ),

conditionally on Cu
i .

Assuming the validity of (1.37) at u, the formula for u + 1 can be derived by using
(1.38) applied to the collisions p2i−1 ◦ p2i, for every i = 1, . . . , 2u. Indeed, setting q⃗(u) =
(q1, . . . , q2u) with qi := p2i−1 ◦ p2i, by repeated application of (1.40), for all τ ∈ Ω,

E
[
Ψ(p⃗(u+ 1), Cu+1)(τ) | Cs, s ≤ u

]
=

2u∏
i=1

E
[
ψ(p2i−1, C

u+1
2i−1)(τ)ψ(p2i, C

u+1
2i )(τ) | Cs, s ≤ u

]
= Ψ(q⃗(u), Cu)(τ) .

Taking the expectation, and using the inductive assumption, one finds

E
[
Ψ(p⃗(u+ 1), Cu+1)

]
= Φ0

u(q1, . . . , q2u) .

Since Φ0
u(q1, . . . , q2u) = Φ0

u+1(p1, . . . , p2u+1), this proves the desired identity (1.37) for all
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u and all p⃗(u).

1.2.9 Proof of Lemma 1.22

Once the representation in terms of the MPP is established we turn to the proof of Lemma
1.22. To prove (1.35), we observe that for any u0 < u, using Lemma 1.23, Jensen’s
inequality and the fact that {H ≤ u0} is measurable with respect to C≤u0 := (Cs, s ≤ u0),
one has

∥Φ0
u(p1, . . . , p2u)− π∥TV ≤ P(H > u0)+

+ E
[∥∥∥E [Ψ(p1, . . . , p2u , Cu) | C≤u0

]
− π

∥∥∥
TV

;H ≤ u0
]
. (1.41)

We take u0 = u0(ε, n) such that n e−u0/2n ≤ ε/2, so that by (1.36) the first term above is
at most ε/2. To estimate the second term, the key observation is that conditionally on
C≤u0 , on the event H ≤ u0, one has the non-homogeneous product of Bernoulli measures

E
[
Ψ(p1, . . . , p2u , Cu) | C≤u0

]
= ⊗n

j=1Be(ξj) ,

where, for each j ∈ [n], the parameter ξj = ξj(p1, . . . , p2u , C≤u0) is obtained as follows. Let
Cu

i∗(j) = ({j}, x∗(j)) denote the unique marked set with spatial part given by {j}, and
let Wj = pi∗(j)(σx∗(j) = +1) denote the probability of the event σx∗(j) = +1, when σ is
distributed according to pi∗(j). Then

ξj = E
[
Wj | C≤u0

]
.

Since the total variation distance between two Bernoulli variables is the distance between
the parameters, one has∥∥∥E [Ψ(p1, . . . , p2u , Cu) | C≤u0

]
− π

∥∥∥
TV
≤ n max

j
|ξj − αj | .

An important feature is that the random site x∗(j), conditionally on C≤u0 , on the event
H ≤ u0, has the distribution of Zj(u− u∗(j)), where u∗(j) ≤ u0 denotes the first time the
site j receives a nonzero mark in the MPP, and Zj(k) stands for the distribution after k
steps of the Markov chain with transition K̂ := 1

2I + 1
2K̄, with initial state j. On the other

hand we note that the parameter αj , by our assumption mA(pi) = m for all pi, satisfies
αj = E[pi(σy∗(j) = +1)], for any i = 1, . . . , 2u, where y∗(j) is distributed uniformly in the
irreducible component A(j) ∈ A containing j. Call u(j) the uniform distribution over
A(j). As a consequence, we may estimate the difference |ξj − αj | by using the optimal
coupling between the chain with transition K̂ and the uniform distribution over A(j). Since
u∗(j) ≤ u0, we can estimate

max
j
|ξj − αj | ≤ max

j
∥K̂u−u0(j, ·)− u(j)∥TV .
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By elementary mixing time theory, for any ε > 0 there exists an integer u > u0 such that
the above is at most ε/2. Together with (1.41) this concludes the proof.

1.3 Proof of Theorem 1.11

In this section we prove Theorem 1.11. We work with the multi-component mean-field
nonlinear dynamics of Definition 1.3, associated to a partition A of [n] and an interaction
matrix J satisfying the high-temperature condition J = maxi∈[n]

∑
j ̸=i |Ji,j | < 1/10. We

show that, in the multi-component mean-field setting, the solution pt of (1.5) satisfies

W1(pt, µJ,h) ≤ e−εt/nW1(p0, µJ,h) (1.42)

for all initial states p0 ∈ P(Ω), with rate ε(J) = 1
2(1− 10J).

For the reader’s convenience, we recall the collision kernel for the multi-component
mean-field dynamics, associated to the transport kernel KA(ℓ, k) = 1

|A(ℓ)|1(k ∈ A(ℓ)), where
A(ℓ) denotes the unique block of A containing ℓ:

QKA
J (σ, σ′; τ, τ ′) = 1

n

∑
ℓ,k∈[n]

KA(ℓ, k)×
[
pJ(ℓ, k | σ, σ′) 1(τ = Sℓ(σ, σ′

k), τ ′ = Sk(σ′, σℓ))

+ (1− pJ(ℓ, k | σ, σ′)) 1(τ = σ, τ ′ = σ′)
]
.

(1.43)

where pJ(ℓ, k | σ, σ′) ∈ (0, 1) is the exchange probability defined in (1.2). Throughout this
section, T denotes the collision operator associated to the kernel (1.43): for p, q ∈ P(Ω)
and τ ∈ Ω,

T (p, q)(τ) = 1
2
∑

σ,σ′,τ ′

(
p(σ)q(σ′) + p(σ′)q(σ)

)
QKA

J (σ, σ′; τ, τ ′). (1.44)

We use the simplified notation for (1.44) when p = q writing T (p) = T (p, p).
The proof of Theorem 1.11 rests on two ingredients. The first is Lemma 1.24 below,

which establishes a contraction property for the operator T (p, q) with the respect of
Wasserstein distance. The second is the graphical representation of the solution to (1.5)
described in Subsection 1.2.5, together with the conservation of the A-magnetization profile
m(·,A) stated in Proposition 1.17. We state the lemma first and then show how it implies
Theorem 1.11, postponing the proof of the lemma to the end of the section.

Lemma 1.24. Let p(i), q(i) ∈ P(Ω) for i ∈ {1, 2} be probability measures satisfying
m(p(i),A) = m(q(i),A) for i ∈ {1, 2}. Then

W1
(
T (p(1), q(1)), T (p(2), q(2))

)
(1.45)

≤ 1
4
(
1− ε(J)

n

)[
W1(p(1), p(2)) +W1(p(1), q(2)) +W1(q(1), p(2)) +W1(q(1), q(2))

]
,
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where ε(J) = 1
2 − 5J .

1.3.1 Proof of Theorem 1.11 assuming Lemma 1.24

We refer to Subsection 1.2.5 for the graphical construction used in the proof.
Given an initial state p ∈ P(Ω), the solution pt, t ≥ 0, admits the representation

pt = E[Tγt(p)],

where γt is a random binary tree describing the collision history up to time t, and E denotes
expectation with respect to the law of γt. Here, Tγ(p) denotes the extension of definition
of collision operator (1.44) to an arbitrary binary tree γ and applied to the distribution p,
as described in Subsection 1.2.5.
As seen in the proof of Lemma 1.20, the law P of γt satisfies

P(γt = γ) = 1(γ = ∅)e−t + 1(γ ̸= ∅)
∫ t

0
e−(t−s)P(γs = γ0)P(γs = γ1) ds, (1.46)

where γ0 and γ1 denote the left and right subtrees of γ, respectively, and ∅ denotes the
trivial tree consisting only of the root.
Let µ = µJ,h(p), where h(p) is the unique external field h(p) ∈ Rn such that m(µJ,h(p)) =
m(p), as stated in Lemma 1.14. To prove the inequality (1.42), and conclude the proof of
Theorem 1.11, it is sufficient to estimate the function f(t) := E[W1(Tγt(p), µ)], and prove
that

f(t) ≤ e− εt
n f(0), (1.47)

with ε = ε(J) = 1
2(1−10J). Indeed, by convexity of the Wasserstein distance and assuming

(1.47), one has
W1(pt, µ) ≤ E [W1(Tγt(p), µ)] ≤ e−εt/nW1(p, µ)

which proves (1.42). Now, we turn to the proof of inequality (1.47).
We start by expanding f(t) with respect of the law P of γt and we obtain

f(t) = P(γt = ∅)W1(p, µ) +
∑
γ ̸=∅

P(γt = γ)W1(Tγ(p), Tγ(µ)),

where, in the in the second term on the right-hand side, we used that µ is stationary, that
is, µ = Tγ(µ). We apply to each term of W1(Tγ(p), Tγ(µ)) the inequality (1.45) stated in
Lemma 1.24 and in order to do this we use the recursive structure of binary trees. For
γ ̸= ∅, we write γ = (γ0, γ1), where γ0 and γ1 are the left and right sub-tree of γ. The
recursive definition of the collision operator gives

Tγ(p) = Tγ0(p) ◦ Tγ1(p). (1.48)
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By Lemma 1.24 combined with the recursive rule (1.48) we have

W1(Tγ(p), Tγ(µ)) = W1
(
Tγ0(p) ◦ Tγ1(p), Tγ0(µ) ◦ Tγ1(µ)

)
(1.49)

≤ 1− ε/n
4

[
W1(Tγ0(p), Tγ0(µ)) +W1(Tγ1(p), Tγ0(µ))

+W1(Tγ0(p), Tγ1(µ)) +W1(Tγ1(p), Tγ1(µ))
]

= 1− ε/n
2

[
W1(Tγ0(p), Tγ0(µ)) +W1(Tγ1(p), Tγ1(µ))

]
.

Here we used that µ is stationary, that is µ = Tγ0(µ) = Tγ1(µ). Combining (1.46) and
(1.49), we obtain

f(t) ≤ e−tf(0)+

+ 1− ε/n
2

∑
γ0,γ1

∫ t

0
e−(t−s)P(γs = γ0)P(γs = γ1)

[
W1(Tγ0(p), Tγ0(µ)) +W1(Tγ1(p), Tγ1(µ))

]
ds.

Separating the sum over γ0 and γ1 and exchanging the order of summation and integration
yields

f(t) ≤ e−tf(0) + (1− ε/n)
∫ t

0
e−(t−s)f(s) ds.

Applying Grönwall’s lemma to etf(t) gives (1.47), which concludes the proof.

1.3.2 Proof of Lemma 1.24

We begin with the following proposition which gives an alternative definition of the
probability defined in (1.2), that we repeat for the reader’s convenience

pJ(ℓ, k | σ, σ′) = µJ (Sℓ(σ, σ′
k))µJ (Sk(σ′, σℓ))

µJ

(
Sℓ(σ, σ′

k)
)
µJ (Sk(σ′, σℓ)) + µJ (σ)µJ (σ′) , ℓ, k ∈ [n], σ, σ′ ∈ Ω

(1.50)

Proposition 1.25. Fix ℓ, k ∈ [n] and spin configurations σ, σ′ ∈ Ω. Then,

pJ(ℓ, k | σ, σ′) = 1
1 + eEℓ,k(σ,σ′) , Eℓ,k(σ, σ′) = (σℓ − σ′

k)
[
(Jσ)ℓ − (Jσ′)k

]
(1.51)

In particular, for every pair of configurations (σ(1), σ′(1)) and (σ(2), σ′(2)) we have

∣∣pJ(ℓ, k | σ(1), σ′(1))− pJ(ℓ, k | σ(2), σ′(2))
∣∣ ≤ 1

4
∣∣Eℓ,k(σ(1), σ′(1))− Eℓ,k(σ(2), σ′(2))

∣∣, (1.52)

and for all σ, σ′ ∈ Ω and ℓ, k ∈ [n],

1
2 − J̄ ≤ pJ(ℓ, k | σ, σ′) ≤ 1

2 + J̄ . (1.53)

Proof. Let τ = Sℓ(σ, σ′
k), and τ ′ = Sk(σ′, σℓ) denote the configurations obtained by
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exchanging the ℓ-th spin of σ with the k-th spin of σ′. The definition (1.50) can be
rewritten easily as in (1.51) with

Eℓ,k(σ, σ′) = 1
2
(
⟨σ, Jσ⟩ − ⟨τ, Jτ⟩+ ⟨σ′, Jσ′⟩ − ⟨τ ′, Jτ ′⟩

)
. (1.54)

A direct computation yields

⟨σ, Jσ⟩ − ⟨τ, Jτ⟩ = ⟨σ − τ, J(σ − τ)⟩+ 2⟨σ − τ, Jτ⟩. (1.55)

Since σ− τ = (σℓ−σ′
k)δℓ, and σ′− τ ′ = (σ′

k−σℓ)δk, where δi denotes the Kronecker vector
at i ∈ [n], applying the identity (1.55) to expression of Eℓ,k(σ, σ′) in (1.54) we obtain

Eℓ,k(σ, σ′) = 1
2(σℓ − σ′

k)2[Jℓ,ℓ + Jk,k] + (σℓ − σ′
k)
[
(Jτ)ℓ − (Jτ ′)k)

]
= (σℓ − σk)[(Jσ)ℓ − (Jσ′)k].

that proves the identity (1.51).
Finally, inequality (1.52) follows from the fact that the function f(x) = 1

1+ex is 1/4-
Lipschitz. The estimates (1.53) are an immediate consequence.

We now begin the proof of Lemma 1.24.
Note that we can decompose the collision operator T defined in (1.44) as

T (p, q) = 1
2 T̂ (p, q) + 1

2 T̂ (q, p)

where T̂ (p, q) can be written as

T̂ (p, q)(τ) = 1
n

∑
σ,σ′

p(σ)q(σ′) (1.56)

×
∑

ℓ,k∈[n]
KA(ℓ, k)

[
pJ(ℓ, k | σ, σ′)1(τ = Sℓ(σ, σ′

k)) + (1− pJ(ℓ, k | σ, σ′))1(τ = σ)
]
.

The proof of the Lemma consists in proving

W1(T̂ (p(1), q(1)), T̂ (p(2), q(2))) ≤
(
1− 1

n

(1
2 − 2J

))
W1(p(1), p(2)) + 3J

n
W1(q(1), q(2)).

(1.57)
By convexity of the W1-distance, it is straightforward to check that (1.57) implies the
statement of the Lemma. The remainder of the proof is devoted to establishing (1.57).

Algorithm 1 defines a coupling between T̂ (p(1), q(1)) and T̂ (p(2), q(2)). Here we use
the notation πp

opt (and analogously πq
opt) for the optimal coupling realizing the minimum

in the definition of the Wasserstein distance, see (0.8): if (σp(1), σp(2)) ∼ πp
opt, then

W1(p(1), p(2)) = E
[
|Dσ(1),σ(2)|

]
.

To see that Algorithm 1 indeed defines a valid coupling, we examine the role of the
uniform random variable U ∈ [0, 1] in the definition of T̂ (p, q) and show that, conditionally
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Algorithm 1 Multi-mean-field coupling on partition A between T̂ (p(1), q(1)) and
T̂ (p(2), q(2))
Require: A partition A of [n]. Distributions p(i), q(i) ∈ P(Ω) for i ∈ {1, 2}; optimal

couplings πp
opt ∈ Γ(p(1), p(2)) and πq

opt ∈ Γ(q(1), q(2)) with respect to the expected
Hamming distance; the parameter J . Given ℓ ∈ [n], A(ℓ) denotes the unique block
A ∈ A such that ℓ ∈ A.

Ensure: Coupled outputs τ1 ∼ T̂ (p(1), q(1)) and τ2 ∼ T̂ (p(2), q(2))
1: Sample (σp(1), σp(2)) ∼ πp

opt.
2: Sample U uniformly in the interval [0, 1].
3: Sample ℓ ∈ [n] uniformly at random.
4: Sample k ∈ A(ℓ) uniformly at random.
5: if U ≤ 1

2 − J then
6: Sample σq(1) ∼ q(1).
7: Set σq(2) = σq(1).
8: else
9: Sample (σq(1), σq(2)) ∼ πq

opt.
10: end if
11: if pJ(ℓ, k | σp(1), σq(1)) ≥ U then
12: Set τ1, τ̂1 = Sℓ(σp(1), σ

q(1)
k ), Sk(σq(1), σ

p(1)
ℓ ) and output τ1.

13: else
14: τ1, τ̂1 = σp(1), σq(1) and output τ1.
15: end if
16: if pJ(ℓ, k | σp(2), σq(2)) ≥ U then
17: Set τ2, τ̂2 = Sℓ(σp(2), σ

q(2)
k ), Sk(σq(2), σ

p(2)
ℓ ) and output τ2.

18: else
19: τ2, τ̂2 = σp(2), σq(2) and output τ2.
20: end if

return (τ1, τ2).

on {U ≤ 1
2 − J}, replacing the distribution q with any other distribution q′ ∈ P(Ω) leaves

T̂ unchanged, provided q and q′ have the same magnetization, i.e. m(q,A) = m(q′,A).
We start by rewriting expression (1.56) in terms of the independent random variable U ,
uniformly distributed on [0, 1]. For general p, q ∈ P(Ω), we can define

T̂ (p, q | U)(τ) = 1
n

∑
ℓ,k∈[n]

KA(ℓ, k)
∑

σ,σ′∈Ω
p(σ)q(σ′)×

×
[
1(pJ(ℓ, k | σ, σ′) > U)1(τ = Sℓ(σ, σ′

k)) + 1(pJ(ℓ, k | σ, σ′) ≤ U)1(τ = σ)
]

and then express T̂ (p, q)(τ) = EU [T̂ (p, q | U)]. We are using the elementary fact that
EU (1 (pJ(ℓ, k | σ, σ′) > U) = pJ(ℓ, k | σ, σ′), with the notation EU that is the expectation
with respect to the variable U . This explains the role of variable U in the Algorithm. It
remains to show that on the event {U ≤ 1

2 − J} holds

T̂ (p, q | U) = T̂ (p, q′ | U), for m(q,A) = m(q′,A). (1.58)

48



If U ≤ 1
2 − J , as a consequence of Proposition 1.25 which guarantees the lower bound

pJ(ℓ, k | σ, σ′) ≥ 1
2 − J , we have pJ(ℓ, k | σ, σ′) ≥ U almost surely for all ℓ, k in the same

block of A and all σ, σ′ ∈ Ω, and therefore the proposed exchange of spins is accepted almost
surely which means τ = Sℓ(σ, σ′

k). In this case, denoting with pB(σB) = ∑
σBc p(σBσBc)

the marginal of p over the subset B ⊂ [n] where σB = (σi, i ∈ B), it follows

T̂ (p, q | U)(τ) = 1
n

∑
ℓ,k∈[n]

KA(ℓ, k)
∑

σ[n]\{ℓ},σ′
k

p[n]\{ℓ}(σ[n]\{ℓ})qk(σ′
k)1(τ = Sℓ(σ, σ′

k)) (1.59)

= 1
n

∑
ℓ∈[n]

∑
k∈A(ℓ)

1
|A(ℓ)|p[n]\{ℓ}(τ[n]\{ℓ})qk(τℓ)

= 1
n

∑
ℓ∈[n]

p[n]\{ℓ}(τ[n]\{ℓ)
(1 +m(q, A(ℓ))

2 1(τℓ = 1) + 1−m(q, A(ℓ))
2 1(τℓ = −1)

)
.

which proves (1.58). In other words, conditioned on the event {U ≤ 1
2 − J} the collision

update is “oblivious”, that is it does not take into account the interaction. In the last line
of (1.59), we used the definition of magnetization vector in its coordinate A(ℓ)

1
|A(ℓ)|

∑
k∈A(ℓ)

qk(τℓ) = 1 +m(q, A(ℓ))
2 1(τℓ = 1) + 1−m(q, A(ℓ))

2 1(τℓ = −1).

Thus, Algorithm 1 defines the wanted coupling.

Now, using the coupling defined by Algorithm 1, we show the contractive property expressed
in inequality (1.57). Recall that for any pair of configurations σ, τ ∈ Ω, the set Dσ,τ denotes
the set of sites ℓ ∈ [n] where discrepancies occur, that is σℓ ̸= τℓ.

Sample the random variables according to Algorithm 1: sample U ∈ [0, 1], ℓ, k ∈ [n],
then derive the random configurations σp(i), σq(i) and τ i with i ∈ {1, 2}, as prescribed. For
simplicity, we denote the random probability acceptance pi

J(ℓ, k) = pJ(ℓ, k | σp(i), σq(i)) for
i ∈ {1, 2}, then we have the following relation

|Dτ1,τ2 | − |Dσp(1),σp(2) | ≤ −1
(
U ≤ 1

2 − J
)

1
(
ℓ ∈ Dσp(1),σp(2)

)
(A)

+ 1
(
U ∈

[
1
2 − J,

1
2 + J

])
1(k ∈ Dσq(1),σq(2)) (B)

+ 1
(
ℓ ̸∈ Dσp(1),σp(2) , k ̸∈ Dσq(1),σq(2) ,

U ∈ (p1
J(ℓ, k) ∧ p2

J(ℓ, k), p1
J(ℓ, k) ∨ p2

J(ℓ, k))
)

(C)

where a ∨ b = max{a, b} and a ∧ b = min{a, b}. The previous inequality can be derived
by a check of cases imposed by Algorithm 1. Since any new discrepancy in the pair τ1, τ2

can only be generated by the update at site ℓ ∈ [n],

|Dτ1,τ2 | − |Dσp(1),σp(2) | = 1(ℓ ∈ Dτ1,τ2)− 1(ℓ ∈ Dσp(1),σp(2)). (1.61)
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The inequality (1.60) can be verified by a case-by-case analysis of the difference on right-
hand side of (1.61). We have the following three cases based on output of U :

• U ≤ 1
2 − J

By Proposition 1.25, p1
J(ℓ, k) ∧ p2

J(ℓ, k) ≥ U and therefore the update occurs in both
cases: τ1 = Sℓ(σp(1), σ

q(1)
k ), τ2 = Sℓ(σp(2), σ

q(2)
k ). Since the algorithm prescribes

σq(1) = σq(2), we have ℓ ̸∈ Dτ1,τ2 , which yields the contribution (A).

• U > 1
2 + J

Again, by Proposition 1.25, p1
J(ℓ, k) ∨ p2

J(ℓ, k) ≤ U , so the update does not occur in
either case and τ1 = σp(1), τ2 = σp(2). Hence, ℓ ∈ Dτ1,τ2 if and only if ℓ ∈ Dσp(1),σp(2) .
In particular,

1(ℓ ∈ Dτ1,τ2)− 1(ℓ ∈ Dσp(1),σp(2)) = 0.

Therefore, this case gives no contribution.

• U ∈
[

1
2 − J,

1
2 + J

]
In this case we use the bound

|Dτ1,τ2 | − |Dσp(1),σp(2) | ≤ 1(ℓ ∈ Dτ1,τ2 , ℓ ̸∈ Dσp(1),σp(2)).

If k ∈ Dσq(1),σq(2) , we simply bound this term by 1, which yields (B).

Otherwise, if k ̸∈ Dσq(1),σq(2) , a discrepancy appears if and only if exactly one update
occurs while the other is rejected, that is,

U ∈
(
p1

J(ℓ, k) ∧ p2
J(ℓ, k), p1

J(ℓ, k) ∨ p2
J(ℓ, k)

)
⊂
[1
2 − J,

1
2 + J

]
,

which gives the contribution (C).

To conclude the proof of (1.57), we estimate the expectation of |Dτ1,τ2 | − |Dσp(1),σp(2) |,
giving separately an upper bound for each term (A),(B) and (C). By the algorithm,
σp(1), σp(2) ∼ πp

opt and σq(1), σq(2) ∼ πq
opt whenever U ≥ 1

2 − J . Hence,

E[(A)] = 1
n

(1
2 − J

)
W1(p(1), p(2)), E[(B)] ≤ 2J

n
W1(q(1), q(2)).

We will prove that

E[(C)] ≤ J

n

(
W1(p(1), p(2)) +W1(q(1), q(2))

)
. (1.62)

Before giving a proof of estimate (1.62), we combine the estimates for (A), (B), and (C)
and conclude the proof of inequality (1.57). By construction, the pair τ1, τ2 produced by
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the algorithm is a coupling of T̂ (p(1), q(1)) and T̂ (p(2), q(2)), then

W1(T̂ (p(1), q(1)), T̂ (p(2), q(2))) ≤ E[Dτ1,τ2 ]

≤ E[Dσp(1),σp(2) ]− E[(A)] + E[(B)] + E[(C)]

=
(
1− 1

n
(1
2 − 2J)

)
W1(p(1), p(2)) + 3J

n
W1(q(1), q(2)).

This concludes the proof of inequality (1.57).
It remains to prove the estimate (1.62) for term (C). By definition

E[(C)] = 1
n

∑
ℓ,k∈[n]

1(k ∈ A(ℓ))
|A(ℓ)| E

[
1(ℓ ̸∈ Dσp(1),σp(2) , k ̸∈ Dσq(1),σq(2))

× P[U ∈ (p1
J(ℓ, k) ∧ p2

J(ℓ, k), p1
J(ℓ, k) ∨ p2

J(ℓ, k))]
]

We use the following consequence of the Lipschitz property stated in Proposition 1.25:
once σp(1), σq(1), σp(2), σq(2) and ℓ, k ∈ [n] are fixed,

P[U ∈ (p1
J(ℓ, k) ∧ p2

J(ℓ, k), p1
J(ℓ, k) ∨ p2

J(ℓ, k))] ≤ 1
4 |Eℓ,k(σp(1), σq(1))− Eℓ,k(σp(2), σq(2))|.

Since the event (C) is supported on ℓ ̸∈ Dσp(1),σp(2) and k ̸∈ Dσq(1),σq(2) , we have σp(1)
ℓ −

σ
q(1)
k = σ

p(2)
ℓ − σq(2)

k . In particular,

|Eℓ(σp(1), σq(1))− Eℓ(σp(2), σq(2))| = 21(σp(1)
ℓ ̸= σ

q(1)
k )

∣∣∣[J(σp(1) − σp(2))]ℓ + [J(σq(2) − σq(1))]k
∣∣∣

(1.63)

≤ 4
[ ∑

s:s̸=ℓ

|Jℓ,s|1(s ∈ Dσp(1),σp(2)) +
∑

s:s̸=k

|Jk,s|1(s ∈ Dσq(1),σq(2))
]
.

Using in order (1.63), 1(k∈A(ℓ))
|A(ℓ)| = 1(ℓ∈A(k))

|A(k)| and ∑s:s̸=i |Ji,s| ≤ J for all i ∈ [n], we conclude

E[(C)] ≤ 1
n

∑
ℓ∈[n]

∑
s:s̸=ℓ

|Jℓ,s|P(s ∈ Dσp(1),σp(2)) + 1
n

∑
k∈[n]

∑
s:s̸=k

|Jk,s|P(s ∈ Dσq(1),σq(2))

≤ J

n

( ∑
s∈[n]

P(s ∈ Dσp(1),σp(2)) +
∑

s∈[n]
P(s ∈ Dσq(1),σq(2))

)

= J

n

(
W1(p(1), p(2)) +W1(q(1), q(2))

)
.
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1.4 Relative entropy decay for the particle system

This section is concerned with the proof of Theorem 1.10. We start with a version of that
theorem that covers the case of the mean field exchange dynamics in Example 1.2, that is
for the kernel K(ℓ, n) ≡ 1/n, and then turn to the proof for the general multi-component
case in Definition 1.3. A key intermediate step in these proofs will be a modified log-Sobolev
inequality for a version of the so-called Down-Up walk for the canonical Ising measure.

1.4.1 Mean field exchange dynamics

Here we state the main result for the kernel K(ℓ, n) ≡ 1/n. In order to prepare for later
applications to multi-component systems we need to extend the setup from Section 1.1.3
to include arbitrary external fields. Thus, for h ∈ RNn, we write h = (h(i), i ∈ [N ]), and
h(i) ∈ Rn for all i ∈ [N ], and define

µN,J,h,α := ⊗N
i=1µJ,h(i)(· | ΩN,α), (1.64)

the measure obtained by taking products of µJ,h(i) and then restricting to ΩN,α. Recall
the notation σi,ℓ;j,k for the configuration σ ∈ ΩN obtained by exchanging the spins σℓ(i)
and σk(j); see (1.12). We use the notation

rJ,h,i,j(ℓ, k | σ(i), σ(j)) = µN,J,h,α(σi,ℓ;j,k)
µN,J,h,α(σ) + µN,J,h,α(σi,ℓ;j,k) .

Note that, because of the product structure, this quantity depends on σ only through σ(i)
and σ(j). Moreover, it coincides with (1.10) when h ≡ 0. We define the Dirichlet form

ĒN,J,h,α(F,G) := 1
2Nn

N∑
i,j=1

n∑
ℓ,k=1

µN,J,h,α

[
rJ,h,i,j(ℓ, k | σ(i), σ(j))∇i,ℓ;j,kF∇i,ℓ;j,kG

]
,

for functions F,G : ΩN,α → R. As usual, we let

EntµN,J,h,α
(F ) = µN,J,h,α [F log(F/µN,J,h,α[F ])]

denote the entropy of F ≥ 0 with respect to µN,J,h,α.

Theorem 1.26. Let h ∈ RNn, let J ∈ Rn×n be a nonnegative definite matrix with largest
eigenvalue λ(J) < 1/2, and let J = maxi∈[n]

∑
j∈[n] |Ji,j |, h = maxℓ∈[n],i∈[N ] |hℓ(i)|. For

any N ≥ 2, and α ∈ DA,N ,

ĒN,J,h,α(F, logF ) ≥ rEntµN,J,h,α
(F ), (1.65)

for all F ≥ 0, with constant α such that

r ≥ 1
4(1− 2λ(J)) e−8(J+h).
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We note that Theorem 1.26 implies Theorem 1.10 in the special case K(ℓ, n) ≡ 1/n,
since (1− 2λ(J)) ≤ 1 and for this choice of kernel, taking h ≡ 0, one has

ĒN,J,0,α(F,G) = nEN,J,α(F,G) ,

where EN,J,α(F,G) is given in (1.15) with K(ℓ, n) ≡ 1/n. The proof of Theorem 1.26 will
be derived as a consequence of the following more general estimate for mean field exchange
systems.

1.4.2 Down-Up Walk for Conservative Particle Systems

We introduce some new notation. Consider a generic Ising spin system, with L spins, for
some L ∈ N, with interaction given by an L× L symmetric matrix Λ and with external
field w ∈ RL, that is

µΛ,w(η) = 1
ZΛ,w

exp
(1

2⟨η,Λη⟩+ ⟨η, w⟩
)
, η ∈ {−1, 1}L , (1.66)

where ⟨η,Λη⟩ = ∑L
i,j=1 ηiΛi,jηj and ⟨η, w⟩ = ∑L

i=1wiηi. Given an integerM ∈ {−L, . . . , L},
consider the state space

ΩL,M =
{
η ∈ {−1, 1}L, ∑L

i=1ηi = M
}
.

We will assume that L+M is even, so that ΩL,M is not empty. We view a configuration
η ∈ ΩL,M as composed of K points in the set [L] = {1, . . . , L}, corresponding to the sites i
where ηi = +1. Thus, η is a configuration of K = (L+M)/2 elements from [L], which we
view as sites occupied by “balls". The remaining sites are such that ηi = −1 and will be
seen as empty or “holes". The Down-Up Walk on ΩL,M for the Ising system µΛ,w is the
continuous-time Markov chain where a ball at site i, with rate 1 is moved to a hole at j,
chosen among all possible vacant locations (including going back to i itself) with probability
proportional to µ(ηi,j), where η → ηi,j is the configuration obtained by swapping the spins
values at sites i and j. Using the notation ∇i,jF (η) = F (ηi,j) − F (η), the infinitesimal
generator of the process is

LduF (η) =
L∑

i,j=1
cdu(η, ηi,j)∇i,jF (η), (1.67)

with F : ΩL,M 7→ R, and cdu(η, ηi,j) is the transition rate

cdu(η, ηi,j) = 1(ηi = +1, ηj = −1) µΛ,w(ηi,j)∑
k∈Ui(η) µΛ,w(ηik) , (1.68)

where Ui(η) = {j ∈ [L] : ηj = −1} ∪ {i} denotes the set of available sites. This generator
defines a conservative dynamics, reversible with respect to µΛ,w. It is not hard to check
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that, for any M such that L+M is even, the process is irreducible in the state space ΩL,M ,
and the restricted measure

νL,M = µΛ,w (· | ΩL,M ) (1.69)

is reversible, and thus the unique invariant measure. Let Edu(F,G) denote the associated
Dirichlet form,

Edu(F,G) = 1
2

L∑
i,j=1

νL,M

[
cdu(η, ηi,j)∇i,jF (η)∇i,jG(η)

]
, (1.70)

for F,G : ΩL,M → R. Let also EntνL,M (F ) denote the entropy with respect to the canonical
Ising measure νL,M . The key to prove Theorem 1.26 will be the following MLSI for the
Down-Up walk.

Theorem 1.27 (MLSI for the Down-Up walk). Suppose that Λ is a nonnegative definite
matrix with largest eigenvalue λ(Λ) < 1/2. Then for all values of L,M , with L+M even,
for all w ∈ RL,

Edu(F, logF ) ≥ (1− 2λ(Λ)) EntνL,M (F ) ,

for every F : ΩL,M → R+.

It is crucial that the estimate is uniform over the parameters L,M and the external
fields w ∈ RL. The above theorem can be proven using the arguments in Theorem 2.2
and Lemma 2.7 in [BBD24a]. Moreover, following [BBD24a] it can be shown that if the
largest eigenvalue of Λ is associated to a constant eigenvector, then one can impose the
condition λ(Λ) < 1/2 on the second largest eigenvalue. This is natural, in light of the global
constraint ∑i ηi = M . Indeed, if e.g. Λi,j ≡ c, then the canonical measure νL,M becomes
uniform and one might as well take Λ = 0. However, for the applications to our setting,
the removal of the eigenvalue associated to constant eigenfunction will not be relevant.
Below, we prove Theorem 1.27 with a slightly different argument, which will allow us to
introduce the relevant tools to prove the more general statements for multi-component
mean field exchange models, which are not covered by the results in [BBD24a]. Our proof
will follow the factorization technique developed in [CCP25], which in turn was based on
the stochastic localization approach from [CE22]. The proof of Theorem 1.27 will be given
in the following subsections. Here we observe that it implies Theorem 1.26.

Proof of Theorem 1.26 assuming Theorem 1.27. Let L = Nn, where N is the number of
particles and n the number of spins per particle. We use the correspondence

η ∈ {−1, 1}Nn −→ σ = (σ(i), i = 1, . . . , N), σ(i) = (ηu, u = n(i−1)+1, . . . , ni), (1.71)

that is the spins in the block of sites {(i − 1)n + 1, . . . , ni} are associated with the i-th
particle σ(i) = (σ1(i), . . . , σn(i)). The L× L matrix Λ and the L-vector w are taken such
that

⟨η,Λη⟩ = ∑N
i=1⟨σ(i), Jσ(i)⟩, ⟨η, w⟩ = ∑N

i=1⟨σ(i), h(i)⟩
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where the scalar products on the left hand side are over RL while each of the scalar products
on the right hand side is over Rn. In this way, taking M = (2α − 1)Nn, the canonical
measure νL,M in (1.69) coincides with the probability measure µN,J,h,α. Since Λ consists
of N blocks given by the n× n matrix J , one has λ(Λ) = λ(J). Therefore, to prove (1.65)
it remains to establish the comparison

ĒN,J,h,α(F, logF ) ≥ 1
4 e

−8(J+h)Edu(F, logF ), (1.72)

for all nonnegative functions F . To prove this, observe that, if M ≤ 0, that is α ≤ 1/2,
then |Ui(η)| ≥ L/2 = Nn/2, for all η ∈ ΩL,M , and therefore

cdu(η, ηi,j) ≤ 4
Nn

e8(J+h) µΛ,w(ηi,j)
µΛ,w(η) + µΛ,w(ηi,j)

= 4
Nn

e8(J+h) rJ,h,Ci,Cj
(ℓ, k | σ(Ci), σ(Cj)) ,

where Ci, Cj ∈ [N ], and ℓ, k ∈ [n], denote the labels such that σℓ(Ci) = ηi and σk(Cj) = ηj

in the correspondence (1.71). Using this pointwise estimate in (1.70) we obtain (1.72).
This ends the proof in the case M ≤ 0. The case M ≥ 0 can be handled in the same way
with the change of variable η 7→ −η. Indeed, this global flip changes the measure from
µN,J,h,α to µN,J,−h,1−α. Thus we may apply the previous argument to the new variables.
This ends the proof of Theorem 1.26.

1.4.3 Proof of Theorem 1.27

Let (Wt)t≥0 be a standard Brownian motion in RL, adapted to a filtration (Ft)t≥0, and set
W̃t = Λ1/2Wt. The stochastic localization process for the canonical Ising measure νL,M is
given by

ϱt(η) = 1
Zt

exp
(
− t− 1

2 ⟨η,Λη⟩+ ⟨yt + w, η⟩
)

1(η ∈ ΩL,M ), t ≥ 0 , (1.73)

where Zt is the normalization so that ϱt ∈ P(ΩL,M ), and the random field yt ∈ RL, t ≥ 0
evolves according to the stochastic differential equation

dyt = dW̃t + Λm(yt) dt, y0 = 0,

with m(yt) given by the mean vector m(yt) := ϱt[η], that is for all i ∈ [L],

[m(yt)]i = ϱt[ηi] = ∑
η∈ΩL,M

ηiϱt(η).

That the process is well defined can be checked by standard methods. Moreover, (ϱt, t ≥ 0)
is an {Ft}-martingale and therefore νL,M = E[ϱt] for all t ≥ 0, where E denotes the
expectation with respect to the stochastic localization process. We refer to [CE22]; see
also Lemma 3.1 in [CCP25].
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At time t = 1, the measure (1.73) is a random product distribution restricted to ΩL,M ,

ϱ1(η) ∝
L∏

i=1
exp (y1,iηi + wiηi) 1(η ∈ ΩL,M ), (1.74)

where y1,i denotes the i-th component of the vector y1. That is, ϱ1 is a Bernoulli product
measure conditioned on having total magnetization M . Such measures are known to
satisfy the Strong Rayleigh property; see [BBL09]. This implies strong log-concavity of
its generating polynomial, which in turn yields a modified logarithmic Sobolev inequality
(MLSI) for the associated Down-Up walk [CGM21]; see also [HS23; Ana+22; BBD24a].
We shall actually establish a stronger estimate, namely entropy factorization. This allows
us to use the arguments in [CCP25] which yield a simple proof of Theorem 1.27.

To introduce the factorization estimate, we formulate the Down-Up walk for an arbitrary
measure µ ∈ P(ΩL,M ) as follows. As above, we say that there is a ball at j ∈ [L] if ηj = +1.
Thus, every η ∈ ΩL,M has K := (L+M)/2 balls. According to the distribution µ, balls are
not distinguished. However, we artificially distinguish them by taking a uniformly random
labeling of the K balls, and write Xk ∈ [L] for the position of the k-th ball. With slight
abuse of notation we call again µ the induced distribution of the vector X := (X1, . . . , XK).
Let µi = µ(· | Xj , j ̸= i) denote the distribution of Xi conditionally on the position of all
remaining balls. Now, it is not hard to see that the Down-Up walk for the original measure
µ, defined by the rates (1.68) with µ in place of µΛ,w, coincides with the Markov chain
where with rate 1 independently each variable Xi is updated by replacing it with a sample
from µi, provided we observe the chain on functions that are symmetric under permutations
of the ball labels. Thus, letting S be the set of symmetric functions X 7→ F (X), the
generator of the chain becomes

LduF (X) =
K∑

i=1
(µi[F ](X)− F (X)),

for any F ∈ S, where µi[F ](X) = µ(F | Xj , j ≠ i) is the conditional expectation of F
given all Xj , j ̸= i. It follows that the Dirichlet form is given by

Edu(F,G) =
K∑

i=1
µ [Covµi(F,G)] , (1.75)

for any F,G ∈ S, where Covµi(F,G) = µi[FG]− µi[F ]µi[G] denotes the covariance with
respect to µi. Moreover, let Entµi(F ) = µi[F logF ] − µi[F ] logµi[F ] denote the entropy
functional with respect to µi. Note that this is a function of the variables Xj , j ̸= i and
that for any realization of these variables Jensen’s inequality implies

EntµiF ≤ Covµi(F, logF ) , (1.76)

for all F ≥ 0. In light of (1.75)-(1.76) the following factorization property implies the MLSI
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for µ with constant 1. We say that µ ∈ P(ΩL,M ) is strongly log-concave if its generating
polynomial is strongly log-concave; see [CGM21].

Proposition 1.28. Suppose µ ∈ P(ΩL,M ) is strongly log-concave. Then, for any F ∈ S,

Entµ F ≤
K∑

i=1
µ [Entµi F ] . (1.77)

Proof. From [CGM21, Lemma 11], or equivalently [Ana+22, Theorem 5], any strongly
log-concave µ satisfies the subadditivity inequality,

Entµ F ≥
K∑

i=1
Entµ Fi, Fi = µ[F | Xi] , (1.78)

for any nonnegative symmetric function F . Note that by symmetry Entµ Fi = Entµ F1 for
all i. Moreover, it is known that the inequality (1.78) continues to hold with µ replaced by
the conditional distribution µ(· | X1, . . . , Xk) for any k = 1, . . . ,K − 1 and any realization
of the variables Xj , j = 1, . . . , k. The factorization statement (1.77) then follows from a
simple recursive argument, see e.g. [Cap23, Section 4.1]

Since the measure ϱ1 in (1.74) is strongly log-concave [BBL09], we may apply Theorem
1.28 with µ = ϱ1. Taking the expectation with respect to the stochastic localization process,

E [Entϱ1 F ] ≤
K∑

i=1
E
[
ϱ1
[
Entϱ1,i F

]]
, (1.79)

where ϱ1,i = ϱ1(· | Xj , j ̸= i). We would like to turn the statement (1.79) into a factorization
statement for our original measure ν := νL,M = E[ϱ1]. The first step is a convexity estimate.

Lemma 1.29. For any nonnegative symmetric function F , for all i ∈ [K], one has

E
[
ϱ1
[
Entϱ1,i F

]]
≤ ν [Entνi F ] . (1.80)

Proof. Using the martingale property ν = E[ϱ1],

E
[
ϱ1
[
Entϱ1,i F

]]
= ν[F logF ]− E [ϱ1 [ϱ1,iF log ϱ1,iF ]] . (1.81)

We write
ϱ1,iF (X) = ϱ1(F ;X ̸=i)

ϱ1(X̸=i)
, (1.82)

where we use the notation X̸=i = (Xj , j ≠ i), ϱ1(X̸=i) = ∑
Xi
ϱ1(X), and ϱ1(F ; X̸=i) =∑

Xi
F (X)ϱ1(X), and therefore

E [ϱ1 [ϱ1,iF log ϱ1,iF ]] =
∑
X̸=i

E
[
ϱ1(F ; X̸=i) log ϱ1(F ;X ̸=i)

ϱ1(X̸=i)

]
.
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Using ν = E[ϱ1], and the joint convexity of the function (x, y) 7→ x log(x/y) on (0,∞)2, by
Jensen’s inequality

E [ϱ1 [ϱ1,iF log ϱ1,iF ]] ≥
∑
X̸=i

ν(F ;X ̸=i) log ν(F ;X ̸=i)
ν(X̸=i)

= ν [νiF log νiF ] ,

where we use the notation (1.82) for ν in place of ϱ1. The desired bound (1.80) follows
from (1.81).

Next, we use the so-called entropic stability estimate from [CE22], which allows one to
compare relative entropies with respect to ϱ1 with relative entropies with respect to ν by
using a covariance estimate. Let

Cov[µ](i, j) = µ[ηiηj ]− µ[ηi]µ[ηj ],

denote the L×L covariance matrix of any µ ∈ P(ΩL,M ), and write λ(Cov[µ]) for its largest
eigenvalue. If v ∈ RL, the tilted measure Tvµ ∈ P(ΩL,M ) is defined as

Tvµ(η) ∝ µ(η)e⟨v,η⟩ .

The next lemma is a version of [CE22, Proposition 39]; see also [CCP25, Lemma 3.2]. The
proof can be adapted to our conservative setting without modifications.

Proposition 1.30. Suppose there exists a deterministic function κ : [0, 1]→ R+ such that
λ(Cov[vαt]) ≤ κ(t) a.s., for all t ∈ [0, 1], for all v ∈ RL. Then, for all functions F ≥ 0,

E [Entα1 F ] ≥ exp
(
−λ(Λ)

∫ 1

0
κ(s)ds

)
Entν F .

We turn to a bound on the covariance. The following was established in [CE22, Lemma
50] for the non conservative setting, based on a decomposition introduced in [BB19]; see
also [CCP25, Lemma 3.4]. We adapt the proof given in [CCP25] to the present conservative
setting.

Proposition 1.31. Let ν = νL,M be the canonical Ising measure (1.69) with positive
definite interaction matrix Λ and external fields w ∈ RL. If λ(Λ) < 1/2, then the largest
eigenvalue of Cov[ν] satisfies

λ(Cov[ν]) ≤ 2
1− 2λ(Λ) .

Proof. By gaussian integration, for any η ∈ ΩL,M ,

exp(1
2⟨η,Λη⟩) ∝

∫
RL
dy exp

(
−1

2⟨y,Λ
−1y⟩+ ⟨η, y⟩

)
, (1.83)
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where the implicit positive constant is independent of η. Define the function

f(y) := exp
(
−1

2⟨y,Λ
−1y⟩+ log (Z (y + w))

)
,

where Z (v) := ∑
η∈ΩL,M

exp (⟨η, v⟩), for any v ∈ RL. From (1.83) we obtain

ν(η) ∝
∫
RL
dyf(y)Z (y + w)−1 exp (⟨η, y + w⟩) 1(η ∈ ΩL,M ) .

If µ denotes the uniform probability measure over ΩL,M then for all v ∈ RL,

Tvµ(η) = Z (v)−1 exp (⟨η, v⟩) 1{η∈ΩL,M } .

Therefore, ν is given by a mixture of tilted measures Tvµ,

ν(η) =
∫
Ty+wµ(η)f̂(y)dy ,

where f̂ := f/
∫
dyf(y) is a probability density on RL. By the law of total covariance,

Cov[ν] =
∫
dyf̂(y) Cov[Ty+wµ] + Cν , (1.84)

where Cν stands for the L× L matrix

Cν(i, j) :=
∫
γi(y)γj(y)f̂(y)dy −

(∫
γi(y)f̂(y)dy

)(∫
γi(y)γj(y)f̂(y)dy

)
,

and we use the notation γi(y) := ∑
η∈ΩL,M

Ty+wµ(η)ηi, i ∈ [L]. Next, we observe that
λ(Cov[Tvµ]) ≤ 2 for any v ∈ RL. Indeed, Tvµ is Strong Rayleigh [BBL09], which implies
negative correlation, and thus for any u ∈ RL, letting C = Cov[Tvµ], one has

∑
j

|Ci,j | = Ci,i −
∑

j: j ̸=i

Ci,j = 2Ci,i ,

for any i ∈ [L], where we use Ci,j ≤ 0 for i ≠ j and the fact that ∑j Ci,j = 0. Since λ(C) ≤
maxi

∑
j |Ci,j | and Ci,i ≤ 1 for any i ∈ [L] one has the desired bound λ(Cov[Tvµ]) ≤ 2.

We turn to a bound on the matrix Cν . For any u ∈ RL we write

⟨u, Cνu⟩ = ∑
i,juiujCν(i, j) = (gu(Y )) ,

where Y is the RL-valued random variable with density f̂ , and gu(y) := ∑
i uiγi(y). We are

going to use the Brascamp-Lieb inequality (Theorem 4.1 in [brasclieb]). Namely, suppose
that −Hess log f̂(y) is positive definite, with lower bound a Id where a > 0 and Id is the
L× L identity matrix. Then,

(gu(X)) ≤ 1
a

∫
dyf̂(y)∥∇gu(y)∥22 . (1.85)
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Note that,
∇igu(y) =

∑
j

uj
∂γj(y)
∂yi

=
∑

j

uiCi,j ,

where C = Cov[Ty+wµ]. As discussed above, one has λ(C) ≤ 2. Therefore, for all y ∈ RL,

∥∇gu(y)∥22 = ⟨Cu,Cu⟩ ≤ 4⟨u, u⟩ .

From (1.85) we conclude

⟨u, Cνu⟩ ≤
4
a
⟨u, u⟩ .

It remains to establish the bound −Hess log f̂(y) ≥ a Id. Since Hess log (Z (y + v)) =
Cov[Ty+wµ], one has Hess log (Z (y + w)) ≤ 2 Id. Moreover, Hess⟨y,Λ−1y⟩ ≥ 2λ(Λ)−1Id.
Therefore we obtain the quadratic form bound

−Hess log f̂(y)) = Hess
(

1
2⟨y,Λ

−1y⟩ − log (Z (y + v))
)
≥
( 1
λ(Λ) − 2

)
Id.

Summarizing, we may take a = (1 − 2λ(Λ))/λ(Λ). Since 4/a + 2 = 2/(1 − 2λ(Λ)), the
desired conclusion follows from (1.84).

We now have all ingredients to complete the proof of Theorem 1.27. From Proposition
1.31 applied with Λ replaced by (1− t)Λ, t ∈ [0, 1], and using the expression (1.73) for ϱt

we see that the assumption of Proposition 1.30 holds with

κ(s) = 2
1− 2(1− s)λ(Λ) , ∀s ∈ [0, 1].

Integrating,
∫ 1

0 κ(s)ds = − 1
λ(Λ) log(1− 2λ(Λ)). Therefore, Proposition 1.30 implies

EntνF ≤
1

1− 2λ(Λ) E [Entϱ1F ] ,

for all F : ΩL,M → R+. This, together with (1.79) and (1.80), proves that

EntνF ≤
1

1− 2λ(Λ)

K∑
i=1

ν [EntνiF ] ,

Using (1.76), it follows from (1.75) that

EntνF ≤
1

1− 2λ(Λ) E
du(F, logF )

This ends the proof of Theorem 1.27.
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1.4.4 Multicomponent mean field exchange dynamics

We extend the previous analysis to the case where the system consists of several regions
each of which is restricted to have a fixed magnetization. To this end, consider again
the probability measure µΛ,w on {−1,+1}L given in (1.66). Let B denote a partition of
[L], that is ∪B∈BB = [L] and B ∩ B′ = ∅ for all B ̸= B′. Let also M = (MB, B ∈ B),
MB ∈ {−|B|, . . . , |B|}, denote the magnetization vector, and define

ΩL,M :=
{
η ∈ {−1,+1}L : ∑i∈Bηi = MB, ∀B ∈ B

}
,

and the multicomponent canonical measure

νL,M := µΛ,w (· | ΩL,M) .

For every B ∈ B we define a Down-Up walk with rates

cdu
B (η, ηi,j) = 1(i, j ∈ B)1(ηi = +1, ηj = −1) µΛ,w(ηi,j)∑

k∈UB,i(η) µΛ,w(ηik) , (1.86)

where UB,i(η) = {j ∈ B : ηj = −1} ∪ {i}. Consider now the Down-Up walk given by the
generator (1.67) with rates

cdu(η, ηi,j) :=
∑
B∈B

cdu
B (η, ηi,j).

It is not hard to check that, for any choice of the magnetization vector M, the process is
irreducible in the state space ΩL,M, with unique reversible and invariant measure νL,M.
The Dirichlet form is given by

Edu
B (F,G) = 1

2
∑
B∈B

∑
i,j∈B

νL,M
[
cdu

B (η, ηi,j)∇i,jF (η)∇i,jG(η)
]
,

for F,G : ΩL,M → R. Let also EntνL,M(F ) denote the entropy with respect to the
multi-canonical Ising measure νL,M. The multicomponent version of Theorem 1.27 is as
follows.

Theorem 1.32 (MLSI for Multicomponent Down-Up walk). Let B be a fixed partition
of [L]. Suppose that Λ is a nonnegative definite L × L matrix with largest eigenvalue
λ(Λ) < 1/2. Then for all values of the vector M, for all w ∈ RL,

Edu
B (F, logF ) ≥ (1− 2λ(Λ))2 EntνL,M(F ) ,

for every F : ΩL,M → R+.

The key to prove the above theorem is the following factorization statement. For any
B ∈ B let νB = νL,M(· | ηj , j /∈ B) denote distribution inside B conditioned on the outside
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variables, and let EntνB (F ) = νB(F logF ) − νB(F ) log νB(F ) be the associated entropy
functional. Note that EntνB (F ) is a function of the outside variables ηj , j /∈ B.

Proposition 1.33 (Approximate Factorization of Entropy). Under the assumptions of
Theorem 1.32, for all F : ΩL,M → R+,

∑
B∈B

νL,M [EntνB (F )] ≥ (1− 2λ(Λ)) EntνL,M(F ) .

Proof. The proof can be obtained as in [CCP25, Theorem 2.8], which establishes a Shearer-
type inequality for multicomponent systems. For the reader’s convenience we sketch the
main steps. Consider the measure ϱt defined as in (1.73) with the set ΩL,M replaced by
ΩL,M. A key feature of the stochastic localization process in this case is that the measure
ϱ1 is now a product over B ∈ B, namely

ϱ1 =
⊗
B∈B

ϱ1,B , ϱ1,B =y1,B+wB µB ,

where µB is the uniform distribution over η ∈ {−1,+1}B such that ∑j∈B ηj = MB, and
y1,B, wB denote the projection of the L-vectors y1, w onto B. This can be seen from (1.74)
where now ΩL,M is replaced by ΩL,M.

By the tensorization property of product measures, see e.g. [Cap23], one has the
factorization

Entϱ1 F ≤
∑
B∈B

ϱ1
[
Entϱ1,B F

]
.

Moreover, we may apply the convexity argument in Lemma 1.29 to obtain, for any B ∈ B,

E
[
ϱ1
[
Entϱ1,B F

]]
≤ νL,M [EntνB F ] .

At this point we repeat the steps in Proposition 1.30 and Proposition 1.31. The fact that
the measures vµB , B ∈ B, are Strong Rayleigh for any v ∈ RB implies that their product is
also Strong Rayleigh, and thus the same covariance estimates can be used. In conclusion,

∑
B∈B

ν [EntνB (F )] ≥ Eµ [Entϱ1(F )] ≥ (1− 2λ(Λ)) EntνL,M(F ) .

Proof of Theorem 1.32. For every B ∈ B, the measure νB is of the form of a canonical
Ising measure as in (1.69) with L = |B|, Λ replaced by ΛB = (Λi,j , i, j ∈ B), the
principal submatrix corresponding to the set B, and w replaced by some new external
field w(ηBc) = (wi(ηBc), i ∈ B), which depends on the outside variables ηBc = (ηj , j /∈ B)
through

wi(ηBc) = wi +
∑
j /∈B

Λi,jηj .
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Thus we may apply Theorem 1.27 to this system. Noting that the rates cdu
B (η, ηi,j) can be

written as in (1.86) with µΛ,w replaced by νB, this gives, for all B, uniformly in ηBc ,

1
2
∑

i,j∈B

νB

[
cdu

B (η, ηi,j)∇i,jF (η)∇i,j logF (η)
]
≥ (1− 2λ(ΛB)) EntνB (F ) .

Summing over B ∈ B, taking the expectation with respect to νL,M, and noting that
λ(ΛB) ≤ λ(Λ),

Edu
B (F, logF ) ≥ (1− 2λ(Λ))

∑
B∈B

νL,M [EntνB (F )] .

The statement in Theorem 1.32 then follows from Proposition 1.33.

1.4.5 Proof of Theorem 1.10

We apply Theorem 1.32 with the notation given by the correspondence in (1.71), and
with the following choice of blocks B. Given a partition A of [n], we define the associated
partition B = (B(A), A ∈ A) of [Nn] where, for each A ∈ A, B(A) is the stripe [N ]×A,
or more formally

B(A) := {i ∈ [Nn] : i = ℓ+ qn, ℓ ∈ A, q ∈ Z+, 1 ≤ ℓ+ qn ≤ Nn}.

Note that {B(A), A ∈ A} forms a partition of [Nn], and if B = B(A), then ηB corresponds
to the spins (σℓ(i), ℓ ∈ A, i ∈ [N ]). Let µ be the canonical Ising measure defined in (1.14),
where α ∈ DA,N , and for B = B(A), write µB for the measure

µB = µ(· | σℓ(i), ℓ /∈ A, i ∈ [N ]),

that is µB is the measure obtained by conditioning on all variables outside of B. The
factorization in Proposition 1.33 is equivalent to

∑
B∈B

µ [EntµB (F )] ≥ (1− 2λ(Λ)) Entµ(F ) . (1.87)

Recalling that K is now given by K(ℓ, k) = 1
|A| if ℓ, k ∈ A and K(ℓ, k) = 0 otherwise, the

Dirichlet form (1.15) becomes

EN,J,α(F,G) = 1
n

∑
A∈A

µ
[
EB(A)(F,G)

]
,

EB(A)(F,G) := 1
2N |A|

N∑
i,j=1

∑
ℓ,k∈A

µB(A)
[
p̂J(ℓ, k | σ(i), σ(j))∇i,ℓ;j,kF∇i,ℓ;j,kG

]
,

for functions F,G : ΩN,α → R. We note that every µB is of the form (1.64), with (n, J, h)
replaced by (|A|, JA, hA), where JA = (Ji,j , i, j ∈ A), and hA ∈ RN |A| is the external field
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induced by the boundary condition outside of B, which is given by [hA(i)]ℓ = ∑
k /∈A Jℓ,kσk(i),

i ∈ [N ], for every ℓ ∈ A. Since h̄A ≤ J̄ , and λ(Λ) = λ(J) ≥ λ(JA), for all A ⊂ [n], by
Theorem 1.26, for all A ∈ A,

EB(A)(F, logF ) ≥ 1
4(1− 2λ(J)) e−16J EntµB(A)(F ),

for all F ≥ 0. From (1.87) and (1.72) we conclude

EN,J,α(F, logF ) ≥ 1
4n(1− 2λ(J))2 e−16J Entµ(F ) .

This ends the proof of Theorem 1.10.

1.5 Completing Kac’s program

In this section we are going to prove Theorem 1.7. The main step consists in establishing
a suitable nonlinear modified log-Sobolev inequality.

1.5.1 Nonlinear MLSI

Consider the quadratic system with kernel QK
J , and let A be the corresponding partition

of [n]. Let also Dµ denote the entropy dissipation functional from Lemma 1.15.

Definition 1.34. For all h ∈ ΓA, let Sh be the set of f : Ω→ R+ such that µJ,h[f ] = 1
and such that fµJ,h ∈ P(Ω) has the same magnetization vector of µJ,h, that is

mA(µJ,h) = mA(fµJ,h).

The system is said to satisfy the Nonlinear MLSI with rate function I : ΓA → R+ if for all
h ∈ ΓA,

DµJ,h
(f) ≥ I(h)µJ,h [f log f ] , f ∈ Sh .

Recall the notation PA(Ω) for the set of probability measures with nondegenerate
magnetization, see Definition 1.4, and recall the uniqueness statement from Lemma 1.14.

Lemma 1.35. For any p ∈ PA(Ω), let h = h(mA(p)) denote the unique h ∈ ΓA such that
mA(µJ,h) = mA(p), and let pt denote the solution of (1.5) with initial datum p. If the
system satisfies the Nonlinear MLSI with rate function I, then

H(pt|µJ,h) ≤ e−I(h)tH(p|µJ,h) , t ≥ 0. (1.88)

Proof. Let µ = µJ,h and write ft = pt/µ. From Lemma 1.17 it follows that ft ∈ Sh

for all t ≥ 0. By Lemma 1.15, and using the Nonlinear MLSI assumption, the function
φ(t) := H(pt|µ) = µ[ft log ft] satisfies

d

dt
φ(t) = −Dµ(ft) ≤ −I(h)µ [ft log ft] = −I(h)φ(t) .
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Integrating, we obtain (1.88).

To prove Theorem 1.7 it is then sufficient to prove the following uniform Nonlinear
MLSI.

Theorem 1.36. In the setting of Theorem 1.7, the system satisfies the Nonlinear MLSI
with rate function I such that I(h) ≥ r, for all h ∈ ΓA, where r ≥ 1

8n(1− 2λ(J))2e−16J̄ .

The rest of this section is devoted to the proof of Theorem 1.36. The estimate will be
derived using Theorem 1.10 together with Entropic Chaos and Fisher Chaos estimates that
are at the heart of Kac’s program. We start with some preliminaries concerning the local
central limit theorem.

1.5.2 Local Central Limit Theorem and Kac Chaos

Let ν ∈ P(Ω) be a probability measure on Ω = {−1,+1}n, and let A be a partition of the
set [n]. Define the |A|-dimensional vector M = (MA, A ∈ A), where

MA =
∑
ℓ∈A

σℓ, A ∈ A .

Definition 1.37. We say that ν ∈ P(Ω) is irreducible if for all A ∈ A, there exists an
|A|-dimensional vector S such that ν(M = S) > 0 and ν(M = S + 2δA) > 0, where δA

denotes the standard unit vector in the A-th coordinate.

Let V A
ν denote the covariance matrix of the vector M ,

V A
ν (A,A′) = ν(MAMA′)− ν(MA)ν(MA′), A,A′ ∈ A.

If ν is irreducible then

detV A
ν > 0.

Indeed, suppose that detV A
ν = 0. Then there exists A ∈ A such that MA is almost surely

a non-trivial linear combination of {MA : A ≠ Ā} under ν. Consequently, no S ∈ RA

can exist such that both S and S + 2δA have positive probability under ν, yielding a
contradiction. The following is a version of the local central limit theorem; see [CP24,
Proposition 2.2] for a proof.

Proposition 1.38. Let ν ∈ P(Ω) be irreducible, and let M (N) be the sum of N independent
copies of M , each distributed according to ν. Then, there exists a constant K(ν) > 0 such
that for all N ≥ 1,

max
S

∣∣∣∣∣∣P(M (N) = S
)
− e− 1

2 ⟨zN ,zN ⟩

(2πN)|A|/2
√

detV A
ν

∣∣∣∣∣∣ ≤ K(ν)
(2πN)|A|/2+1 ,

65



where zN is the |A|-dimensional vector defined as

zN = (V A
ν )−1/2
√
N

(
S − E[M (N)]

)
,

and the maximum is taken over all |A|-tuples S = (SA, A ∈ A) such that for each A ∈ A,
SA = 2XA −N |A| for some integer XA ∈ {0, . . . , N |A|}.

We apply the above statement with n and A fixed, while we take N arbitrarily large.
In particular, we use Proposition 1.38 to obtain a lower bound on the probability of the
event ΩN,α defined in (1.13), for suitable sequences α ∈ DA,N , when the spin configuration
(σ(i), i ∈ [N ]) is distributed according to the product measure ν⊗N .

Corollary 1.39. Let ν ∈ P(Ω) be irreducible and assume that α ∈ DA,N satisfies the
condition

⟨α− αA(ν), α− αA(ν)⟩ = O (1/N) , (1.89)

where αA(ν) = (1 +mA(ν))/2 is the density profile associated to ν. Then,

ν⊗N (ΩN,α) ≥ c

N |A|/2 ,

where c = c(ν) > 0 is a constant independent of N . In particular,

lim
N→∞

1
N

log
(
ν⊗N (ΩN,α)

)
= 0.

Proof. The event ΩN,α can be written as M (N) = S with SA = (2α(A)− 1)N |A|, A ∈ A.
Moreover, for each A, the A-component of E[M (N)] is given by N |A|mA(ν). The results
follow from Proposition 1.38 by noting that (1.89) is equivalent to ⟨zN , zN ⟩ = O(1).

Given ν ∈ P(Ω), it is always possible to find α ∈ DA,N such that (1.89) is satisfied. In
fact, choosing

α(A) = 1
N |A|

⌊N |A|(1 +m(A, ν))/2⌋ , A ∈ A (1.90)

one has α(A) − 1
2(1 + m(ν,A)) = O(1/N), for all A ∈ A, and therefore (1.89) actually

holds with O(1/N2) in place of O(1/N).

Definition 1.40 (Canonical tensor product). The choice (1.90) of α ∈ DA,N will be called
the canonical density associated to ν. We also define the canonical tensor product associated
to ν ∈ P(Ω) as the product measure ν⊗N conditioned on ΩN,α, where α is the canonical
density for ν,

γN (ν) = ν⊗N (· | ΩN,α) .
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Kac’s Chaos refers to the fact that marginals of the canonical tensor product converge
as N → ∞ to independent copies of ν. The next proposition quantifies this statement.
For all fixed k ∈ N, we write Pkγ for the marginal of a measure γ ∈ P(ΩN ) on the first k
coordinates Ωk, for k ≤ N . We refer to [CP24, Theorem 2.6] for a proof.

Proposition 1.41 (Kac Chaos). Let ν ∈ P(Ω) be irreducible. Then, for all N ≥ k ≥ 1,

∥PkγN (ν)− ν⊗k∥TV ≤
Ck

N
,

for some constant C = C(ν).

1.5.3 Entropic and Fisher Chaos

We turn to the implications of the above estimates for the relative entropy and the Dirichlet
form of the exchange dynamics.

Proposition 1.42 (Entropic Chaos). Suppose ν1, ν2 ∈ P(Ω) are irreducible measures such
that ν1 ≪ ν2 and mA(ν1) = mA(ν2). Then,

lim
N→+∞

1
N
HN (γN (ν1) | γN (ν2)) = H(ν1 | ν2).

Proof. By definition of the canonical tensor products, calling α the common canonical
density for ν1, ν2,

HN (γN (ν1) | γN (ν2)) = γN (ν1)
[
log

(
ν⊗N

1

ν⊗N

2

)]
− log

(
ν⊗N

1 (ΩN,α)
ν⊗N

2 (ΩN,α)

)
.

Corollary 1.39 implies

lim
N→+∞

1
N

log
(
ν⊗N

1 (ΩN,α)
ν⊗N

2 (ΩN,α)

)
= 0.

Moreover, by symmetry

1
N
γN (ν1)

[
log

(
ν⊗N

1

ν⊗N

2

)]
= P1γN (ν1)

[
log

(
ν1
ν2

)]
,

and the conclusion follows by Proposition 1.41.

Fisher Chaos is the convergence of the Dirichlet form (1.15) when the function F is
the density of a canonical tensor product. Recalling the notation from Definition 1.34, this
can be formulated as follows.

Proposition 1.43 (Fisher Chaos). Fix h ∈ ΓA, and let µ := µJ,h. Suppose f ∈ Sh is
such that the measure ν := fµ ∈ P(Ω) is irreducible. Let α denote the common canonical
density of ν and µ, and define

FN := γN (ν)
γN (µ) . (1.91)
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Then,
lim

N→∞

1
N
EN,J,α(FN , logFN ) = 2Dµ(f). (1.92)

Proof. For any F : ΩN → R+ we write EN,J,α(F, logF ) = 1
n

∑
ℓ,k∈[n]K(ℓ, k)Eℓ,k

N,J,α(F ),
where

Eℓ,k
N,J,α(F ) := − 1

N

N∑
i,j=1

µN,J,α

[
p̂J(ℓ, k|σ(i), σ(j))∇i,ℓ;j,kF logF

]
.

Similarly, Dµ(f) = 1
n

∑
ℓ,k∈[n]K(ℓ, k)Dℓ,k

µ (f), where

Dℓ,k
µ (f) := −1

2
∑

τ,τ ′∈Ω
µ(τ)µ(τ ′)pJ(ℓ, k|τ, τ ′)×

×
(
f
(
Sℓ(τ, τ ′

k)
)
f
(
Sk(τ ′, τℓ)

)
− f(τ)f(τ ′)

)
log

(
f(τ)f(τ ′)

)
.

Therefore, to prove (1.92) it is sufficient to show that for all fixed n and ℓ, k ∈ [n], with
FN as in (1.91),

lim
N→∞

1
N
Eℓ,k

N,J,α(FN ) = 2Dℓ,k
µ (f).

Since FN and µN,J,α are invariant under particle permutations,

1
N
Eℓ,k

N,J,α(FN ) = N − 1
N
E1,2(FN ) + 1

N
E1(FN ) ,

where

E1,2(FN ) = −µN,J,α

[
pJ(ℓ, k|σ(1), σ(2))∇1,ℓ;2,kFN logFN

]
,

E1(FN ) = −µN,J,α

[
p̂J(ℓ, k|σ(1), σ(1))∇1,ℓ;1,kFN logFN

]
.

Thus, it suffices to show that

lim
N→∞

E1,2(FN ) = 2Dℓ,k
µ (f) , (1.94)

lim
N→∞

1
N
E1(FN ) = 0 . (1.95)

For any configuration σ ∈ ΩN,α,

FN (σ) =
µ⊗N

(
ΩN,α

)
ν⊗N

(
ΩN,α

) N∏
s=1

f
(
σ(s)

)
,

so that

E1,2(FN ) = −
∑

σ∈ΩN,α

µ(σ(1))µ(σ(2))∏s̸=1,2 ν
(
σ(s)

)
ν⊗N

(
ΩA

αN

) pJ(ℓ, k | σ(1), σ(2)) log (FN (σ)) ×

× [f(Sℓ(σ(1), σ(2)k))f(Sk(σ(2), σ(1)ℓ))− f(σ(1))f(σ(2))] .
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We decompose ΩN,α by fixing the values τ = σ(1), τ ′ = σ(2),

ΩN,α = ∪τ,τ ′∈ΩΩN,α(τ, τ ′), (1.96)

where ΩN,α(τ, τ ′) denotes the set of configurations (σ(s))s̸=1,2 ∈ ΩN−2 such that

∑
ℓ∈A

∑
s̸=1,2

σℓ(s) = (N − 2)|A|
(
2α̃(A | τ, τ ′)− 1

)
, A ∈ A,

where the adjusted density vector α̃(· | τ, τ ′) ∈ DA,N−2 satisfies

(
2α̃(A | τ, τ ′)− 1

)
= N

N − 2(2α(A)− 1)− 1
(N − 2)|A|

∑
ℓ∈A

(τℓ + τ ′
ℓ).

Note that α̃(A | τ, τ ′) = α(A)+O(1/N) for all A and τ, τ ′ ∈ Ω. In particular, by Proposition
1.38, for all τ, τ ′ ∈ Ω,

lim
N→∞

ν⊗N−2(ΩN,α(τ, τ ′))
ν⊗N (ΩN,α) = 1. (1.97)

From the decomposition (1.96),

E1,2(FN ) = −
∑

τ,τ ′∈Ω
µ(τ)µ(τ ′)pJ(ℓ, k | τ, τ ′)

[
f(Sℓ(τ, τ ′

k))f(Sk(τ ′, τℓ))− f(τ)f(τ ′)
]
×

×
∑

η∈ΩN,α(τ,τ ′)

∏
s̸=1,2 ν

(
η(s)

)
ν⊗N

(
ΩN,α

)
log

µ⊗N
(
ΩN,α

)
ν⊗N

(
ΩN,α

) + log(f(τ)f(τ ′)) + log

 ∏
s̸=1,2

f(η(s))

 .
Using reversibility as in Lemma 1.13, we see that the function

ϕ(τ, τ ′) := µ(τ)µ(τ ′)pJ(ℓ, k | τ, τ ′)
[
f(Sℓ(τ, τ ′

k))f(Sk(τ ′, τℓ))− f(τ)f(τ ′)
]

is antisymmetric in the exchange (τ, τ ′)↔ (Sℓ(τ, τ ′
k), Sk(τ ′, τℓ)). On the other hand,

ΩN,α(τ, τ ′) = ΩN,α(Sℓ(τ, τ ′
k), Sk(τ ′, τℓ)) .

It follows that

E1,2(FN ) = −
∑

τ,τ ′∈Ω

ν⊗N−2(ΩN,α(τ, τ ′))
ν⊗N (ΩN,α) ϕ(τ, τ ′) log(f(τ)f(τ ′)).

From (1.97) we obtain

lim
N→∞

E1,2(FN ) = −
∑

τ,τ ′∈Ω
ϕ(τ, τ ′) log(f(τ)f(τ ′)) = 2Dµ(f) .

This proves (1.94). To prove (1.95) we proceed in a similar way. We decompose ΩN,α =
∪τ∈ΩΩN,α(τ) by fixing τ = σ(1), where ΩN,α(τ) = ΩN−1,α̃(·|τ) denotes the set of configura-
tions (σ(s))s̸=1 ∈ ΩN−1 with fixed density α̃(· | τ) such that α̃(A | τ) = α(A) + O(1/N)
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for all A and τ ∈ Ω. Reasoning as above, it follows that

E1(FN ) = −
∑
τ∈Ω

ν⊗N−1(ΩN,α(τ))
ν⊗N (ΩN,α) ϕ(τ) log(f(τ)),

where
ϕ(τ) = µ(τ)p̂J(ℓ, k | τ, τ)

[
f(τ ℓ,k)− f(τ)

]
.

Therefore,
lim

N→∞
E1(FN ) = −

∑
τ∈Ω

ϕ(τ) log(f(τ)) .

This implies (1.95).

1.5.4 Proof of Theorem 1.7

As we have seen in Section 1.5.1, it is sufficient to prove Theorem 1.36. Take f ∈ Sh, for a
fixed h ∈ ΓA, and write FN for the function in Proposition 1.43. Set µ = µJ,h, and assume
that ν = fµ is irreducible in the sense of Definition 1.37. Therefore, we know that

2Dµ(f) = lim
N→∞

1
N
EN,J,α(FN , logFN ) .

On the other hand, by Theorem 1.10, EN,J,α(FN , logFN ) ≥ r0 EntN,J,α FN , for all N , with
r0 ≥ 1

4n(1 − 2λ(J))2e−16J̄ . By Proposition 1.42 with ν1 = ν and ν2 = µ, one has the
convergence

lim
N→∞

1
N

EntN,J,α FN = µ[f log f ] .

It follows that

Dµ(f) ≥ r µ[f log f ] ,

with r = r0/2. This establishes the desired bound for all f ∈ Sh such that ν = fµ is
irreducible. If ν is not irreducible, we proceed by regularising it as follows. For any
ε ∈ (0, 1), define

fε = (1− ε)f + ε.

Note that fε ∈ Sh whenever f ∈ Sh. Moreover νε := fεµ is irreducible since νε(τ) ≥
εµ(τ) > 0 for all τ ∈ Ω. Thus, applying the above reasoning to fε we obtain

Dµ(fε) ≥ r µ[fε log fε] .

Taking the limit as ε→ 0, by continuity we obtain the desired inequality for f . This proves
I(h) ≥ α for all h ∈ ΓA, which ends the proof.
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1.5.5 Open problem: exponential ergodicity at all temperatures?

We conclude the chapter with a discussion of some open questions. The exponential decay
established in Theorem 1.7 holds under the assumption that the interaction matrix J

is nonnegative definite and has spectral radius λ(J) < 1/2. The positivity assumption
is, in principle, not restrictive, since one may freely modify the diagonal entries of J
without affecting the corresponding Ising measure. The spectral radius condition, however,
imposes that the interaction be sufficiently weak, which we interpret as a high-temperature
assumption.

For instance, in the case of the Curie-Weiss model, where Ji,j = β/n for all i, j ∈ [n],
the condition λ(J) < 1/2 imposes β < 1/2 which is a factor 2 off with respect to the
critical value βc = 1. It would be certainly desirable to have exponential decay with rate
of order 1/n throughout the whole region β ∈ (0, βc) in this case. On the other hand,
understanding the behavior of the system in the low temperature region β > βc seems to
be a very challenging open problem. In particular, it is not even clear whether one should
expect a slowdown or not for the nonlinear equation.

Nevertheless, by analogy with linear evolutions such as low-temperature Glauber or
Kawasaki dynamics [Mar97], one may ask whether exponential decay to equilibrium still
holds for every interaction J , possibly with rates that deteriorate exponentially in n.
Establishing such a result would amount to an exponential ergodicity property for the
nonlinear equation, providing a quantitative counterpart to the plain convergence in
Theorem 1.5.

A possible strategy toward this goal is to revisit Kac’s program and show that a
statement analogous to Theorem 1.10 remains valid for arbitrary interactions J , with some
rate α ≥ c(J) for a constant c(J) > 0 that may depend on J , possibly exponentially small
in n. By repeating the reasoning in Section 1.4, and in particular, invoking Proposition 1.30,
such a result would follow if one could prove that the tilted canonical Ising measure TvµN,α

satisfies a covariance bound of the form

λ(Cov[TvµN,α]) ≤ C(J),

for some constant C(J) that may grow with n but remains uniformly bounded in both the
linear tilt v and the number of particles N . We conjecture that such a bound indeed holds
for all interactions J . Using equivalence-of-ensembles estimates, as in Proposition 1.41,
one can obtain such bounds for each fixed choice of the tilt v, uniformly in N . However,
establishing estimates that are also uniform in the tilt parameter appears to be a rather
challenging problem.
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Chapter 2

Nonlinear Mean-Field Hardcore
Model

This chapter is entirely devoted to the analysis of nonlinear exchange dynamics in mean field
case for the hardcore model. The content presented here is based on the article [Min+26].
For the sake of completeness, we briefly recall the mathematical definition of the model.
Let G = (V,E) be an undirected graph with V = [n] and maximum degree ∆ ≥ 3, and
let ΩG ⊆ {0, 1}n denote the set of independent sets of G, which are the configurations
σ = (σi, i ∈ [n]) with the constraint σiσj = 0 for all {i, j} ∈ E. The hardcore model on G
at fugacity λ > 0 is defined through the Gibbs measure

µG,λ(σ) = λ|σ|

ZG(λ) 1(σ ∈ ΩG), |σ| =
n∑

i=1
σi, (2.1)

where |σ| denotes the size of the independent set σ and ZG(λ) is the normalizing partition
function. We refer to the Introduction of this thesis for a discussion of the hardcore model,
the uniqueness threshold λc(∆), the critical density αc(∆), and for the relevant background
and motivation.
The results discussed in this chapter were already presented informally in the introduction
of this thesis. Here, we expose them in full detail, providing the complete statements of
the theorems together with their proofs.

2.1 Introduction and Main results

2.1.1 The collision kernel

A collision between two spin configurations (σ, σ′) ∈ Ω× Ω consists in the exchange of the
ℓ-th spin of σ with the k-th spin of σ′, that is

(σ, σ′) 7→
(
Sℓ(σ, σ′

k), Sk(σ′, σℓ)
)
, (2.2)
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where Sℓ : Ω× {0, 1} → Ω is the configuration defined by

Sℓ(σ, a)i =

σi if i ̸= ℓ,

a if i = ℓ.

This mechanism is well defined for every pair ℓ, k for which configuration Sℓ(σ, σ′
k) and

Sk(σ′, σℓ) are still independent sets of G. In this case we say the exchange is admissible,
and we define (ℓ, k)σ,σ′ as the event that the exchange (ℓ, k) is admissible for the pair of
independent sets σ, σ′ ∈ ΩG, and by (̂ℓ, k)σ,σ′ its complementary event.

We define the mean-field collision kernel Q by

Q(σ, σ′; τ, τ ′) = 1
n2

∑
ℓ,k∈[n]

Qℓ,k(σ, σ′; τ, τ ′), (2.3)

with

Qℓ,k(σ, σ′; τ, τ ′) = 1{(ℓ, k)σ,σ′}1{(τ, τ ′) = (σ, σ′)ℓ,k}+ 1{(̂ℓ, k)σ,σ′}1{(τ, τ ′) = (σ, σ′)}.

Here (σ, σ′)ℓ,k is a shorthand for the right hand side of (2.2). In words, given a pair (σ, σ′),
vertices (ℓ, k) are selected uniformly at random and an exchange between sites ℓ and k is
performed if and only if it results in a new pair of independent sets.

More generally, one can define a collision kernel associated to any symmetric stochastic
matrix K:

QK(σ, σ′; τ, τ ′) := 1
n

n∑
ℓ,k=1

K(ℓ, k)Qℓ,k(σ, σ′; τ, τ ′).

The definition in (2.3) corresponds to the choice K(ℓ, k) = 1/n for all ℓ, k ∈ [n], which
we refer to as the mean-field case. Another case of interest is the single-site kernel
K(ℓ, k) = 1(ℓ = k), which will be studied in [Min+26]. In this work, however, we analyse
only the nonlinear dynamics for the hardcore model in the mean-field case.

2.1.2 Nonlinear dynamics and convergence theorem

Let P(ΩG) denote the set of probability measures on ΩG. Given the collision kernel Q
defined in (2.3), the nonlinear evolution on P(ΩG) is defined by the dynamical system

dpt

dt
= pt ◦ pt − pt, p0 = p, (2.4)

for some initial value p ∈ P(ΩG), where (p◦q)(τ), for p, q ∈ P(ΩG), denotes the commutative
collision product

(p ◦ q)(τ) = 1
2

∑
σ,σ′,τ ′∈ΩG

(
p(σ)q(σ′) + p(σ′)q(σ)

)
Q(σ, σ′; τ, τ ′). (2.5)

Definition 2.1 (Density). Given p ∈ P(ΩG), the density α(p) is the expected density of
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an independent set sampled according to p:

α(p) = 1
n
Ep [|σ|] .

For example, the density of the hardcore model with fugacity λ > 0 coincides with its
occupancy ratio:

α(µG,λ) = αG(λ) := 1
n

Z ′
G(λ)

ZG(λ) .

We denote by P+(ΩG) the family of distributions fully supported on the set of independent
sets ΩG; that is, p ∈ P+(ΩG) if and only if p ∈ P(ΩG) and p(σ) > 0 for all σ ∈ ΩG. In
the next result we formulate our main convergence statement for the mean-field nonlinear
process.

Theorem 2.2. A distribution p ∈ P+(ΩG) is a stationary state if and only if p = µG,λ for
some λ > 0. Moreover, the density α(pt) is independent of t ≥ 0. Finally, for any initial
state p ∈ P(ΩG) with α(p) ∈

(
0, 1

1+∆

)
,

∥pt − µG,λ∥T V → 0, t→ +∞,

where λ = λ(p) is the unique fugacity such that α(µG,λ(p)) = α(p).

As mentioned in the main introduction, the range of convergence stated in Theorem 2.2
is optimal: it is not possible in general to extend this result beyond the critical value
1/(∆ + 1); see the example proposed after Theorem 0.2.

2.1.3 Rates of convergence

Theorem 2.2 does not give any information on rates of convergence. Here we discuss our
quantitative results. We have two sets of results: exponential decay in Wasserstein distance,
and relative entropy decay. As discussed in Remarks 1.8 and 1.12, both exponential decay
of Wasserstein distance and relative entropy imply the same exponential decay rate (up to
a constant factor) for the total variation distance, uniformly in the initial condition.

Wasserstein contraction

Recall the Wasserstein distance W1 defined in (0.8).

Theorem 2.3. For all initial states p ∈ P(ΩG) with α(p) ∈ (0, 1/(3(∆ + 1))), the solution
pt of (2.4) satisfies

W1(pt, µG,λ) ≤W1(p, µG,λ) e−εt/n,

where ε = 1−3(∆+1)α(p) > 0 and λ = λ(p) is the unique fugacity such that α(µG,λ) = α(p).
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Entropy decay

Recall the definition of relative entropy given in (0.6). We also recall the definition of the
critical density

αc(∆) = λc(∆)
1 + (∆ + 1)λc(∆) , (2.6)

which serves as the critical threshold governing the range of entropy decay in the next result.
It is important to relate this quantity to the upper bounds appearing in other convergence
theorems, namely 1

∆+1 in Theorem 2.2 and 1
3(∆+1) in Theorem 2.3. In particular, we have

1
3(∆ + 1) < αc(∆) < 1

∆ + 1 .

Theorem 2.4 (Informal version of Theorem 2.36). For any δ > 0, if α(p) ∈ (δ, (1−δ)αc(∆)),
then the convergence stated in Theorem 2.2 can be strengthened to exponential decay in
relative entropy:

H(pt | µG,λ) ≤ e−rt/nH(p | µG,λ),

with rate r = r(γ,∆) > 0.

We conjecture that the rate r should not depend on the lower bound on the density.
However, our result in Theorem 2.4 is not uniform in γ. On the other hand, note that the
bound in Theorem 2.3 does not deteriorate as the density becomes samall. Moreover, it is
known that for Glauber dynamics, entropy decay holds uniformly in the fugacity, provided
it is sufficiently close to zero; see [CE22]. It is however interesting to note that Theorem 2.4
allows one to reach densities that are arbitrarily close to the critical value αc(∆) whereas
Theorem 2.3 requires a cruder upper bound on the density.

Theorem 2.4 will be proved using Kac’s program, namely by establishing a uniform
modified log-Sobolev inequality for the associated linear interacting particle system, which
corresponds to an exchange dynamics on fixed-size independent sets on a disjoint union
of N copies of G. For this step we rely on the analysis in [Jai+23]. Completing Kac’s
program requires one further step, involving entropic chaos and Fisher chaos, based on a
local central limit theorem. For that part we can proceed as in the context of the nonlinear
process for the Ising model; see the previous chapter, and [CP24]. It is straightforward
to check that the same proofs of Section 1.5 can be adapted to the present setting of the
Hardcore model. For the reader’s convenience, we reproduce the main part of the argument
in Section 2.5.

2.1.4 Kac’s program

We consider a system of N ∈ N particles {σ(i), i = 1, . . . , N}, where each σ(i) =
(σ1(i), . . . , σn(i)) ∈ ΩG. Alternatively, σ ∈ ΩN can be seen as an independent set over the
graph GN given by the disjoint union of N copies G(i) of G. The process is described
as follows. Each ordered pair (i, j), is updated at the arrival times of an independent
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Poisson process with rate 1/N . When an update occurs at (i, j), a pair of sites ℓ, k is
picked uniformly at random and, if i ≠ j and (Sℓ(σ(i), σ(j)k), Sk(σ(j), σ(i)ℓ)) ∈ ΩG × ΩG,
the ℓ-th spin of particle i is exchanged with the k-th spin of particle j. Note that the
updates conserve the independent structure of each σ(i), with i ∈ [N ] and the process is
well-defined and they involve every time a pair of different particles i ≠ j. In particular, the
exchange mechanism which defines the particle system is the same of nonlinear dynamics
mean field, once i, j ∈ [N ] are fixed, then ℓ, k ∈ [n] are sampled uniformly at random and
the current configuration σ = (σ(s), s ∈ [N ]) is updated in s = i, j with the exchange rule

(σ(i), σ(j)) 7→
(
Sℓ(σ(i), σ(j)k) , Sk(σ(j), σ(i)ℓ)

)
, (2.7)

provided that such exchange is admissible, which we denote through the event (ℓ, k)σ(i),σ(j)

that is Sℓ(σ(i), σ(j)k) and Sk(σ(j), σ(i)ℓ) are independent set. The process described above
has a precise expression in term of continuous-time Markov chain with generator

LNF (σ) = 1
Nn2

N∑
i,j=1

∑
ℓ,k∈[n]

1{(ℓ, k)σ(i),σ(j)}∇i,ℓ;j,kF (σ),

where the gradient operator ∇i,ℓ;j,k is defined by

∇i,ℓ;j,kF (σ) := F (σi,ℓ;j,k)− F (σ), σi,ℓ;j,k(u) :=


σ(u) u ̸= i, j,

Sℓ(σ(i), σ(j)k) u = i,

Sk(σ(j), σ(i)ℓ) u = j,

with the convention that when i = j, σi,ℓ;j,k = σ. Our main purpose in considering this
particle system is to study its convergence in terms of the functional inequality MLSI, and
to relate it to the entropy decay of the nonlinear process in the spirit of Kac’s program.
An interesting aspect of Kac’s program that we will not develop here is the propagation
of chaos, which compares the evolution of the particle system with that of the nonlinear
process in the limit N → ∞. We will partially encounter this aspect in the application
presented in the next subsection, where the connection between these two systems yields a
poly(n) algorithm for the hardcore model.

We now present the main ingredients to study the convergence of the linear system.
First, we observe that the mechanism in (2.7) conserves the total number of 1’s, or
equivalently the density of the system. In order to guarantee convergence, we therefore fix
the density to a prescribed value.

Definition 2.5. We write DN for the set of densities α ∈
(
0, 1

∆+1
]

such that αNn is a
nonnegative integer. Given α ∈ DN , define

ΩN,α :=
{
σ ∈ ΩN

G :
N∑

i=1

n∑
ℓ=1

σℓ(i) = Nnα

}
.
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Note that the upper bound 1
∆+1 in the definition of DN ensures that ΩN,α is non-empty

for every α ∈ DN . Once α ∈ DN is fixed and the system has the configuration σ ∈ ΩN,α the
next state is chosen uniformly at random between possible states available with one step of
the mechanism (2.7). Thus, this makes the uniform measure on the set ΩN,α a reversible
measure for the process defined by LN . Namely, for every α ∈ DN the distribution

µN,α(σ) = 1 (σ ∈ ΩN,α)
|ΩN,α|

, σ ∈ ΩN
G

is a invariant measure for LN and the pair (LN , µN,α) is reversible. To present the
convergence statement in terms of the Modified Log Sobolev inequality we need to introduce
the relevant quantities: given α ∈ DN the Dirichlet Form associated to the pair (LN , µN,α)
is

EN,α(F,G) := 1
2Nn2

N∑
i,j=1

n∑
ℓ,k=1

µN,α

[
1{(ℓ, k)σ(i),σ(j)}∇i,ℓ;j,kF ∇i,ℓ;j,kG

]
,

for all F,G : ΩN,α → R.

Theorem 2.6 (MLSI for the particle system). Suppose G has maximum degree ∆ ≥ 3 and
n vertices, and let N ≥ n2. For any γ > 0, if α ∈ DN satisfies α ∈ (γ, (1− δ)αc(∆)) , then

EN,α(F, logF ) ≥ r

n
EntµN,α(F ) ∀F ≥ 0, (2.8)

with r = Ωγ,δ,∆(1).

Here, we used the notation EntµN,α(F ) = EµN,α

[
F log

(
F

EµN,α
[F ]

)]
, and the subscripts

γ, δ,∆ in Ωγ,δ,∆(·) indicate that the implicit constant depends only on γ, δ,∆. As in the Ising
case discussed above for the particle system, the MLSI in (2.8) implies exponential decay
of the heat semigroup etLN in relative entropy: for any initial distribution ν0 ∈ P(ΩN,α),
letting νt = etLN ν0 denote the law of the process at time t ∈ R+, one has

H(νt | µN,α) ≤ e−rt/nH(ν0 | µN,α).

Theorem 2.6 is proved by adapting the argument of Theorem 2 in [Jai+23] to the
Kac particle system. We note that the result in [Jai+23] is in fact stronger than we need,
as it necessarily establishes a full log-Sobolev inequality rather than a MLSI. This also
explains the spurious dependance on the parameter γ. Unfortunately, the proof uses heavily
comparison tools that only seem to apply to LSI, and not directly to MLSI. Since the proof
is very technical, and there are some simplifications that can be exploited in our setting, we
have opted to carry out the proof in detail, adapting their approach directly to our setting.

Moreover, it should be mentioned that a key part of the argument in [Jai+23] was
made fully rigorous only through the recent results by the same authors in [JPV26], which
appeared during the final stages of our work.

Another motivation for giving a full proof is that the product structure of GN = G⊔N ,
which is specific to the Kac system in our setting, allows one to track explicitly the joint
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dependence of the log-Sobolev constant on both N and n, a dependence that cannot be
read off directly from the general statement of [Jai+23], which applies in principle to fixed
size independent sets on any graph. As we have already mentioned, the key feature of the
bound is its uniformity in N .

2.1.5 Plan of the chapter

The structure of this chapter is parallel to that of Chapter 1. Some parts are omitted to
avoid repetition, and the proof that transfers the MLSI constant of the particle system to
the nonlinear process is not reproduced here, since it follows essentially the same argument
as in Section 1.5.

Section 2.2 establishes the structural properties of the nonlinear hardcore dynamics,
leading to the proof of Theorem 2.2. Section 2.3 contains the proof of Wasserstein
contraction (Theorem 2.3) via an explicit coupling. The chapter concludes with Section 2.4
that is devoted to the uniform MLSI for the hardcore particle system (Theorem 2.6), proved
via a comparison with the down-up walk and the local central limit theorem.

2.2 Structural properties of nonlinear equation

In this section, we present general properties of the mean-field nonlinear process associated
with the hardcore model on a graphG, whose vertices are indexed by the set [n] = {1, · · · , n}
and have maximum degree ∆. More precisely, we show that all strictly positive stationary
measures for (2.4) are given by hardcore measures µG,λ with arbitrary fugacity λ > 0. We
also prove that the density (2.1) is preserved along the evolution, and we conclude with
the proof of the convergence result stated in Theorem 2.2.

We begin with the definition of a stationary measure. We denoted with ΩG the set of
all independent sets of G.

Definition 2.7. A measure p ∈ P(ΩG) is said to be stationary for the nonlinear dynamics
defined in (2.4) if it satisfies

p ◦ p = p.

Equivalently, p is stationary if and only if pt = p for all t ≥ 0.

In particular, any probability measure p such that the product measure p⊗p is reversible
with respect to Q is stationary. By the following lemma, it follows that every hardcore
measure µG,λ, for any λ > 0, is stationary.

Lemma 2.8. Consider the collision kernel Q defined in (2.3). For every fugacity λ > 0,
the product measure µG,λ ⊗ µG,λ is reversible with respect to Q.

Proof. It suffices to observe that if Q(σ, σ′; τ, τ ′) > 0, then the kernel is symmetric in these
pairs and satisfies |σ|+ |σ′| = |τ |+ |τ ′|, since the mechanism (1.1) is conservative. Moreover,
the measure µG,λ ⊗ µG,λ is constant on pairs with the same total cardinality.
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A complete characterization of stationary measures relies on entropy methods and is
presented in the next subsection.

2.2.1 Entropy and stationary states

To characterize all stationary states, we use the relative entropy functional. The following
result is a version of Boltzmann’s H-theorem from kinetic theory. It holds in a more general
setting (namely, reversible quadratic systems; see, for example, [CS18]). We have already
proved it in Lemma 1.15 for the exchange model of the Ising system. We state it again
here for the reader’s convenience and for completenes.

Lemma 2.9. Let pt denote the solution of (2.4) with initial datum p ∈ P(ΩG), and let
µ = µG,λ for some arbitrary, fixed fugacity λ > 0. Then,

d

dt
H(pt | µ) = −Dµ(ft, ft), t ≥ 0, (2.9)

where ft := pt/µ, and the entropy dissipation functional Dµ is defined by

Dµ(f, f) = 1
4

∑
σ,σ′,τ,τ ′

µ(τ)µ(τ ′)Q(τ, τ ′;σ, σ′)
(
f(τ)f(τ ′)− f(σ)f(σ′)

)
log

(
f(τ)f(τ ′)
f(σ)f(σ′)

)
.

In particular, H(pt | µ) is non-increasing in t ≥ 0. Moreover, p ∈ P(Ω) is stationary iff
the density f = p/µ satisfies f(τ)f(τ ′) = f(σ)f(σ′) whenever Q(τ, τ ′;σ, σ′) > 0.

Denote with P+(Ω) the set of all probability measures on Ω strictly positive.

Lemma 2.10. A measure p ∈ P+(ΩG) is stationary if and only if p = µG,λ for some
fugacity λ > 0.

Proof. By Lemma 2.8 we know that the measures µG,λ, for λ > 0, are stationary. We only
need to show that if p ∈ P+(ΩG) is stationary, then it must coincide with one of these
hardcore measures.
Fix any λ > 0 and let

f = p

µG,λ
> 0

be the relative density of p with respect to µG,λ. By the H-theorem of Lemma 2.9,

f(σ) f(σ′) = f
(
Sℓ(σ, σ′

k)
)
f
(
Sk(σ′, σℓ)

)
, (2.10)

for all σ, σ′ ∈ ΩG and all ℓ, k ∈ [n] such that the exchange in (1.1) produces a new
pair in ΩG × ΩG. Here, it is convenient to use the set notation for independent sets,
in which a configuration is identified with the set of vertices assigned the value 1. Fix
σ = {v1, . . . , vj} ∈ ΩG with vi ∈ [n] for all i ≤ j, and define the recursive sequence

σ(i) =

σ, i = 0,

σ(i− 1) \ {vi}, 0 < i ≤ j.
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This yields a telescopic representation of f(σ):

f(σ) = f(∅)
j−1∏
i=0

f(σ(i))
f(σ(i+ 1)) . (2.11)

Applying (2.10) with ℓ = k = vi+1 to the pair (σ(i), ∅), which is admissible since vi+1 ∈ σ(i)
by construction, we obtain

f(σ(i))
f(σ(i+ 1)) = f({vi+1})

f(∅) .

Moreover, applying (2.10) again with ℓ = vi and k = vi′ for any i, i′ ≤ j shows that

f({vi})
f(∅) = f({vi′})

f(∅) ,

so there exists a constant C > 0 such that all factors in the telescopic product (2.11) are
equal to C. We deduce that

f(σ) = cC |σ|,

where c = f(∅) and C > 0 are constants independent of σ.
Since f = p/µG,λ, this implies that p is itself a hardcore measure with fugacity Cλ; that is,
p = µG,Cλ. This proves the claim.

Conserved quantity

Recall that the density of a given distribution p ∈ P(ΩG) is defined by α(p) = 1
nEp(|σ|).

Lemma 2.11. For all p, q ∈ P(ΩG) we have

α(p ◦ q) = 1
2 α(p) + 1

2 α(q).

In particular, if (pt)t≥0 is the solution of (2.4), then d
dtα(pt) = 0.

Proof. Fix p, q ∈ P(Ω). Recall (ℓ, k)σ,σ′ denotes the case when the ℓ, k-exchange is possible
between σ and σ′, and (̂ℓ, k)σ,σ′ is the complement. By definition, the density of distribution
given by the collision (2.5) of p, q ∈ P(ΩG) is

α(p ◦ q) = 1
n

∑
σ,σ′

1
2
(
p(σ)q(σ′) + p(σ′)q(σ)

)∑
τ,τ ′

Q(σ, σ′; τ, τ ′) |τ | (2.12)

As a first step, one has the computation

∑
τ,τ ′

Q(σ, σ′; τ, τ ′) |τ | = |σ|+ 1
n2

n∑
ℓ,k=1

1{(ℓ, k)σ,σ′} (σ′
k − σℓ). (2.13)
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Now, we rewrite (2.12) and apply (2.13)

α(p ◦ q) = 1
n

∑
σ,σ′

p(σ)q(σ′)
∑
τ,τ ′

1
2
(
Q(σ, σ′; τ, τ ′) +Q(σ′, σ; τ, τ ′)

)
|τ |

= 1
n

∑
σ,σ′

p(σ)q(σ′)
[
|σ|
2 + |σ

′|
2 + 1

2

n∑
ℓ,k=1

(
1{(ℓ, k)σ,σ′}(σ′

k − σℓ) + 1{(ℓ, k)σ′,σ}(σk − σ′
ℓ)
)]

= 1
2 α(p) + 1

2 α(q),

where in the last equality we used the identity

n∑
ℓ,k=1

1{(ℓ, k)σ,σ′}(σ′
k − σℓ) = −

n∑
ℓ,k=1

1{(ℓ, k)σ′,σ}(σk − σ′
ℓ),

which follows from the change of variables ℓ↔ k and the symmetry (ℓ, k)σ,σ′ = (k, ℓ)σ′,σ.
This concludes the proof.

The next lemma establishes that, in the regime of convergence (0, 1
∆+1) described in

Theorem 2.2, each hardcore model is uniquely parametrized by its fugacity and corresponds
to a unique density, and vice versa.

Combined with the previous lemma, which shows that the density is conserved along
the dynamics, this justifies the uniqueness in Theorem 2.2.

Lemma 2.12. Consider a graph G on n vertices with maximum degree ∆ ≥ 3. For every
density ᾱ ∈ (0, 1

∆+1) there exists a unique fugacity λ ∈ (0,+∞) such that α(µG,λ) = ᾱ.
In particular, the density function λ 7→ α(µG,λ) is a bijection from (0,+∞) onto (0, 1

∆+1)
which restricts to a bijection between the subcritical intervals (0, λc(∆)) and (0, αc(∆)).

Proof. We first establish the bijection between (0, λc(∆)) and (0, αc(∆)), and then extend
it to the full range.

Strict monotonicity. The identity

α′
G(λ) = 1

λn
VarµG,λ

(|σ|) > 0, ∀λ > 0,

shows that αG is strictly increasing on (0,+∞), hence injective.
Surjectivity onto (0, αc(∆)). We use the fact [CR14, Theorem 12] that, among all

graphs of maximum degree ∆, the occupancy ratio is minimized by the clique K∆+1: for
all λ > 0,

αG(λ) ≥ αK∆+1(λ) = λ

1 + λ(∆ + 1) . (2.14)

In particular, αc(∆) = αK∆+1(λc(∆)). Fix α ∈ (0, αc(∆)) and set

λ∗ = α

1− α(∆ + 1) ,
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which is well defined since α < αc(∆) < 1
∆+1 and satisfies αK∆+1(λ∗) = α. By (2.14),

αG(λ∗) ≥ α, and since α < αc(∆) we also have λ∗ < λc(∆). As αG is continuous with
αG(0+) = 0, the intermediate value theorem yields λ̄ ∈ (0, λ∗] ⊂ (0, λc(∆)) such that
αG(λ̄) = α.

Extension to (0, 1
∆+1). The function αK∆+1 is a strictly increasing continuous bijection

from (0,+∞) onto (0, 1
∆+1). Hence, for every ᾱ ∈ [αc(∆), 1

∆+1), there exists λ∗ ≥ λc(∆)
with αK∆+1(λ∗) = ᾱ. Arguing as above via (2.14) and the intermediate value theorem, we
obtain λ̄ ∈ (0, λ∗] such that αG(λ̄) = ᾱ.

2.2.2 Proof of Theorem 2.2

In Section 1.2.4 of Chapter 1, we have shown that for the nonlinear spin system associated
with the Ising model, convergence to the stationary solution can be proved by establishing
irreducibility, that is, eventual positivity of the solution in time. A careful check of that
proof reveals that the same argument applies in our current context of the hardcore model.
In particular, we now focus only on proving the irreducibility statement below.

Theorem 2.13 (Irreducibility). Assume α ∈ (0, 1−δ
∆+1), with α ∈ (0, 1). Then there exist a

time t0 = t0(α,∆, δ) and a positive constant ε0 = ε0(α,∆, δ) such that for all t ≥ t0 the
solution pt of the nonlinear spin system (2.4) in the mean-field case satisfies

pt(τ) ≥ ε0, ∀τ ∈ ΩG.

In contrast with the case of the Ising model, for the Hardcore model there is no simple
non-interacting system to compare with, as in the Ising model case, where a statement
as in Theorem 2.13 was obtained by comparison with the J = 0 case. This makes the
problem for the Hardcore model more challenging. Nevertheless, part of the strategy can
still be applied. In particular, a reduction to the discrete-time case is still possible. A
straightforward adaptation of Lemma 1.21, in particular, see inequalities (1.32), (1.33), and
(1.34), shows that it is sufficient to show that there exist a positive constant ε := ε(α,∆, α)
and a positive integer u := u(n) such that

Φu(p1, . . . , p2u)(τ) ≥ ε, ∀τ ∈ ΩG, (2.15)

for every choice of (p1, . . . , p2u) such that α(pi) = α. The definition of operator Φu was
given in Subsection 1.2.6.

Lemma 2.14. The statement (2.15) holds with u = 2n− 1 and ε = n!
(

αδ
2n2

)n ∆+δ
∆+1 .

Proof. We divide the proof into several steps. Informally, we first show in Step 2 that
there is a uniformly positive probability of reaching the empty configuration after n steps
of the discrete evolution. We then prove in Step 3 that, starting from the empty set, any
prescribed configuration can be reached with uniformly positive probability in n− 1 further
steps.
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For every m ∈ {1, . . . , n}, let Am be a uniformly random subset of [n] of cardinality m,
and write EAm for the expectation with respect to Am. We write Pα(Ω) for the set of
distributions p ∈ P(Ω) with density α.

Step 1. For every t ∈ N and every τ ∼ Φt(p1, . . . , p2t) with α(pi) = α,

EA1

[
P(τN+(A1) = 0)

]
≥ δ.

By the conservation law, α(Φt(p1, . . . , p2t)) = α, and therefore

EA1

[
P(∃u ∈ N+(A1) : τu = 1)

]
≤ 1
n

∑
ℓ∈[n]

∑
u∈N+(ℓ)

P(τu = 1) ≤ (∆ + 1)α ≤ 1− δ.

Step 2. For all m ∈ {1, . . . , n} and all p1, . . . , p2m ∈ Pα(ΩG), if τ ∼ Φm(p1, . . . , p2m), then

EAm

[
P(τAm = 0)

]
≥
( δ
n

)m
m! ∆ + δ

∆ + 1 . (2.16)

In particular, for m = n we have An = [n], and τ ∼ Φn−1(p1, . . . , p2n−1) satisfies

P(τ = 0) ≥
( δ
n

)n
n! ∆ + δ

∆ + 1 .

We prove (2.16) by induction on m. For m = 1, let τ ∼ p with α(p) = α; then

EA1

[
P(τA1 = 0)

]
= 1− α ≥ ∆ + δ

∆ + 1 ,

which proves the case m = 1.
Suppose now τ ∼ Φ1(p, q) = p ◦ q, and draw independently σ ∼ p and σ′ ∼ q, both

with density α. By the definition of the collision operator (2.5), with probability 1/2 the
configuration τ is obtained from σ by replacing σℓ with σ′

k, where ℓ, k ∈ [n] are chosen
uniformly at random and the swap is performed only if admissible; otherwise τ = σ. With
the remaining probability 1/2, the roles of σ and σ′ are exchanged.
Fix A ⊆ [n]. Conditionally on ℓ and k, the event {τA = 0} contains {σA\{ℓ} = 0}∩{σ′

N+(k) =
0} in the first case, and the analogous event with σ and σ′ interchanged in the second.
Averaging over ℓ and k, both uniform on [n] and independent of σ, σ′,

P(τA = 0) ≥ 1
2n
∑
ℓ∈A

[
P(σA\{ℓ} = 0)Ek

[
P(σ′

N+(k) = 0)
]
+P(σ′

A\{ℓ} = 0)Ek

[
P(σN+(k) = 0)

]]
.

By Step 1,
P(τA = 0) ≥ δ

2n
∑
ℓ∈A

[
P(σA\{ℓ} = 0) + P(σ′

A\{ℓ} = 0)
]
. (2.17)

We now combine (2.17) with the induction hypothesis. Fix m < n and assume (2.16)
holds at level m. Given p1, . . . , p2m+1 ∈ Pα(ΩG), set p = Φm(p1, . . . , p2m) ∈ Pα(ΩG)
and q = Φm(p2m+1, . . . , p2m+1) ∈ Pα(ΩG), so that τ ∼ Φ2(p, q) = Φm+1(p1, . . . , p2m+1).
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Applying (2.17) with A = Am+1 and integrating, we obtain

EAm+1

[
P(τAm+1 = 0)

]
≥ δ

2
m+ 1
n

EAm+1

 1
m+ 1

∑
ℓ∈Am+1

(
P(σAm+1\{ℓ} = 0) + P(σ′

Am+1\{ℓ} = 0)
) .

Removing a uniformly random element from a uniformly random subset of size m+ 1 yields
a uniformly random subset of size m; therefore Am+1 \ {ℓ}

d= Am when ℓ is uniform on
Am+1. Combining this with the induction hypothesis,

EAm+1

[
P(τAm+1 = 0)

]
≥ δ

n
(m+ 1)EAm

[
P(σAm = 0)

]
≥ δ

n
(m+ 1)

( δ
n

)m
m! ∆ + δ

∆ + 1 ,

which is (2.16) at level m+ 1. This completes the induction.

Step 3. For all η ∈ ΩG and all p1, . . . , p22n−1 ∈∈ Pα(ΩG), if τ ∼ Φ2n−1(p1, . . . , p22n−1),
then

P(τ = η) > n!
(
αδ

2n2

)n ∆ + δ

∆ + 1 .

We shall show that for every time t ≥ 1, every η ∈ ΩG and every vector of distributions
p1, · · · , p2t ∈ Pα(ΩG),

Pτ∼Φt(p1,··· ,p2t )(τ = Su(η, 1)) ≥ α

2nPτ∼Φt(p1,··· ,p2t−1 )(τ = Su(η, 1)), (2.18)

∀u ∈ [n] : Su(η, 1) ∈ ΩG, ηu = 0.

To see this, sample independently σ ∼ Φt−1(p1, · · · , p2t−1) and σ′ ∼ Φt−1(p2t−1 , · · · , p2t),
let ℓ, k ∈ [n] be two elements chosen independently and uniformly at random in [n], and
toss a fair coin B ∈ {0, 1}. Then

τ =

Sℓ(σ, σ′
k) if B = 1

Sk(σ′, σℓ) if B = 0

has distribution Φt(p1, · · · , p2t). Here, we used the convention that Su(σ, a) = σ when
Su(σ, a) ̸∈ ΩG. The event {τ = Su(η, 1)} contains {B = 1, σ = η, σ′

u = 1, ℓ = u}, which
gives the desired bound.

Iterating (2.18), the probability of reaching a given independent set η at time t = 2n−1,
starting from the vector of distributions p1, . . . , p22n−1 , can be bounded below by

Pτ∼Φ2n−1(p1,...,p22n−1 )(τ = η) ≥
(
α

2n

)|η|
Pτ∼Φ2n−1−|η|(p1,...,p22n−1−|η| )(τ = 0).

Indeed, removing one element at a time, each removal costs at most α/2n, until all vertices
of η have been removed after |η| steps. On the other hand, since 2n − 1 − |η| ≥ n − 1,
considering the collisions on the sub-trees and using the conservation law, one can find a
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vector of distributions q1, · · · , q2n−1 ∈ Pα(ΩG) such that

Φ2n−1−|η|(p1, · · · p22n−1−|η|) = Φn−1(q1, · · · , q2n−1).

Then, using Step 2,

Pτ∼Φ2n−1−|η|(p1,...,p22n−1−|η| )(τ = 0) = Pτ∼Φn−1(q1,··· ,q2n−1 )(τ = 0)

≥
( δ
n

)n
n! ∆ + δ

∆ + 1 .

Combining the previous inequalities, we conclude the proof of Step 3:

Pτ∼Φn−1(p1,··· ,p2n−1 )(τ = η) ≥
(
α

2n

)|η| ( δ
n

)n−1
n! ∆ + δ

∆ + 1 > n!
(
αδ

2n2

)n ∆ + δ

∆ + 1 .

To prove the lemma, it remains to extend the above bound from time 2n− 1 to all later
times. Let t ≥ 2n− 1 and set s := t− (2n− 1). Considering the collisions on the sub-trees
of height s > 0 and using the conservation law, as in the proof of Step 3 above, one can
find a vector of distributions q1, · · · , q22n−1 ∈ Pα(ΩG) such that

Φ2n−1(q1, · · · , q22n−1) = Φt(p1, · · · , p2t).

We may then apply Step 3 to Φ2n−1(q1, · · · , q22n−1), and therefore, for every η ∈ ΩG,

Pτ∼Φt(p1,··· ,p2t )(τ = η) = Pτ∼Φn−1(q1,··· ,q22n−1 )(τ = η) ≥ n!
(
αδ

2n2

)n ∆ + δ

∆ + 1 .

Thus the irreducibility condition holds with

ε := n!
(
αδ

2n2

)n ∆ + δ

∆ + 1 .

This concludes the proof.

2.3 Wasserstein Contraction for low fugacity

In this section we prove Theorem 2.3, which states that the solution pt of the nonlinear
equation (2.4) with density α(pt) < 1

3(∆+1) satisfies the exponential decay

W1(pt, µG,λ) ≤ e−εt/nW1(p0, µG,λ) (2.19)

in the 1-Wasserstein distance associated with the Hamming metric, where ε = ε(α) =
1 − 3(∆ + 1)α and µG,λ is the unique hardcore measure with α(µG,λ) = α(p0), whose
existence is given by Lemma 2.12. An analogous result in the multi-component mean-field
setting was established for the Ising model in Section 1.3. While the overall strategy is
similar, the coupling used here is rather different.
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The proof reduces to a contraction property of the collision operator T (p, q) = p ◦ q in
Wasserstein distance, obtained via a coupling argument. The key estimate is the following.

Lemma 2.15. Let pi, qi ∈ P(ΩG), i ∈ {1, 2}, all have common density α < 1
3(∆+1) , and

set ε = 1− 3(∆ + 1)α. Then

W1
(
T (p1, q1), T (p2, q2)

)
≤ 1

4
(
1− ε

n

)(
W1(p1, p2) +W1(p1, q2) (2.20)

+W1(q1, p2) +W1(q1, q2)
)
.

The fact that Lemma 2.15 implies (2.19), and hence Theorem 2.3, was already discussed in
Subsection 1.3.1 for the Ising model. Once the contraction property (2.20) is established,
the argument depends only on the graphical representation of the solution, which is
independent of the underlying model; we therefore omit the details and refer the reader to
that subsection.
The remainder of this section is devoted to the proof of Lemma 2.15. We begin with the
preliminary tools needed for the coupling argument that lies at its core.

Given ℓ ∈ [n], σ, τ ∈ ΩG, recall that (ℓ, k)σ,σ′ is the event that the exchange (ℓ, k) is admis-
sible for the pair of independent sets σ, σ′ ∈ ΩG, and (̂ℓ, k)σ,σ′ denotes its complementary
event. Define

Σp(τ, σ, ℓ) := 1
n

∑
k,σ′

p(σ′)
(
1
(
(ℓ, k)σ,σ′

)
1
(
τ = Sℓ(σ, σ′

k)
)

+ 1
(
(̂ℓ, k)σ,σ′

)
1(τ = σ)

)
.

that is the probability, given σ, to see τ by updating σ at ℓ-coordinate. According to this
definition, for any given pair of distribution p, q ∈ P(ΩG)

T (p, q)(τ) = 1
2n

∑
ℓ∈[n],σ∈ΩG

p(σ)Σp(τ, σ, ℓ) + 1
2n

∑
ℓ∈[n],σ∈ΩG

q(σ)Σp(τ, σ, ℓ). (2.21)

where T (p, q) := p ◦ q is defined in (2.5). Now, we present a useful preliminary result.

Proposition 2.16. Let p, q ∈ P(ΩG) be such that α(p) = α(q). For any ℓ ∈ [n], σ ∈ ΩG,
if σℓ = 0 then

Σp(τ, σ, ℓ) = Σq(τ, σ, ℓ), ∀τ ∈ ΩG (2.22)

Proof. Fix σ ∈ ΩG and ℓ ∈ [n]. If σℓ = 0, we distinguish two cases:

1. N(ℓ) ∩ σ ̸= ∅, and σℓ = 0;

2. N(ℓ) ∩ σ = ∅ and σℓ = 0.

The proof is completed by showing that (2.22) holds in both cases. In the first case, we
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necessarily have τ = σ, even if the (ℓ, k)-exchange occurs. This implies

Σp(τ, σ, ℓ) = 1
n

∑
σ′,k

p(σ′)1(τ = σ)

= 1(σ = τ)

= Σq(τ, σ, ℓ).

In the second case, the event (ℓ, k)σ,σ′ holds independently of σ′ and k ∈ [n]. Therefore,

Σp(τ, σ, ℓ) = 1
n

∑
k∈[n],σ′

p(σ′ | σ′
k = 1) pk(1) 1

(
τ = Sℓ(σ, 1)

)
+ 1
n

∑
k∈[n],σ′

p(σ′ | σ′
k = 0) pk(0) 1

(
τ = Sℓ(σ, 0)

)
=

1
(
τ = Sℓ(σ, 1)

)
n

∑
k∈[n]

pk(1)
∑
σ′

p(σ′ | σ′
k = 1)

+
1
(
τ = Sℓ(σ, 0)

)
n

∑
k∈[n]

pk(0)
∑
σ′

p(σ′ | σ′
k = 0)

= α(p) 1
(
τ = Sℓ(σ, 1)

)
+ (1− α(p)) 1

(
τ = Sℓ(σ, 0)

)
= Σq(τ, σ, ℓ),

which concludes the proof of (2.22).

2.3.1 Proof of Lemma 2.15

By the definition of the collision operator (2.21), we have the convex decomposition

T (p, q) = 1
2 T̂ (p, q) + 1

2 T̂ (q, p),

where T̂ is the non-symmetric operator defined by

T̂ (p, q)(τ) = 1
n

∑
ℓ∈[n]

∑
σ∈ΩG

p(σ) Σq(τ, σ, ℓ).

Let pi, qi ∈ P(ΩG), i ∈ {1, 2}, all have common density α < 1
3(∆+1) . By the convexity of

the Wasserstein distance, to prove (2.20) it suffices to establish the following contraction
property for T̂ :

W1
(
T̂ (p1, q1), T̂ (p2, q2)

)
≤
[
1− 1− 2(∆ + 1)α

n

]
W1(p1, p2)+ α(∆ + 1)

n
W1(q1, q2). (2.23)

We now turn to the proof of (2.23), which relies on an explicit coupling between T̂ (p1, q1)
and T̂ (p2, q2). Recall that, for any pair of independent sets σ, σ′ ∈ ΩG, the discrepancy set
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is
Dσ,σ′ = {ℓ ∈ [n] : σℓ ̸= σ′

ℓ}.

We denote by πp
opt ∈ Γ(p1, p2) an optimal coupling realizing W1(p1, p2), i.e., W1(p1, p2) =

E(σ,σ′)∼πp
opt

[
|Dσ,σ′ |

]
, and analogously πq

opt ∈ Γ(q1, q2) for W1(q1, q2). The coupling between
T̂ (p1, q1) and T̂ (p2, q2) is described in Algorithm 2.

Algorithm 2 Coupling between T̂ (p1, q1) and T̂ (p2, q2)
Require: Distributions pi, qi ∈ P(ΩG) for i ∈ {1, 2}; optimal couplings πp

opt ∈ Γ(p1, p2)
and πq

opt ∈ Γ(q1, q2) with respect to the expected Hamming distance.
Ensure: Coupled outputs τ1 ∼ T̂ (p1, q1) and τ2 ∼ T̂ (p2, q2).

1: Sample (σp1 , σp2) ∼ πp
opt.

2: Sample ℓ, k ∈ [n] uniformly at random.
3: if σp1

ℓ = 1, σp2
ℓ = 0 then

4: Sample σ′q1 ∼ q1 and set σ′q2 = σ′q1 .
5: else if σp2

ℓ = 0, σp1
ℓ = 1 or σp2

ℓ = σp1
ℓ = 0 then

6: Sample σ′q1 ∼ q1 and set σ′q2 = σ′q1 .
7: else ▷ σp1

ℓ = σp2
ℓ = 1

8: Sample (σ′q1 , σ′q2) ∼ πq
opt.

9: end if
10: Sample (τ1, τ̂1) ∼ Qℓ,k(σp1 , σ′q1 ; ·, ·) and output τ1.
11: Sample (τ2, τ̂2) ∼ Qℓ,k(σp2 , σ′q2 ; ·, ·) and output τ2.
12: return (τ1, τ2).

By Proposition 2.16, this procedure defines a valid coupling between T̂ (p1, q1) and T̂ (p2, q2).
Let σp1 , σq1 be the configurations producing τ1, and σp2 , σq2 those producing τ2,

according to the algorithm. The argument relies on controlling the evolution of discrepancies.
Let ℓ, k be chosen as above.

For every realization of the random variables, we have

|Dτ1,τ2 | − |Dσp1 ,σp2 | ≤ −1(ℓ ∈ Dσp1 ,σp2 ) (2.24)

(A) + 1(σp1
ℓ = 1, σp2

ℓ = 0, ∃u ∈ N(k) : σq1
k = 1)

(B) + 1(σp1
ℓ = 0, σp2

ℓ = 1, ∃u ∈ N(k) : σq2
k = 1)

(C) + 1(σq1
k = σq2

k = 1, N(ℓ) ∩Dσp1 ,σp2 ̸= ∅)

(D) + 1(σp1
ℓ = σp2

ℓ = 1, N+(k) ∩Dσq1 ,σq2 ̸= ∅).

Proof of Inequality (2.24). We distinguish the three possible cases according to the
number of discrepancies, namely |Dτ1,τ2 | − |Dσp1 ,σp2 | ∈ {−1, 0, 1}. In the case |Dτ1,τ2 | −
|Dσp1 ,σp2 | = −1, inequality (2.24) is immediately satisfied.

|Dτ1,τ2 | − |Dσp1 ,σp2 | = 0. If ℓ /∈ Dσp1 ,σp2 , then (2.24) clearly holds. Assume now that
ℓ ∈ |Dσp1 ,σp2 |. Since the number of discrepancies is preserved, the discrepancy at site ℓ
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must be maintained by the exchange. There are two possible cases: σp1
ℓ = 1, σp2

ℓ = 0 and
σp1

ℓ = 0, σp2
ℓ = 1. We start with the first one.

By the coupling rule, we have σq1
k = σq2

k , hence either σq1
k = σq2

k = 0 or σq1
k = σq2

k = 1.

1. σq1
k = σq2

k = 0: in order to maintain the discrepancy, it must be that (̂ℓ, k)σp1 ,σp2

holds, that is, there exists u ∈ N(k) such that σq1
u = 1. In this case A = 1, and

inequality (2.24) is satisfied.

2. σq1
k = σq2

k = 1: in order to maintain the discrepancy, (̂ℓ, k)σq ,σ′q must hold. Therefore
there exists u ∈ N(ℓ) such that σp1

u = 1. Since σp1
ℓ = 1 and σp2

ℓ = 0, this implies
that there is a discrepancy between σp1 and σp2 in the neighborhood N(ℓ). Hence
N(ℓ) ∩Dσp1 ,σp2 ̸= ∅ and C = 1.

The case σp1
ℓ = 0, σp2

ℓ = 1 is treated in the same way and leads to B = 1 when σq1
k = σq2

k = 0
and to C = 1 when σq1

k = σq2
k = 1.

|Dτ1,τ2 | − |Dσp1 ,σp2 | = 1. In this case the discrepancy increases after the exchange.
This implies that ℓ /∈ Dσp1 ,σp2 and ℓ ∈ Dτ1,τ2 . We distinguish two cases: σp1

ℓ = σp2
ℓ = 0

and σp1
ℓ = σp2

ℓ = 1.

1. σp1
ℓ = σp2

ℓ = 0: Here we know that σq1
ℓ = σq2

ℓ . To create a discrepancy, it must be
that σq1

ℓ = σq2
ℓ = 1 and there must exist a discrepancy between σp1 and σp2 in the

neighborhood N(ℓ). Therefore C = 1 and the inequality (2.24) holds.

2. σp1
ℓ = σp2

ℓ = 1: There are two possible ways to create a discrepancy. The first one
is that (ℓ, k)σp1 ,σq1 ∩ (ℓ, k)σp2 ,σq2 holds but σq1

k ̸= σq2
k , so that both exchanges are

available but the updates differ. The second one is that the exchange is available in
one of the two only and thus N(k)∩Dσq1 ,σq2 ̸= ∅. In both situations, there must exist
a discrepancy between σq1 and σq2 in the extended neighborhood N+(k) = {k}∪N(k).
Hence D = 1 and inequality (2.24) is satisfied.

Let α = α(pi) = α(qi) for i ∈ {1, 2}. We are going to estimate the expected value of terms
A,B,C and D that appear in (2.24).
Estimation of the terms A and B. The expected value of A satisfies

E[A] = 1
n2

n∑
ℓ,k=1

P(σp1
ℓ = 1, σp2

ℓ = 0, ∃u ∈ N(k) : σq1
k = 1)

= 1
n2

n∑
ℓ,k=1

P(∃u ∈ N(k) : σq1
k = 1 | σp1

ℓ = 1, σp2
ℓ = 0)P(σp1

ℓ = 1, σp2
ℓ = 0)

=
[

1
n

n∑
k=1

Pσ∼q1

( ⋃
u∈N(k)

{σu = 1}
)][ n∑

ℓ=1

P(σp1
ℓ = 1, σp2

ℓ = 0)
n

]

≤
[

1
n

n∑
k=1

∑
u∈N(k)

Pσ∼q1(σu = 1)
][

n∑
ℓ=1

P(σp1
ℓ = 1, σp2

ℓ = 0)
n

]

≤ ∆α
n∑

ℓ=1

P(σp1
ℓ = 1, σp2

ℓ = 0)
n
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Similarly for B,

E[B] ≤ ∆α
n∑

ℓ=1

P(σp1
ℓ = 0, σp2

ℓ = 1)
n

.

Summing E[A] + E[B], since (σp1 , σp2) ∼ πp
opt,

E[A+B] ≤ α∆
n∑

ℓ=1

P(σp1
ℓ = 1, σp2

ℓ = 0) + P(σp1
ℓ = 0, σp2

ℓ = 1)
n

= 1
n
α∆W1(p1, p2).

Estimation of term C. Observe that the condition N(ℓ) ∩ Dσp1 ,σp2 ̸= ∅ implies that
σp1

ℓ = σp2
ℓ = 1 cannot occur. Therefore,

E[C] = 1
n2

∑
ℓ,k=1

P
(
σq1

k = σq2
k = 1, N(ℓ) ∩Dσp1 ,σp2 ̸= ∅, 0 ∈ {σp1

ℓ , σ
p2
ℓ }
)

(2.25)

= 1
n2

∑
ℓ,k=1

P
(
σq1

k = σq2
k = 1

∣∣∣N(ℓ) ∩Dσp1 ,σp2 ̸= ∅,

0 ∈ {σp1
ℓ , σ

p2
ℓ }

)
× P

(
N(ℓ) ∩Dσp1 ,σp2 ̸= ∅, 0 ∈ {σp1

ℓ , σ
p2
ℓ }
)

Letting Q = P(· | N(ℓ) ∩Dσp1 ,σp2 ̸= ∅, 0 ∈ {σp1
ℓ , σ

p2
ℓ }),

1
n

∑
k

Q(σq1
k = σq2

k = 1) = 1(σp1
ℓ = 1, σp2

ℓ = 0) 1
n

∑
k

Pσ∼q1(σk = 1)+ (2.26)

(
1(σp1

k = 0, σp2
ℓ = 1) + 1(σp1

ℓ = σp2
ℓ = 0)) 1

n

∑
k

Pσ∼q2(σq2 = 1) = α.

Moreover,

1
n

n∑
ℓ=1

P(N(ℓ) ∩Dσp1 ,σp2 ̸= ∅, 0 ∈ {σp1
ℓ , σ

p2
ℓ }) ≤

1
n

n∑
ℓ=1

P(N(ℓ) ∩Dσp1 ,σp2 ̸= ∅) (2.27)

≤ 1
n

n∑
ℓ=1

P(ℓ ∈
⋃

u∈Dσp1 ,σp2

N(u)
)

≤ 1
n

n∑
ℓ=1

n∑
u=1

P(u ∈ Dσp1 ,σp2 , ℓ ∈ N(u))

≤ ∆
n
W1(p1, p2).

Putting together (2.25),(2.26) and (2.27) we obtain

E[C] ≤ α∆
n
W1(p1, p2).

Estimation of term D
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E[D] = 1
n

n∑
ℓ=1

P(σp1
ℓ = σp2

ℓ = 1)
[

1
n

n∑
k=1

P(N+(k) ∩ Dσq1 ,σq2 ̸= ∅|σp1
ℓ = σp2

ℓ = 1)
]

≤ 1
n

n∑
ℓ=1

P(σp1
ℓ = 1)

[
1
n

n∑
k=1

n∑
u=1

P(k ∈ N+(u), u ∈ Dσq1 ,σq2 | σp1
ℓ = σp2

ℓ = 1)
]

≤ 1
n

n∑
ℓ=1

P(σp1
ℓ = 1)

[
∆ + 1
n

W1(q1, q2)
]

= (∆ + 1)α
n

W1(q1, q2),

where we use that Law(σq1 , σq2)|σp1
ℓ = σp2

ℓ = 1 ∼ πq
opt

Conclusion. Observing that E[|Dσp1 ,σp2 |] = W1(p1, p2) and E[1(ℓ ∈ Dσp1 ,σp2 )] =
1
nW1(p1, p2), by previous estimations we have

W1(T̂ (p1, q1), T̂ (p2, q2)) ≤ E|Dτ1,τ2 |

ineq. (2.24) ≤ E[|Dσp1 ,σp2 |]− E[1(ℓ ∈ Dσp1 ,σp2 )] + E[A] + E[B] + E[C] + E[D]

≤
[
1− 1− 2(∆ + 1)α

n

]
W1(p1, p2) + α(∆ + 1)

n
W1(q1, q2).

which concludes the proof of (2.23).

2.4 Proof of Theorem 2.6

Here we prove Theorem 2.6. Recall that the state space ΩN,α, with α ∈ DN , can be
identified with the collection of independent sets of size Nnα on the graph GN , which
consists of N disjoint copies of G; under this identification, each σ(i) is an independent set
of the i-th copy of G.

Given σ, σ′ ∈ ΩN,α we write σ ∼ σ′ if σ ≠ σ′ and there exist (i, ℓ), (j, k) with i ≠ j such
that (ℓ, k)σ(i),σ(j) is satisfied and σ′ = σi,ℓ;j,k. Define the Markov chain with state space
ΩN,α and transition matrix PN (σ, σ′) such that whenever σ ̸= σ′,

PN (σ, σ′) := 1
(Nn)2 1(σ ∼ σ′). (2.28)

In words, at each step we select uniformly at random two pairs (i, ℓ) and (j, k) in [N ]× [n],
and if i ̸= j and the exchange is admissible, we update σ → σi,ℓ;j,k. By symmetry, µN,α is
reversible for PN for every α ∈ DN , and the associated Dirichlet form is

ĒN,α(F,G) := µN,α

[
F ·(I−PN )G

]
= 1

2(Nn)2

∑
σ,σ′∈ΩN,α:

σ∼σ′

µN,α(σ)
(
F (σ)−F (σ′)

)(
G(σ)−G(σ′)

)
.

Theorem 2.17 (Log-Sobolev inequality (LSI)). Suppose that G has maximum degree ∆ ≥ 3
and n vertices, and let N ≥ n2. For any γ, δ > 0, if α ∈ DN satisfies α ∈ (γ, (1− δ)αc(∆)),
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then the following Log-Sobolev inequality holds:

ĒN,α(
√
F ,
√
F ) ≥ r EntµN,α [F ], ∀F : ΩN,α → R+, (2.29)

with r ≳γ,δ,∆
1

Nn .

Here, the notation ≲γ,δ,∆ and ≳γ,δ,∆ denotes inequalities up to multiplicative constants
depending only on γ, δ, and ∆. In general, the Log-Sobolev constant is defined as the
largest positive constant r for which (2.29) holds; see, for instance, the seminal work of
[DS96] and the monograph [MT06].

Theorem 2.6 follows immediately from Theorem 2.17. Indeed, one first observes that
EN,α(

√
F ,
√
F ) ≥ N ĒN,α(

√
F ,
√
F ), and then converts the LSI (2.29) into the MLSI (2.8)

using the elementary inequality

(x− y) log
(x
y

)
≥ 4(
√
x−√y)2, x, y ≥ 0,

which implies EN,α(F, logF ) ≥ 4 EN,α(
√
F ,
√
F ). Combining the previous inequalities with

Theorem 2.17, we obtain

EN,α(F, logF ) ≥ 4 EN,α(
√
F ,
√
F )

≥ 4N ĒN,α(
√
F ,
√
F )

≳γ,δ,∆
1
n

EntµN,α [F ].

The proof of Theorem 2.17 is based on two reductions. The first reduces the problem to
the density regime α ∈ (γ,C/∆2) for a universal constant C, via a stochastic localisation
argument whose key ingredient is an entropy contraction property of the localisation
scheme; see Section 2.4.1, which is based on the recent paper [JPV26]. The second applies
the martingale method, introduced by H.T. Yau [Yau96] and developed by many authors
afterwards. This iteratively reduces the number of components of GN , combining the
analysis of the Log- Sobolev constant of the "induced chain" on each component with
the highly nontrivial analysis introduced in [Jai+23] to handle the low density regime.
In contrast with the analysis in [Jai+23], here we need to keep track of two growing
parameters, namely N and n.

The extension to the full subcritical regime is carried out in Section 2.4.1.

2.4.1 Reduction to Small Densities

In this section, we show that it is sufficient to establish the logarithmic Sobolev inequality
for PN only in the small density regime α ∈ (γ, 1

1000∆2 ) in order to recover the full subcritical
range α ∈ (γ, (1− δ)αc(∆)). To carry out this density reduction, it is convenient to transfer
the problem to a different dynamics, the down-up walk, for which the reduction argument
takes a cleaner form. We therefore begin by establishing the equivalence between the
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logarithmic Sobolev inequality for PN and its counterpart for the down-up walk, both
in the full regime and in the reduced one; these are Theorem 2.18 and Theorem 2.19
below. We then show that Theorem 2.19 implies Theorem 2.18 via a stochastic localization
argument, whose two key ingredients are a entropy contraction property of the localization
scheme and a convexity property of the Dirichlet form.

We represent independent sets as subsets X ⊆ V rather than spin configurations,
adopting the correspondence σ → X to avoid confusion between the two representations.

The down-up walk on ΩN,α. It is convenient to transfer the proof to the down-up
walk, in the specific formulation of [CLV21], which can be rephrased as Glauber dynamics
up to a relabelling of independent sets as spin configurations, where the i-th spin encodes
the position of the i-th element of the independent set. Given a current state X, a new
state is generated by selecting a vertex u ∈ X uniformly at random, and then choosing
uniformly at random among all independent sets of the same size as X that contain X \{u}.
This down-up walk preserves the uniform distribution on ΩN,α. Moreover, its transition
probabilities are easily compared to those of the chain PN defined in (2.28): both chains
admit the same transitions, and for densities α ∈ (γ, (1− δ)αc(∆)) the respective transition
probabilities differ by at most a multiplicative factor depending only on γ, δ, and ∆.
Consequently, their logarithmic Sobolev constants are of the same order, and Theorem 2.17
is equivalent to the following.

Theorem 2.18. Suppose N ≥ n2 and fix α ∈ (γ, (1− δ)αc(∆)). Then the down-up walk
on independent sets of GN of size αNn has logarithmic Sobolev constant r = Ωγ,δ,∆(1/Nn).

The reduction statement consists in the sufficiency of the following theorem.

Theorem 2.19. Let G be a disjoint union of Θ(N) graphs, each with at most n vertices and
maximum degree ∆. The down-up walk on independent sets of G with density α ∈ (γ, 1

1000∆2 )
has logarithmic Sobolev constant r = Ωγ,∆(1/Nn).

The logical structure is therefore: Theorem 2.19 ⇒ Theorem 2.18 ⇔ Theorem 2.17.
We note that Theorem 2.19 allows the components of G to be distinct graphs, whereas
Theorem 2.18 is stated for N identical copies of G. As it will be seen in a moment, the
more general framework with possibly distinct components is necessary for the proof of
the implication Theorem 2.19 ⇒ Theorem 2.18.

Stochastic localization and density reduction. We sample X ∈ ΩN,α, viewed as
an independent set of GN , and draw a uniformly random ordering (X1, . . . , XNnα) of the
elements of X. For each t ∈ {0, 1, . . . , Nnα}, define the pinned set Yt := {X1, . . . , Xt} and
the residual graph

GN,t = GN

[
V \

(
Yt ∪N(Yt)

)]
,

where N(Yt) denotes the neighborhood of Yt in GN . Define the random measure

µN,α,t = P(X \ Yt | Yt ⊆ X).
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The random sequence (µN,α,t)t∈{0,...,Nnα} is a martingale and constitutes, in the framework
of [CE22], a localization scheme for µN,α. One readily verifies that µN,α,t is the uniform
measure on independent sets of size Nnα− t in GN,t; we denote this state space by ΩN,α,t,
its vertex set by Vt, and the residual density by αt = Nnα−t

|Vt| . The residual graph GN,t is a
disjoint union of N(t) induced subgraphs Gt

1, . . . , G
t
N(t), each with at most n vertices and

maximum degree at most ∆.

Proposition 2.20 (Reduction to small densities). Let G be a graph with n vertices and
maximum degree ∆ ≥ 3, and let N ≥ n2. Fix α ∈ (γ, αc(∆)) and define

c∆ = 1
∆ ·

0.26∆− 0.74
1001∆ + 1 .

Set t∗ = ⌊Nnα(1− c∆)⌋+ 1. Then

αt∗ ≤ 1
1000∆2 and N(t∗) ≥ N

2 .

Proof. Since each pinned vertex excludes at most ∆ neighbors, the residual vertex set
satisfies

|Vt∗ | ≥ Nn− t∗(∆ + 1) ≥ Nn [1− α(1− c∆)(∆ + 1)]− (∆ + 1),

which for Nn large gives |Vt∗ | ≥ Nn
[
1− α(1− c∆)(∆ + 1)− 1

Nn

]
.

For the density bound, using Nnα− t∗ ≤ Nnαc∆,

αt∗ = Nnα− t∗

|Vt∗ |
≤ α c∆

1− α(1− c∆)(∆ + 1)− 1
Nn

≤ 1
1000∆2 ,

where the last inequality holds for all ∆ ≥ 3 and α < αc(∆) ≤ 1
e∆ .

For the components bound, since each component has at most n vertices, N(t∗)·n ≥ |Vt∗ |,
and therefore

N(t∗) ≥ |Vt∗ |
n
≥ N

[
1− α(1− c∆)(1 + ∆)− 1

Nn

]
≥ N

2 ,

where the last inequality follows from α(1− c∆)(1 + ∆) ≤ 1
e <

1
2 for all ∆ ≥ 3.

Proposition 2.20 guarantees that at time t∗ the residual system falls within the small
density regime of Theorem 2.19, while retaining at least N/2 components. It therefore
remains to transfer the logarithmic Sobolev inequality from the reduced system back to the
original measure µN,α. This is achieved via the following entropy contraction inequality,
which appears as [JPV26, ineq. (6.3)] and is derived therein from the entropic independence
property established in [JPV26, Proposition 6.5]: for t = Ω∆(Nnα),

EntµN,α [F ] ≲γ,δ,∆ E
[
EntµN,α,t [F ]

]
. (2.30)

Applying (2.30) with t = t∗ and Theorem 2.19, we conclude: denoting by EN,α,t the
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Dirichlet form of the down-up walk on ΩN,α,t, for all F : ΩN,α → R+ we have

EntµN,α [F ] ≲γ,δ,∆ E
[
EntµN,α,t∗ [F ]

]
≲γ,δ,∆ NnE

[
EN,α,t∗(

√
F ,
√
F )
]

≤ Nn EN,α,0(
√
F ,
√
F ),

where the last inequality uses the convexity of the Dirichlet form along the localization
scheme, established in [CE22, Proposition 2.21] for Glauber dynamics, which applies here
via the relabelling of the down-up walk described above.

2.4.2 Martingale’s Method in the Reduced Regime

For the sake of simplicity, we shall prove Theorem 2.19 in the simplified setting where one
has N identical copies of G. However, a careful check of the proof shows that the general
setting of Theorem 2.19 can be handled with very minor modifications.

Thus, we now focus on proving the following statement.

Theorem 2.21. In the setting of Section 2.4, suppose G has maximum degree ∆ ≥ 3 and
n vertices, and let N ≥ n2. There exists an absolute constant C ≤ 1/1000, such that for
any γ > 0, if α ∈ DN satisfies α ∈ (γ,C/∆2) for then for all F : ΩN,α → R+,

1
Nn

EntµN,α [F ] ≲γ,∆ ĒN,α(
√
F ,
√
F ).

The proof of Theorem 2.21 is based on the martingale method, which reduces the
logarithmic Sobolev inequality for a system of N components to the same inequality for
systems of N − 1 components, at the cost of a small additive error. The key quantity is
the optimal constant tN,α in the logarithmic Sobolev inequality, defined as follows.

Definition 2.22. For a given pair (N,α) with α ∈ DN , we define tN,α as the smallest
constant such that

1
Nn

EntN,α[F ] ≤ tN,α ĒN,α(
√
F ,
√
F )

holds for all F : ΩN,α → R+, where

ĒN,α(
√
F ,
√
F ) = 1

2(Nn)2

∑
i,ℓ

∑
j ̸=i,k

µN,α

[
1(ℓ, k)σ(i),σ(j)

(
∇i,ℓ;j,k

√
F
)2
]
.

Theorem 2.19 is then equivalent to showing that tN,α ≲γ,∆ 1 for all α ∈ (γ, 1
1000∆2 ) and

N ≥ n2. The core of the argument is the following recursive inequality.

Lemma 2.23 (Recursive rule for tN,α). Suppose α ∈ DN satisfies α ∈ (γ/2, 1/(241∆2))
for some γ > 0. Then

tN,α ≤
N − 2
N − 1 max

σ∼σ′

∑
i∈[N ]

1(σ(i) = σ′(i))
N − 2 tN−1,ασ(i)

+ C∆,γ

N
, (2.31)
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with C∆,γ a positive constant and ατ = N
N−1α−

|τ |
(N−1)n for τ ∈ ΩG.

Proof. The proof combines the elementary entropy decomposition

EntN,α[F ] = 1
N

∑
i∈[N ]

µN,α[EntN,α[F | σ(i)]] + 1
N

∑
i∈[N ]

EntN,α[µN,α[F | σ(i)]] ,

with the two lemmas below. Lemma 2.24 controls the first term and yields the main
recursive contribution, while Lemma 2.25 controls the second term and produces the
additive error C∆,γ/N .

Lemma 2.24. For all α ∈ DN , we have

1
N

∑
i∈[N ]

EµN,α

[
EntµN,α [F | σ(i)]

]

≤ Nn(N − 2)
(N − 1) max

σ∼σ′

∑
i∈[N ]

1(σ(i) = σ′(i))
N − 2 tN−1,ασ(i)

 ĒN,α(
√
F ,
√
F ),

for all F : ΩN,α → R+, with ατ = N
N−1α−

1
(N−1)n |τ | for τ ∈ ΩG.

Proof. Note that by definition, for all i ∈ [N ],

EntµN,α [F | σ(i) = τ ] ≤ tN−1,ατ

2(N − 1)n
∑

σ∼σ′∈ΩN,α

σ(i)=σ′(i)=τ

µN,α(σ | σ(i) = τ)
(√

F (σ)−
√
F (σ′)

)2
.

Therefore,

1
N

∑
i∈[N ]

µN,α[EntN,α[F | σ(i)]] ≤ 1
N

∑
i∈[N ]

∑
τ∈ΩG

µN,α,i(τ) tN−1,ατ

2(N − 1)n

×
∑

σ∼σ′∈ΩN,α

σ(i)=σ′(i)=τ

µN,α(σ | σ(i) = τ)
(√

F (σ)−
√
F (σ′)

)2

= 1
(N − 1)

1
Nn

∑
σ∼σ′∈ΩN,α

µN,α(σ)
(√

F (σ)−
√
F (σ′)

)2

×
∑

i∈[N ]
1{σ(i) = σ′(i)} tN−1,ασ(i)

≤ Nn(N − 2)
(N − 1) max

σ∼σ′

∑
i∈[N ]

1(σ(i) = σ′(i))
N − 2 tN−1,ασ(i)

 ĒN,α(
√
F ,
√
F ),

which concludes the proof.

Lemma 2.25. Under the same hypotheses as Lemma 2.23,

1
N

∑
i∈[N ]

EntµN,α [E[F | σ(i)]] ≲γ,∆ n ĒN,α(
√
F ,
√
F ).
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The proof of Lemma 2.25 is more involved and is deferred to Section 2.4.5, as it requires
some additional tools originally introduced in [Jai+23]. The proof of Theorem 2.21 is then
completed in Section 2.4.3, where the recursive rule is iterated via a probabilistic argument.

2.4.3 Proof of Theorem 2.21

The statement of Theorem 2.21 is equivalent to showing that for all α ∈ (γ, 1
1000∆2 ) and

N ≥ n2,
tN,α ≲γ,∆ 1.

The proof relies on the recursive rule established in Lemma 2.23 and follows a probabilistic
argument from [Jai+23]. We begin by reformulating Lemma 2.23 in probabilistic terms
and defining the density process that will be iterated.

Probabilistic reformulation and density process. Consider a pair σ, σ′ ∈ ΩN,α,
σ ∼ σ′, achieving the maximum in (2.31), and sample uniformly at random a component
τ1 = σ(i∗), where i∗ ∈ {1, . . . , N} is such that σ(i∗) = σ′(i∗). Then

tN,α ≤
N − 2
N − 1 E[tN−1,α1 ] + C∆,γ

N
, (2.32)

where α1 = ατ1 = N
N−1α−

|τ1|
(N−1)n .

More generally, we define iteratively a process (αs)s∈N on the densities, where each αs

is a density on the state space ΩN−s,αs , according to the following recursion:

1. α0 = α;

2. given αs at time s ≥ 0: consider a pair σ, σ′ ∈ ΩN−s,αs maximizing (2.31) when N

is replaced by N − s, sample uniformly at random i∗s+1 ∈ {1, . . . , N − s} such that
σ(i∗s+1) = σ′(i∗s+1), set τ s+1 = σ(i∗s+1), and define

αs+1 = ατs+1
s = N − s

N − s− 1αs −
|τ s+1|

(N − s− 1)n. (2.33)

We introduce the stopping time

S := min
{
s > 0 : αs /∈

(
γ/2, 1

241∆2

)}
, (2.34)

and note that on the event {s ≤ S} the recursive estimate (2.32) can be applied at every
step. Note in particular that α0 ∈ (γ, 1

1000∆2 ), which is strictly contained in the interval
(γ/2, 1

241∆2 ) defining S.

Iteration of the recursive rule. The following proposition quantifies the effect of
iterating (2.32) up to time s.
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Proposition 2.26. Let s ≤ N − 2. Then

E[tN,α | s ≤ S] ≤ N − s− 1
N − 1 E[tN−s,αs | s ≤ S] +

s∑
i=1

N − i
N − 1

C∆,γ

N − i+ 1 .

Proof. On the event {s ≤ S}, Lemma 2.23 guarantees that the recursive inequality can be
applied at every step up to time s. Define

ai = N − i− 1
N − 1 , bi = C∆,γ

N − i+ 1 .

The claim is equivalent to

E[tN,α | s ≤ S] ≤ as E[tN−s,αs | s ≤ S] +
s∑

i=1
ai−1bi.

For s = 1 the statement follows from (2.32). Assuming the claim holds for some i < s, we
obtain

E[tN,α | s ≤ S] ≤ ai E[tN−i,αi | s ≤ S] +
i∑

j=1
aj−1bj

≤ ai

[
N − i− 2
N − i− 1 E

[
tN−i−1,αi+1 | s ≤ S

]
+ bi+1

]
+

i∑
j=1

aj−1bj

= ai+1 E
[
tN−i−1,αi+1 | s ≤ S

]
+

i+1∑
j=1

aj−1bj ,

which concludes the induction.

Concentration of the density process. The next proposition ensures that the stopping
time S is large with high probability, so that the iteration in Proposition 2.26 can be
carried out up to time s = N − 16 log2(N).

Proposition 2.27. Let h be an integer with h2 ≤ N − 2 and h ≥ (6 · 103∆2)2. Then

P(S ≤ N − h2) ≤ exp
(
−h2

)
.

Proof. Note that the claim is equivalent to

P(S ≤ N − h2) ≤ P
(

max
i≤N−h2

|αi − α0| ≥ γ/2
)
≤ exp

(
−h2

)
, (2.35)

since α0 ∈ (γ, 1
1000∆2 ) and, by definition of S in (2.34), the event {S ≤ N − h2} implies

maxi≤N−h2 |αi − α0| ≥ γ/2. We establish the stronger bound

P
(

max
i≤N−h

|αi − α0| ≥
3√
h

)
≤ exp

(
−h2

)
, (2.36)
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which yields (2.35) provided
√
h ≥ 6/γ > 6000∆2.

Let Fs denote the σ-algebra generated by {αs′ , τs′ : s′ ≤ s}, so that {Fs}s≥0 is a
filtration. We introduce the auxiliary martingale {ᾱs}s≥0 defined by

ᾱs+1 = ᾱs + (αs+1 − αs)− E[αs+1 − αs | Fs] ,

and establish the following preliminary bounds. From (2.33),

αs+1 − αs = αs

N − s− 1 −
|τs|

(N − s− 1)n. (2.37)

Using (2.37) and averaging over the uniform choice of i∗s+1,

E[αs+1 − αs | Fs] = 1
N − s− 2

∑
i: σ(i)=σ′(i)

(
αs

N − s− 1 −
|σ(i)|

(N − s− 1)n

)
(2.38)

= 1
(N − s− 1)(N − s− 2)

(N − s− 2
N − s

− 1
) ∑

i∈[N−s]

|σ(i)|
n

+
∑

i: σ(i)̸=σ′(i)

|σ(i)|
n


≤ 1

(N − s− 2)(N − s− 1)
∑

i: σ(i)̸=σ′(i)

|σ(i)|
n
≤ 2

(N − s− 2)(N − s− 1) .

Combining (2.37) and (2.38),

|ᾱs+1 − ᾱs| ≤
2

N − s− 1 .

For the quadratic variation, we compute

E
[
(αs+1 − αs)2 | Fs

]
= 1
N − s− 2

∑
i: σ(i)=σ′(i)

[αs − |σ(i)|/n]2
(N − s− 1)2 ≤ 1

(N − s− 1)2 ,

and therefore, using the identity 1
n

∑
i a

2
i− 1

n2
∑

i,j aiaj = 1
2n2

∑
i,j(ai−aj)2 with |ai−aj | ≤ 1,

E
[
(ᾱs+1 − ᾱs)2 | Fs

]
= E

[
(αs+1 − αs)2 | Fs

]
− E[αs+1 − αs | Fs]2 ≤ 1

2(N − s− 1)2 .

The quadratic variation ⟨ᾱ⟩s = ∑s
i=1 E[(ᾱi − ᾱi−1)2 | Fi−1] therefore satisfies

⟨ᾱ⟩s ≤
s∑

i=1

1
2(N − i)2 ≤

1
2

∫ N−1

N−s−1

dx

x2 = 1
2

s

(N − 1)(N − s− 1) .

Applying Freedman’s martingale inequality [Fre75],

P
(

max
i≤s
|ᾱi − ᾱ0| ≥ x

)
≤ exp

−(N − s− 1)x2

s/2
N−1 + 4

3x

 .
To translate this into a bound for αs, we write ᾱi− ᾱ0 = αi−α0−

∑
j≤i E[αj−αj−1 | Fj−1]
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and define

Σ̄s := max
i≤s

∣∣∣∣∣∣
∑
j≤i

E[αj − αj−1 | Fj−1]

∣∣∣∣∣∣ ,
so that |ᾱi − ᾱ0| ≥ |αi − α0| − Σ̄s, and therefore

P
(

max
i≤s
|αi − α0| ≥ x+ Σ̄s

)
≤ P

(
max
i≤s
|ᾱi − ᾱ0| ≥ x

)
.

By (2.38),

Σ̄s ≤ 2
N−2∑

j=N−s−1

1
j(j − 1) = 2

( 1
N − s− 2 −

1
N − 2

)
= 2s

(N − s− 2)(N − 2) .

Taking s = N − h2 gives Σ̄s ≤ 2
h2−2 . Choosing x = 1√

h
,

P
(

max
i≤s
|αi − α0| ≥

3√
h

)
≤ P

(
max
i≤s
|αi − α0| ≥

1√
h

+ Σ̄s

)
≤ exp(−h),

which proves (2.36). Indeed, for x = 1√
h

and s = N − h2,

exp

−(N − s− 1)x2

s/2
N−1 + 4

3x

 = exp

− h2−1
h

1
2

N−h2

N−1 + 4
3
√

h

 ≤ exp
(
−h2

)
,

since h2 − 1 ≥ 1
2h

2 and 1
2

N−h2

N−1 + 4
3
√

h
≤ 1 for h ≥ 9.

Conclusion of the proof of Theorem 2.21. We begin with the non-optimal bound

tN,α ≲γ,∆ Nn, (2.39)

which follows from a spectral gap estimate of order 1/(Nn) for PN when α ∈ (0, 1/(241∆2)),
combined with standard inequalities comparing spectral gap and logarithmic Sobolev
constants [DS96]. The spectral gap bound can be obtained through path coupling; the
coupling argument is the same as in Proposition A.1 below. From now on, we assume the
validity of (2.39).

We now apply Proposition 2.26 up to time s = N − 16 log2(N). By Proposition 2.27
with h = 4 log(N),

P
(
S ≤ N − 16 log2(N)

)
≤ 1
N2 .

On the complementary event {S ≥ N − 16 log2(N)}, the density αN−16 log2(N) lies in
(γ/2, 1/(241∆2)), so by (2.39),

t16 log2(N), αN−16 log2(N)
≲γ,∆ 16n log2(N).
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Applying Proposition 2.26 and decomposing over the two events,

tN,α ≤
16 log4(N)
N − 1 E

[
t16 log2(N), αN−16 log2(N)

∣∣∣∣S ≥ N − 16 log2(N)
]

+

+ C∆,γ + tN,α P
(
S ≤ N − 16 log2(N)

)
≤ 16n log6(N)

N − 1 + C∆,γ + n

N
≲γ,∆ 1,

provided that N ≥ n2. This concludes the proof of Theorem 2.21.
It remains to prove Lemma 2.25. The argument proceeds in two steps. First, in

Subsection 2.4.4, we establish a log-Sobolev inequality for the chain induced on a single
particle σ(i), with the remaining particles frozen. Second, in Subsection 2.4.5, we bound
the Dirichlet form of this induced chain by the appropriate terms in ĒN,α, which yields the
proof of Lemma 2.25.

2.4.4 Induced Chain

Consider a density α ∈ DN . The induced chain is the Markov chain on ΩG obtained from
PN by tracking only the first particle σ(1) ∈ ΩG. Formally, its transition matrix P is given,
for τ ̸= τ ′ ∈ ΩG, by

P (τ, τ ′) := 1
n

∑
ℓ∈[n]

1
Nn

∑
j∈[N ]\{1}

∑
k∈[n]

Eσ∼µN,α

[
1{(ℓ, k)σ(1),σ(j)}1{σ1,ℓ; j,k(1) = τ ′}

∣∣σ(1) = τ
]
.

(2.40)
This chain describes exchanges between the first particle and the remaining N − 1 particles,
the latter sampled at equilibrium. In the language of statistical mechanics, the induced
chain is the analogue of a grand-canonical dynamics: the first particle plays the role of
a small subsystem in contact with a reservoir, the other N − 1 particles, with which it
exchanges 1’s while preserving the total density of the joint system. From the Markov chain
perspective, this is a heat-bath dynamics: each update resamples σℓ(1) according to its
equilibrium conditional law given the reservoir. Strictly speaking, this is not the Glauber
dynamics of the hardcore model µG,λ, but a closely related chain whose invariant measure
is the marginal P1µN,αN

, defined below in (2.41). As we shall show in Theorem ??, this
marginal converges to µG,λ as N →∞, so the induced chain can be viewed as a finite-N
approximation of the Glauber dynamics for the hardcore model.

This approximation can be made quantitative. Using the local central limit theorem of
Proposition 2.28 below, we compare the induced chain P with the Glauber dynamics of
µG,λ in a quantitative sense, and transfer to P the log-Sobolev inequality known to hold for
Glauber throughout the subcritical regime by the spectral-independence theory of [CLV21].
The log-Sobolev inequality for PN is then obtained from the one for P via the martingale
method.

We collect below the ingredients needed to state the log-Sobolev inequality for P : its
invariant measure, the structure of its transitions, and the associated Dirichlet form. By
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construction, a transition τ → τ ′ of P is admissible only if τ ′ differs from τ by the addition
or removal of a single occupied site. Accordingly, for ℓ ∈ [n] we set

τ ℓ =

τ ∪ {ℓ}, if τ ∪ {ℓ} ∈ ΩG,

τ, otherwise,
τ ℓ̄ = τ \ {ℓ}.

By symmetry, P is reversible with respect to

P1µN,α(τ) := Pσ∼µN,α(σ(1) = τ), τ ∈ ΩG, (2.41)

which is the first marginal of µN,α. The Dirichlet form of the reversible pair (P, P1µN,α) is
then

EP (f, g) =
∑

ℓ∈[n]
Eτ∼P1µN,α

[
P (τ, τ ℓ)

(
f(τ)− f(τ ℓ)

)(
g(τ)− g(τ ℓ)

)]
, (2.42)

for f, g : ΩG → R.

The proof of the log-Sobolev inequality for P relies on a quantitative comparison
between the canonical marginal P1µN,α and the grand-canonical hardcore measure µG,λ at
the matching fugacity. This comparison is provided by the following local central limit
theorem, whose proof we omit; it can be obtained by adapting the argument of [Jai+23,
Corollary 13] to track the joint dependence on both N and n.

Proposition 2.28. Let G be a graph on n vertices with maximum degree ∆, let N be the
size of the particle system, let λ ∈ (γ, (1 − δ)λc(∆)) for some γ, δ > 0, and let α ∈ DN .
Denote by α(µG,λ) the density of µG,λ and suppose that

Nn |α− α(µG,λ)|2 = Oγ,δ,∆(1).

Then ∣∣∣∣µ⊗N
G,λ(ΩN,α)− 1√

2π vN

exp
(
− N2n2|α− α(µG,λ)|2

2v2
N

)∣∣∣∣ = Oγ,δ,∆

( 1
Nn

)
,

where v2
N = Varσ∼µ⊗N

G,λ
(|σ|) satisfies v2

N = Θγ,δ,∆(Nn).

We are now ready to state the log-Sobolev inequality for the induced chain.

Lemma 2.29. If α ∈ (γ, (1− δ)αc(∆)) for some γ, δ > 0 and N ≥ n, then the matrix P
defined in (2.40) satisfies a log-Sobolev inequality with respect to the Dirichlet form (2.42)
with rate r = Ωγ,δ,∆(1/n).

Proof. First, by the correspondence induced by the occupancy ratio αG(·), there exists
λ∗ ∈ (c(γ), (1− c′(δ))λc(∆)) such that αc(λ∗) = α, or equivalently α(λ∗) = α. Here c(γ)
and c′(δ) are positive constants.
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We compare the dynamics generated by P with the Glauber dynamics PGD of the
hard-core model with fugacity λ∗, defined by

PGD(τ, τ ′) = 1
n

∑
ℓ∈[n]

[ µλ∗,G(τ ℓ)
µλ∗,G(τ ℓ) + µλ∗,G(τ ℓ̄)

1(τ ′ = τ ℓ) + µλ∗,G(τ ℓ̄)
µλ∗,G(τ ℓ) + µλ∗,G(τ ℓ̄)

1(τ ′ = τ ℓ̄)
]
.

In particular, PGD(τ, τ ℓ) = 1
n

λ∗

1+λ∗ when τ ℓ ̸= τ . The dynamics generated by PGD satisfies
a log-Sobolev inequality with rate r = Ωγ,δ,∆(1/n), as follows from Lemma 2.3 and Fact 3.5
in [CLV21]. For completeness, we briefly recall the main ingredients of the proof.

Lemma 2.3 in [CLV21] states that if a Gibbs measure is spectrally independent and
marginally bounded, then it satisfies approximate tensorization of entropy. For the hard-
core model, spectral independence in the subcritical regime is a classical result due to Weitz;
see, for instance, [Wei06] for the seminal work and [CSV25] for more recent developments.
Marginal boundedness is immediate, see e.g. Proposition 50 in [Ana+21], which ensures
that for every subset A ⊂ [n], for every σA such that σA ∩N(ℓ) = ∅, for all λ > 0,

λ

1 + λ
(1 + λ)−N(ℓ) ≤ Pσ∼µλ,G

(σℓ = 1 | σA) ≤ λ

1 + λ
.

In particular, marginal boundedness holds in the form

min
{
Pσ∼µλ∗,G

(σℓ = 1 | σA),Pσ∼µλ∗,G
(σℓ = 0 | σA)

}
≥ b > 0, (2.43)

for some b = b(γ, δ,∆) > 0. By [CLV21, Lemma 2.3], this yields approximate tensorization
of entropy,

Entµλ∗,G
[f ] ≲γ,δ,∆

∑
ℓ∈[n]

µλ∗,G

[
Entµλ∗,G

[
f | {σk, k ̸= ℓ}

]]
. (2.44)

Finally, using marginal boundedness (2.43) together with the classical result of Diaconis
and Saloff-Coste (Appendix 1 in [DS96]), we obtain

Entµλ∗,G

[
f | {σk, k ̸= ℓ}

]
≤ 1− 2b

log(1/b− 1)V arµλ∗,G

[√
f | {σk, k ̸= ℓ}

]
≲γ,δ,∆ V arµλ∗,G

[√
f | {σk, k ̸= ℓ}

]
,

which, combined with (2.44), yields

Entµλ∗,G
[f ] ≲γ,δ,∆

∑
ℓ∈[n]

µλ∗,G

[
V arµλ∗,G

[√
f | {σk, k ̸= ℓ}

]]
.

This corresponds to a log-Sobolev inequality for the Glauber dynamics with rate r =
Ωγ,δ,∆(1/n).

Therefore, to conclude the proof of the lemma, it is sufficient to compare the two chains
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P and PGD. Specifically, we need that if N ≥ n,

1) P1µN,α

µG,λ∗
= Θγ,δ,∆(1), 2) PGD(τ, τ ℓ)

P (τ, τ ℓ) = Oγ,δ,∆(1), ∀ℓ ∈ [n], ∀τ ∈ ΩG : τ ̸= τ ℓ.

(2.45)
Assuming (2.45), standard comparison arguments yield, for any f : ΩG → R+,

EntµN,α,1 [f ] ≲γ,δ,∆ Entµλ∗,G
[f ]

≲γ,δ,∆ nEPGD
(
√
f,
√
f)

=
∑

τ∈ΩG

∑
ℓ∈[n]

µλ∗,G(τ)PGD(τ, τ ℓ)
(√

f(τ)−
√
f(τ ℓ)

)2
≲γ,δ,∆

∑
ℓ∈[n]

µN,α,1(τ)P (τ, τ ℓ)
(√

f(τ)−
√
f(τ ℓ)

)2 = nEP (
√
f,
√
f).

In the first row above, we used Holley-Strook variational representation for entropy:

Entµ[F ] = inf
a∈R+

µ[F logF − F log a+ a− F ].

We begin with point 1) in (2.45). For any τ ∈ ΩG, define

ατ = N

N − 1α−
1

(N − 1)n |τ |,

which is the density induced on the subsystem σ(2), . . . , σ(N) when fixing σ(1) = τ . By
homogeneity, µN,α can be written as µ⊗N

λ∗,G(· | ΩN,α). Hence, for any τ ∈ ΩG,

P1µN,α(τ) =
P

σ∼µ⊗N

λ∗,G

(
σ(1) = τ, σ ∈ ΩN,α

)
P

σ∼µ⊗N

λ∗,G

(
σ ∈ ΩN,α

)
= µλ∗,G(τ)

P
σ∼µ⊗N−1

λ∗,G

(
σ ∈ ΩN−1,ατ

)
P

σ∼µ⊗N

λ∗,G

(
σ ∈ ΩN,α

) .

By Proposition 2.28 below, when N ≥ n the ratio above is Θγ,δ,∆(1), which proves point 1).
We now turn to point 2). First, we observe that

PGD(τ, τ ℓ) = 1
n

λ∗

1 + λ∗ ≤
1
n

λc(∆)
1 + λc(∆) = O∆

( 1
n

)
. (2.46)

On the other hand,
P (τ, τ ℓ) = 1

n

N − 1
N

ατ = Ωγ,δ,∆(1/n), (2.47)

where we assume N to be sufficiently large. Combining (2.46) and (2.47) concludes the
proof of point 2), and hence the lemma.
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2.4.5 Proof of Lemma 2.25

The proof of Lemma 2.25 adapts the strategy of [Jai+23] to track the joint dependence
on N and n. The idea is the following: Lemma 2.29 provides a log-Sobolev inequality for
the induced chain governing a single particle, in terms of its Dirichlet form. To deduce
a log-Sobolev inequality for PN , one needs to compare the average over i ∈ [N ] of these
single-particle Dirichlet forms with the global Dirichlet form of PN . This comparison is
carried out term by term: each contribution to the Dirichlet form of an induced chain is
matched with a suitable combination of terms in the Dirichlet form of PN .

The matching step is technically delicate. It relies on Stein’s method for Markov
chains [BN19; RR19], combined with a contractive coupling argument for the down-up
walk in the small-density regime—similar in spirit to the path coupling technique used to
bound the spectral gap of the down-up walk on independent sets of fixed size in [BD97].
The contractive coupling can be implemented only when α = O(1/∆2), which is the source
of the smallness assumption on α. We isolate this part of the argument in Lemma 2.35,
deferred to the appendix of this chapter; see Proposition A.1.

The combination of Lemma 2.29 with the matching step just described leads to the
second key ingredient, Lemma 2.30 below. Before stating it, we set up the relevant notation.
For each i ∈ [N ] and each F : ΩN,α → R+, define

fi(τ) := EµN,α [F | σ(i) = τ ], τ ∈ ΩG.

Lemma 2.30. Under the hypotheses of Lemma 2.23, for every ℓ ∈ [n] and every i ∈ [N ],

(√
fi(τ \ {ℓ})−

√
fi(τ ℓ)

)2
≲γ,∆

1
Nn

∑
(j,k)

Eσ∼µN,α

[
1{(ℓ, k)σ(i),σ(j)}

(√
F (σ)−

√
F (σ(i,ℓ;j,k))

)2 ∣∣∣σ(i) = τ ℓ
]
.

The remainder of this subsection is organized as follows. We first show how Lemma 2.30
implies Lemma 2.25. We then build the toolbox needed to prove Lemma 2.30: a change-
of-measure inequality and Stein’s method. Finally, we state the two key estimates and
combine them to conclude the proof. By symmetry, it suffices to prove Lemma 2.30 for
i = 1, which we assume henceforth.
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Reduction to Lemma 2.30

From Lemma 2.29 we know that the induced chain on component i ∈ [N ] satisfies a
log-Sobolev inequality with rate Ωγ,∆(1/n). In particular,

Ent(fi) ≲γ,∆ n
∑

τ∈ΩG

µN,α(σ(i) = τ)
∑

ℓ∈[n]
P (τ, τ \ {ℓ})

(√
fi(τ)−

√
fi(τ \ {ℓ})

)2

≲γ,∆
∑

τ∈ΩG

µN,α(σ(i) = τ)
∑

ℓ∈[n]

(√
fi(τ)−

√
fi(τ \ {ℓ})

)2
,

where we used P (τ, τ \ {ℓ}) = Ωγ,∆(1/n). The nonzero terms in the last sum must satisfy
τ = τ ℓ. Combining this observation with Lemma 2.30 yields

Ent(fi) ≲γ,∆
1
Nn

∑
ℓ∈[n]

∑
(j,k)

Eσ∼µN,α

[
1{(ℓ, k)σ(i),σ(j)}

(√
F (σ)−

√
F (σ(i,ℓ;j,k))

)2]
.

Summing over i ∈ [N ],

1
N

∑
i∈[N ]

Ent(fi) ≲γ,∆ n ĒN,α[
√
F ,
√
F ].

This reduces the proof of Lemma 2.25 to that of Lemma 2.30. The remainder of this
subsection is devoted to the latter.

Toolbox: change of measure

Let τ ∈ ΩG be such that the site ℓ ∈ [n] is available for an update inserting a 1 at ℓ, so
that τ ℓ = τ ∪ {ℓ} and τ ℓ̄ = τ \ {ℓ}. Given a density α ∈ DN , define

νℓ := µN,α[ · | σ(1) = τ ℓ], νℓ̄ := µN,α[ · | σ(1) = τ ℓ̄], ν := µN,α[ · | σ(1) ∈ {τ ℓ, τ ℓ̄}].
(2.48)

The first two are obtained from µN,α by conditioning the first particle to equal τ ℓ or τ ℓ̄,
respectively; the third fixes σ(1) to agree with τ on every site k ̸= ℓ, leaving the value at
site ℓ unspecified. These three measures are linked by the identity

ν = θ νℓ + (1− θ) νℓ̄, θ := µN,α

(
σℓ(1) = 1

∣∣σ(1)k = τk, k ̸= ℓ
)
. (2.49)

The left-hand side of the inequality we wish to establish in Lemma 2.30 can be rewritten
as
(√

Eνℓ
F −

√
Eνℓ̄

F
)2, for some F : ΩN,α → R+. It is convenient to replace νℓ̄ with ν, the

latter leaving the state at site ℓ unspecified, leading to the following lemma.

Lemma 2.31 ([Jai+23], Lemma 36). Let α ∈ DN satisfy α ∈ (γ, (1−δ)αc(∆)) and assume
N ≥ n. Then (√

Eνℓ
F −

√
Eνℓ̄

F
)2

≲γ,δ,∆
(√

Eνℓ
F −

√
EνF

)2
. (2.50)

The proof of Lemma 2.31 combines two elementary steps: a rationalization of both sides
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of (2.50), and a control on the mixing weight θ in (2.49). The latter is provided by
Proposition 2.32 below; granting it, the proof is straightforward.

Proof of Lemma 2.31. By Proposition 2.32, θ = Θγ,δ,∆(1), and the decomposition (2.49)
gives dνℓ/dν = θ and dνℓ̄/dν = 1− θ. We rewrite the left-hand side of (2.50) as a ratio:

(√
Eνℓ

F −
√
Eνℓ̄

F
)2

=
(
Eνℓ

F − Eνℓ̄
F
)2(√

Eνℓ
F +

√
Eνℓ̄

F
)2 ≤

(
Eνℓ

F − Eνℓ̄
F
)2

Eνℓ
F + Eνℓ̄

F
. (2.51)

Similarly, viewing ν as the θ-convex combination in (2.49), we have Eνℓ
F − EνF =

(1− θ)
(
Eνℓ

F − Eνℓ̄
F
)
, hence

(√
Eνℓ

F −
√
EνF

)2
=

(
Eνℓ

F − EνF
)2(√

Eνℓ
F +

√
EνF

)2 ≥ (1− θ)2(Eνℓ
F − Eνℓ̄

F
)2

4
(
Eνℓ

F + Eνℓ̄
F
) . (2.52)

Combining (2.51) and (2.52) yields (2.50).

It remains to prove that the mixing weight θ is bounded away from 0 and 1, uniformly in
τ and ℓ. This relies on the local central limit theorem of Proposition 2.28.

Proposition 2.32. Let α ∈ DN satisfy α ∈ (γ, (1− δ)αc(∆)) and assume N ≥ n. Then,
for all τ ∈ ΩG with τN(ℓ) = ∅,

µN,α

(
σℓ(1) = 1

∣∣σ(1)k = τk, k ̸= ℓ
)

= Ωγ,δ,∆(1),

µN,α

(
σℓ(1) = 0

∣∣σ(1)k = τk, k ̸= ℓ
)

= Ωγ,δ,∆(1).

In particular, dνℓ/dν and dνℓ̄/dν are both Oγ,δ,∆(1).

Proof. By Lemma 2.12, there exists λ > 0 such that α(µG,λ) = α. A direct computation
gives

µN,α

(
σℓ(1) = 1

∣∣σ(1)k = τk, k ̸= ℓ
)

= 1
1 + z(ℓ, τ,N, α) ,

where

z(ℓ, τ,N, α) = µG,λ(τ ℓ̄)
µG,λ(τ ℓ) ·

µ
⊗(N−1)
G,λ (Ω

N−1,ατℓ̄ )

µ
⊗(N−1)
G,λ (Ω

N−1,ατℓ )
.

Since N ≥ n, one has (N − 1)n |α− ατ |2 ≤ 1 for all τ ∈ ΩG, so Proposition 2.28 yields

µ
⊗(N−1)
G,λ (Ω

N−1,ατℓ̄ )

µ
⊗(N−1)
G,λ (Ω

N−1,ατℓ )
= Θγ,δ,∆(1).

Moreover, since τN(ℓ) = ∅, both τ ℓ and τ ℓ̄ belong to ΩG, and

µG,λ(τ ℓ̄)
µG,λ(τ ℓ) = µG,λ(σℓ = 0 | σk = τk, k ̸= ℓ)

µG,λ(σℓ = 1 | σk = τk, k ̸= ℓ) = 1
λ

= Θγ,δ,∆(1),
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since λ = Θγ,δ,∆(1). This concludes the proof.

Toolbox: Stein’s method

We now use Stein’s method to estimate the right-hand side of (2.50). Let Pν,N be the
Markov chain on ΩN,α obtained from PN by restricting the dynamics to the support of ν;
that is, the transition matrix

Pν,N (σ, σ′) := PN (σ, σ′) 1{σ, σ′ ∈ supp(ν)}, σ ̸= σ′.

In words, if the proposed update changes σ(1) at a site different from ℓ, the update is
rejected; in all other cases Pν,N acts as PN . We define Pνℓ,N analogously, replacing ν with
νℓ. The measures ν and νℓ are reversible for Pν,N and Pνℓ,N , respectively.

Let h : ΩN,α → R be the solution of the Poisson equation

h− Pν,N h = F − Eν [F ],

which has the explicit form

h(σ) =
+∞∑
t=0

E
[
F (σt)− Eν [F ]

∣∣σ0 = σ
]
,

where (σt, t ∈ N) is the Markov chain with transition matrix Pν,N , and E denotes expectation
with respect to its law. Using h, we can express

Eνℓ
[F ]− Eν [F ] = Eνℓ

[h− Pν,N h]

= Eνℓ
[Pνℓ,N h− Pν,N h], (2.53)

where we used the invariance of νℓ under Pνℓ,N to write Eνℓ
[Pνℓ,N h] = Eνℓ

[h]. Combin-
ing (2.53) with (2.50), we obtain

(√
Eνℓ

F −
√
Eνℓ̄

F
)2

≲γ,δ,∆

∣∣Eνℓ
[Pνℓ,N h− Pν,N h]

∣∣2
Eν [F ] . (2.54)

Two key estimates

Given η0, η
′
0 ∈ ΩN,α, denote by (ηt, η

′
t) the Markov chains started at (η0, η

′
0) with transition

matrix Pν,N .

Definition 2.33 (Distribution Γ). Define a probability distribution Γ on pairs (η0, η
′
0) by:

1) choose (j, k) uniformly at random among all pairs with j ≥ 2 and k ∈ [n];

2) sample η0 ∼ µN,α conditioned on the event σ(1) = τ ℓ and σ(j)k′ = 0 for all
k′ ∈ N+(k);

3) set η′
0 := (η0)1,ℓ; j,k.
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Equivalently,

Γ(η0, η
′
0) = 1

(N − 1)n
∑
j≥2

∑
k∈[n]

µN,α

(
η0 | σ(1) = τ ℓ, σ(j)N+(k) = 0

)
1{η′

0 = (η0)1,ℓ; j,k}.

For brevity, given a coupling of (ηt, η
′
t) with (η0, η

′
0) ∼ Γ and c > 0, set

H(c,Γ) :=
∞∑

t=0
ect/(nN) E

[(√
F (ηt)−

√
F (η′

t)
)2]
. (2.55)

We can now state the two key estimates. The first bounds the right-hand side of (2.54)
in terms of H(c,Γ) for any coupling; the second exhibits a specific coupling for which
H(c,Γ) is controlled by the Dirichlet-type quantity at t = 0. Both proofs are deferred to
the appendix of this chapter.

Lemma 2.34. Suppose α ∈ DN lies in the subcritical interval (γ, (1− δ)αc(∆)) for some
γ, δ > 0, and assume N ≥ 2n. Then, for any coupling of (ηt, η

′
t) with (η0, η

′
0) ∼ Γ and any

c > 0, ∣∣Eνℓ
[Pνℓ,N h− Pν,N h]

∣∣2
Eν [F ] ≲γ,δ,∆

1
cNn

H(c,Γ). (2.56)

Lemma 2.35. Suppose α ∈ DN satisfies α ∈ (0, 1/(C∆2)) with C ≥ 241. Then there
exists a coupling of (ηt, η

′
t) with (η0, η

′
0) ∼ Γ such that, for all c ≤ 1/1000,

H(c,Γ) ≤ NnE(η0,η′
0)∼Γ

[(√
F (η0)−

√
F (η′

0)
)2]
. (2.57)

Proof of Lemma 2.30

Throughout this proof we apply, in sequence, the inequalities (2.54), (2.56), and (2.57).
The restriction

α ≤ 1
241 ∆2

is required only for (2.57); this condition lies within the subcritical regime, since 1/(241 ∆2) <
αc(∆). Assume now

γ ≤ α ≤ 1
241 ∆2 for some γ > 0.

Under this assumption, all inequalities in this section depend only on γ and ∆, since the
gap between 1/(241 ∆2) and αc(∆) is a function of ∆ alone. Accordingly, we use the
notation ≲γ,∆.
Fix τ ∈ ΩG and let ℓ ∈ [n] be a site available for τ , i.e., τ ∪ {ℓ} ∈ ΩG; otherwise, the
statement of Lemma 2.30 is trivial. By definition of f1 and of νℓ, νℓ̄ in (2.48), we have
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f1(τ ℓ) = Eνℓ
F and f1(τ \ {ℓ}) = Eνℓ̄

F . Taking c ≤ 1/1000,

(√
f1(τ \ {ℓ})−

√
f1(τ ℓ)

)2
=
(√

Eνℓ
F −

√
Eνℓ̄

F
)2

(2.54)
≲γ,∆

∣∣Eνℓ
[Pνℓ,N h− Pν,N h]

∣∣2
Eν [F ]

(2.56)
≲γ,∆

1
cNn

H(c,Γ)
(2.57)
≤ E(η0,η′

0)∼Γ
[(√

F (η0)−
√
F (η′

0)
)2]
.

Expanding the last expectation,

E(η0,η′
0)∼Γ

[(√
F (η0)−

√
F (η′

0)
)2]

= 1
(N − 1)n

∑
σ

∑
j>1,k

µN,α

(
σ | σ(1) = τ ℓ, σN+(k)(j) = 0

)(√
F (σ)−

√
F (σ1,ℓ; j,k)

)2

≲γ,∆
1
Nn

∑
σ

∑
j,k

µN,α

(
σ | σ(1) = τ ℓ)1{(ℓ, k)σ(1),σ(j)}

(√
F (σ)−

√
F (σ1,ℓ; j,k)

)2
,

where we used the inequality

µN,α

(
σ | σ(1) = τ ℓ, σN+(k)(j) = 0

)
≲γ,∆ µN,α

(
σ | σ(1) = τ ℓ)1{(ℓ, k)σ(1),σ(j)},

which follows from a single application of the local central limit theorem of Proposition 2.28;
see, for instance, the analogous argument in (A.14).

2.5 Completing Kac’s Program

In the following we prove entropy decay for the nonlinear mean-field hard-core model,
following essentially the same strategy as in Section 1.5.

Theorem 2.36 (Entropy decay). Let G = (V,E) be a graph on n vertices with maximum
degree ∆ ≥ 3. For any γ > 0 and δ ∈ (0, 1), and any initial state p0 with density
α(p0) ∈ (γ, (1− δ)αc(∆)), the solution pt of the mean-field dynamics (2.4) satisfies

H(pt | µG,λ) ≤ e−r t/nH(p0 | µG,λ), t ≥ 0,

for some constant r = r(γ, δ,∆) > 0 independent of n, where λ = λ(p0) < λc(∆) is the
unique fugacity matching the density of p0.

Theorem 2.36 is established by completing Kac’s program: we deduce the entropy decay
of the nonlinear mean-field dynamics from a modified log-Sobolev inequality (MLSI) for
the mean-field particle system, which in turn follows from Theorem 2.6, and transfer it to
the nonlinear process by taking the limit N →∞. We start by discussing the functional
inequality associated to the entropy decay of the continuous time nonlinear dynamics.
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Nonlinear Modified Log-Sobolev

For any λ > 0, taking µ = µG,λ, we consider the functional

Dµ(f, f) = 1
4n2

∑
σ,σ′,τ,τ ′

µ(σ)µ(σ′)Q(σ, σ′; τ, τ ′)
(
f(σ)f(σ′)− f(τ)f(τ ′)

)
log

(
f(σ)f(σ′)
f(τ)f(τ ′)

)
,

for all f : ΩG → R+. This is known as the entropy dissipation functional. Indeed, Lemma
2.9 shows that the solution pt of (2.4), for any initial state p0 ∈ P(ΩG), satisfies

d

dt
H(pt | µ) = −Dµ(ft, ft), (2.58)

where ft = pt/µ is the relative density of pt with respect to µ.
Since (x−y) log(x

y ) ≥ 0 for all x, y ≥ 0, we have Dµ(f, f) ≥ 0, for all f , so that H(pt | µ)
is monotone non increasing as a function of t ≥ 0. This is the analogue of Boltzmann’s
H-theorem in our setting.

We reformulate Theorem 2.36 in terms of the following nonlinear modified log-Sobolev
inequality. We use the notation

Entµ[f ] = µ [f log (f/ logµ[f ])] ,

for all f : ΩG → R+. In particular, when µ[f ] = 1 the functional returns the relative
entropy Entµ[f ] = H(fµ | µ).

Definition 2.37 (Nonlinear Modified Log Sobolev (NMLSI)). For all λ > 0, let Sλ be the
set of functions f : ΩG → R+ with µG,λ[f ] = 1 such that fµG,λ ∈ P(ΩG) has the same
density as µG,λ,

α (fµG,λ) = α (µG,λ) .

The nonlinear dynamics is said to satisfy the NMLSI with profile function I : (0,∞)→
[0,∞) if for all λ > 0,

DµG,λ
(f, f) ≥ I(λ) EntµG,λ

[f ], ∀f ∈ Sλ. (2.59)

Since the nonlinear mean-field dynamics conserves the density, any solution pt satisfies
α(pt) = α(p0) for all t ≥ 0. As a consequence, for any initial datum p0 ∈ P(ΩG), one has
ft = pt/µG,λ ∈ Sλ for all t ≥ 0, where λ is the unique value of the fugacity matching the
density α(p0). Therefore, (2.58) implies that, if the NMLSI holds with profile I(·), then
every solution pt satisfies

H(pt | µG,λ) ≤ e−I(λ)tH(p0 | µG,λ),

where λ is determined by α(p0) = α(µG,λ); see also Lemma 1.35 for a derivation of this
statement in a slightly different context. In particular, Theorem 2.36 is established by
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proving that the nonlinear system satisfies the NMLSI with a profile I such that I(λ) ≥ r/n,
with a constant r = r(γ, δ,∆) > 0, for any λ > 0 such that α(µG,λ) ∈ (γ, (1− δ)αc(∆)).

Proof of Theorem 2.36

Fix γ > 0, δ ∈ (0, 1) and α ∈ (γ, (1− δ)αc(∆)), and let λ > 0 be such that α = α(µG,λ).
Consider the particle system defined by the chain PN on the state space ΩN,αN

, as in
Definition 2.5, with density

αN = ⌊Nnα⌋
Nn

,

and note that αN ∈ (γ/2, (1− δ)αc(∆)) for all N large enough. Recall the unique invariant
measure µN,αN

, and observe that µN,αN
= µ⊗N

G,λ(· | ΩN,αN
), that is the N -fold product of

µG,λ restricted to ΩN,αN
. Pick f ∈ Sλ with f > 0. By definition, ν = fµG,λ ∈ P+(ΩG)

with α(ν) = α; define the function FN on ΩN,αN
by

FN := ν⊗N (· | ΩN,αN
)

µN,αN

.

Let N ≥ n2, then the MLSI (2.8) implies

EN,αN
(FN , logFN ) ≥ r0

n
EntµN,αN

[FN ] , (2.60)

with r0 = r0(γ/2, δ,∆) > 0 independent of N,n.
From now on, we proceed as in Section 1.5. Since ν = fµG,λ ∈ P+(ΩG) and |αN −α| ≤

1
N , by adapting the arguments in Proposition 1.42 one proves the so-called entropic chaos,
that is

lim
N→∞

1
N

Entµmf
N,αN

[FN ] = EntµG,λ
[f ].

Similarly, as in Proposition 1.43, one finds the so-called Fisher chaos, that is

lim
N→∞

1
N
EN,αN

(FN , logFN ) = 2Dµ(f, f).

Therefore, dividing by N and passing to the limit N →∞ in (2.60) yields (2.59) with

I(λ) = r0
2n ,

for every f ∈ Sλ with full support in ΩG. It remains to extend the estimate to all f ∈ Sλ.
To this end, given f ∈ Sλ, consider

fε(σ) = (1− ε)f(σ) + ε, ε ∈ (0, 1), σ ∈ ΩG.

Note that fε ∈ Sλ for all ε ∈ (0, 1), since µG,λ[fε] = 1 and α(fεµG,λ) = (1− ε)α(fµG,λ) +
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ε α(µG,λ) = α(µG,λ). Since f has full support on ΩG,

DµG,λ
(fε, fε) ≥ r0

2n EntµG,λ
[fε] .

Letting ε→ 0, by continuity one has

DµG,λ
(fε, fε)→ DµG,λ

(f, f), EntµG,λ
[fε]→ EntµG,λ

[f ] ,

which conclude the proof of the NMLSI with a profile I such that I(λ) ≥ r/n, with
r = r0(γ/2, δ,∆)/2 > 0, for any λ > 0 such that α(µG,λ) ∈ (γ, (1− δ)αc(∆)).
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Chapter 3

Algorithmic Applications to
Hardcore Model

As discussed in the main introduction, the nonlinear exchange dynamics is the natural
process for the sampling problem for the hard-core model µα

G with prescribed global density
α or µm

G with marginal vector m, but due to its quadratic nature, and given our current
understanding, it cannot be implemented directly at present. Following Kac [Kac56], we
overcome this obstacle by introducing an auxiliary particle system: a linear Markov chain
that approximates the nonlinear evolution and is built on the same exchange mechanism,
mean-field for the prescribed density problem and single-site for the prescribed marginals
one.

The idea is to consider a finite population of N particles σ(1), . . . , σ(N) ∈ ΩG, undergoing
pairwise collisions

(σ(i), σ(j)) 7→ (τ (i), τ (j)),

where the pair on the right is obtained by exchanging two bits σ(i)
v and σ

(j)
u , the sites u, v

being chosen so as to match the nonlinear collision kernel. This defined a linear Markov
chain implementable provided N being not too large. On the other hand, if N is sufficiently
large, the particle system approximates the nonlinear evolution; since the latter converges
to the desired Gibbs measure, after enough steps the law of a single particle should be
close to the target measure. Particle systems of this kind already appeared in the previous
chapters, in the analysis of the continuous-time nonlinear process. Here, for algorithmic
purposes, we work instead with a discrete-time version, and with a different time scaling:
whereas the process considered earlier performs on average N updates per unit of time,
the one considered here performs a single collision per step.

The algorithms we present follow this general template:

(1) Initialize N particles so that the relevant conserved quantity (density α or marginal
vector m) has the desired value.

(2) Run the corresponding particle-system chain for t steps, with t large enough.
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(3) Output one particle.

The analysis proceeds in two steps. First, we show that for N large enough the one-
particle marginal of the stationary distribution of the particle system is close to the target
hard-core measure. Second, we bound the mixing time of the chain, which determines
how large t must be. Together, these give an output particle approximately distributed
according to the target measure in polynomial time.

3.0.1 Plan of the chapter

The two constrained sampling problems require separate analyses, and the chapter is
organized accordingly.

In Section 3.1 we introduce the two particle systems, associated with the mean-field
and the single-site kernel respectively, and we study their convergence to equilibrium:
Theorem 3.2 bounds the mixing time of the mean-field chain, and Theorem 3.5 that of
the single-site chain. We then turn the particle systems into algorithms, treating the
two sampling problems in separate sections. In Section 3.2.1 we address the prescribed
density problem: Algorithm 4 takes a target density α as input and samples from µα

G,
its correctness and running time being established in Theorem 3.9. In Section 3.2.2 we
complement this with a hardness result, showing that the regime in which the algorithm
operates is optimal. Finally, in Section 3.2.3 we address the prescribed marginals problem:
Algorithm 6 takes a target marginal vector m and samples from µm

G , with correctness and
running time established in Theorem 3.18.

3.1 The particle system

We consider a system of N ∈ N particles σ = {σ(i), i = 1, . . . , N}, where σ(i) = (σ(i)
u , u ∈

V ) ∈ ΩG, for each i ∈ [N ]. Equivalently, σ ∈ ΩN
G can be seen as an independent set on

the graph GN := G⊔N , the disjoint union of N copies G(i) of G. The vertex set of GN is
VN = {(i, v) : i ∈ [N ], v ∈ V }. For i ∈ [N ] and a probability measure ν on ΩN

G , let Piν

denote the i-th one-particle marginal of ν, that is,

(Piν)(η) := ν
(
{σ ∈ ΩN

G : σ(i) = η}
)
, η ∈ ΩG.

The evolution of the particle system is a Markov chain with state space ΩN
G where the

occupation variables σ(i)
v and σ

(j)
w are exchanged between vertices (i, v), (j, w) ∈ VN , with

the constraint that the resulting configuration is again a valid independent set of GN .
To define the Markov chain, we introduce some notation. Given vertices (i, v), (j, w) ∈
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VN , let σ̂ be the configuration obtained from σ by the swap of σ(i)
v and σ

(j)
w , namely

σ̂(k)
x =


σ

(j)
w , (k, x) = (i, v),

σ
(i)
v , (k, x) = (j, w),

σ
(k)
x , otherwise,

for all (k, x) ∈ VN , and define

σi,v;j,w :=

σ̂, σ̂ ∈ ΩN
G ,

σ, σ̂ /∈ ΩN
G ,

with the convention σi,v;j,w = σ when (i, v) = (j, w). For i ≠ j the move exchanges a spin
of particle i with a spin of particle j, whereas for i = j it is an internal swap within the
single particle σ(i); in both cases the update is accepted only if the resulting configuration
remains a valid independent set, i.e. σ̂ ∈ ΩN

G . The corresponding jump is

σ → σi,v;j,w.

We consider two different evolutions: the mean-field dynamics, where u, v are arbitrary
sites, and the single-site dynamics, where u = v.

Mean-field particle system

Here both pairs i, j ∈ [N ] and v, w ∈ [n] are picked uniformly at random. Thus, the
stochastic matrix of the Markov chain is given by

Pmf
N (σ,η) := 1

N2n2

∑
i,j∈[N ]

∑
v,w∈V

1
{

σi,v;j,w = η
}
.

The dynamics conserves the total occupation number

M(σ) =
N∑

i=1
|σ(i)|, |σ(i)| =

∑
v∈V

σ(i)
v .

Hence, in order to obtain an irreducible chain, it is necessary to fix the number of occupied
sites. Equivalently, we restrict to a state space with a fixed density.

Definition 3.1. Given a density α ∈
(
0, 1

∆+1

]
,

Ωmf
N,α =

{
σ ∈ ΩN

G : M(σ) = ⌊Nnα⌋
}
.

We note that the restriction α ∈ (0, 1
∆+1 ] is optimal, in the sense that it is the largest

range ensuring that Ωmf
N,α is nonempty for every graph of maximum degree ∆ and every

N ≥ 1. For α ≤ 1
∆+1 , the initialization procedure in Section 3.2.1 constructs a configuration
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σ ∈ Ωmf
N,α; see Algorithm 4. Conversely, if α > 1

∆+1 , then taking G = K∆+1 makes Ωmf
N,α

empty for all sufficiently large N .
We define µmf

N,α as the uniform distribution over Ωmf
N,α,

µmf
N,α = Unif(Ωmf

N,α) .

By symmetry of the stochastic matrix Pmf
N , the pair (Pmf

N , µmf
N,α) is reversible, for any

α ∈ (0, 1
∆+1 ]. When the density is sufficiently small, we have the following quantitative

convergence statement, expressed in terms of entropy contraction. Recall that αc(∆) is the
critical density introduced in (2.6).

Theorem 3.2. Let G = (V,E) be a graph on n vertices with maximum degree ∆ ≥ 3.
For any γ > 0 and δ ∈ (0, 1), consider a density α ∈ (γ, (1− δ)αc(∆)). Then, there exist
constants r := r(γ, δ,∆) > 0 and N0 := N0(γ, δ,∆) such that for any probability measure
ν ∈ P(Ωmf

N,α) and any N ≥ N0, it holds that

H(νPmf
N | µmf

N,α) ≤
(

1− r

Nn

)
H(ν | µmf

N,α). (3.1)

In Section 3.2.1, we use this entropy contraction result to prove the Õ(Nn) mixing-time
bound for our mean-field particle-system sampler.

Proof. The entropy contraction (3.1) can be derived from a logarithmic Sobolev inequality
(LSI) for the pair (Pmf

N , µmf
N,α) established recently in [Jai+23; JPV26].

The LSI is formulated as follows. The Dirichlet form associated to the reversible pair
(Pmf

N , µmf
N,α) is given by

EN,α(F,G) = 1
2N2n2

N∑
i,j=1

∑
v,w∈V

µmf
N,α

[
∇i,v;j,wF ∇i,v;j,wG

]
,

for all F,G : Ωmf
N,α → R, where the gradient operator ∇i,v;j,w is defined by

∇i,v;j,wF (σ) := F (σi,v;j,w)− F (σ).

The LSI for the pair (Pmf
N , µmf

N,α) with constant ϱ ≥ 0 is the inequality

EN,α(
√
F ,
√
F ) ≥ ϱ Entµmf

N,α
[F ], (3.2)

for all F : Ωmf
N,α → R≥0, where we use the notation Entµmf

N,α
[F ] = µmf

N,α[F log
(
F/µmf

N,α[F ]
)
].

Set
β := ⌊αNn⌋

Nn
.

Since α ∈ (γ, (1− δ)αc(∆)), by taking N ≥ N0(γ, δ,∆) we may ensure that

β ∈
(
γ

2 , (1− δ)αc(∆)
)
. (3.3)
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The inequality (3.2) is established with

ϱ = r0
Nn

,

with a constant r0 = r0(γ, δ,∆) > 0, by applying [Jai+23, Theorem 2] and [JPV26,
Equation 6.3] in the density window (3.3), together with a simple comparison of the
Dirichlet form EN,α(·, ·) with the Dirichlet form of the down-up walk defined in [Jai+23].

Once the statement (3.2) is available, the desired contraction (3.1), with r = r0, follows
from [Cap23, Lemma 2.5] and [Mic97, Proposition 6]. We note that the argument in
[Cap23, Lemma 2.5] requires the positive semidefiniteness of the stochastic matrix Pmf

N .
The latter can be checked by verifying the stronger property that the holding probability

satisfies
Pmf

N (σ,σ) ≥ 1
2 , ∀σ ∈ Ωmf

N,α.

To see this, note that β ∈ (0, 1). Since exactly M(σ) = βNn sites are occupied and
Nn−M(σ) = (1− β)Nn are empty, the probability that both selected sites (i, v), (j, w)
are occupied equals β2, and the probability that both are empty equals (1− β)2. Hence

Pmf
N (σ,σ) ≥ (1− β)2 + β2 = 1− 2β(1− β) ≥ 1

2 ,

where the last inequality uses β(1− β) ≤ 1
4 , β ∈ [0, 1].

Single-site particle system

Here, for N ≥ 2, we pick i, j ∈ [N ] uniformly at random with the constraint i ≠ j and
then we pick v = w ∈ V uniformly at random. We use the notation, σi,j;v := σi,v;j,v, so
that the moves of the chain are of the type

σ → σi,j;v. (3.4)

The stochastic matrix of the Markov chain is given by

P ss
N (σ,η) := 1

N(N − 1)n
∑

i,j∈[N ]
i̸=j

∑
v∈V

1
{

σi,j;v = η
}
. (3.5)

As in the mean-field case, the dynamics is conservative. However, here there is a conserved
quantity for every v ∈ V . For every σ ∈ ΩN

G and every v ∈ V , let Rv(σ) = ∑
i∈[N ] σ

(i)
v be

the number of ones in σ along the stripe {(i, v) : i ∈ [N ]}. The vector

R(σ) := (Rv(σ))v∈V (3.6)

is conserved by the dynamics defined in (3.5), since all allowed exchanges are of the type
(3.4). To obtain an irreducible chain one must therefore restrict the state space to a fixed
value of (3.6).
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Definition 3.3. For r⃗ = (rv)v∈V ∈ {0, . . . , N}V , define

Ωss
N,r⃗ :=

{
σ ∈ ΩN

G : Rv(σ) = rv for every v ∈ V
}
.

We note that Ωss
N,r⃗ is nonempty whenever

(∆ + 1) max
v∈V

rv ≤ N.

Under this condition, in Section 3.2.3, we provide an explicit algorithm for constructing an
initial configuration σ ∈ Ωss

N,r⃗ (see Algorithm 5).
By symmetry of the chain P ss

N , whenever Ωss
N,r⃗ ̸= ∅, the uniform measure

µss
N,r⃗ := Unif(Ωss

N,r⃗)

is reversible with respect to P ss
N . We now prove a rapid mixing bound for the chain P ss

N by
comparing it with Glauber dynamics for proper colorings of an auxiliary graph.

For a graph H and an integer q ≥ 1, let Cq(H) denote the set of proper q-colorings of
H. The Glauber dynamics on Cq(H) is the Markov chain which is defined as follows: at
each step, it chooses a vertex x ∈ V (H) uniformly at random and a color j ∈ [q] uniformly
at random, and recolors x with j if the resulting coloring is proper; otherwise it stays put.
This chain is reversible with respect to the uniform distribution on Cq(H).

We will use the following hypothesis about mixing of colorings. It is widely conjectured
that Glauber dynamics for proper q-colorings of a graph H mixes rapidly whenever
q ≥ ∆(H) + 2. In this paper, we assume the following form of this conjecture: there exist
absolute constants ccol > 1 and ∆0 > 0 such that, for every graph H of maximum degree
∆(H) ≥ ∆0, the Glauber dynamics on Cq(H) mixes in

O

(
|V (H)| log |V (H)|

ζ

)
steps within total variation distance ζ of the uniform distribution on Cq(H) whenever
q ≥ ccol∆(H). Note that we assume the constant hidden in big-O is absolute (determined
by ccol and ∆0) and independent of ∆(H) or q. The classical coupling argument of Jerrum
proves such a bound for any fixed ccol > 2 and ∆0 = 0; see [Jer95].

Let γ ∈ (0, 1). Let r⃗ ∈ ZV
≥0 satisfy the following assumption

γ ≤ rv

N
≤ 1
ccol(∆ + 1) ∀v ∈ V. (3.7)

Note that by the discussion above, Ωss
N,r⃗ ̸= ∅. We associate to r⃗ an auxiliary graph Hr⃗

as follows. For each v ∈ V , let

Cv := (v, a) : a ∈ [rv],
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and define Hr⃗ to be the graph with vertex set

V (Hr⃗) =
⋃

v∈V

Cv,

where each Cv induces a clique, and for every edge {u, v} ∈ E, all vertices of Cu are
adjacent to all vertices of Cv.

Let Pcol denote the Glauber dynamics on CN (Hr⃗). We compare P ss
N with the Glauber

dynamics for proper N -colorings of Hr⃗.
For a coloring c ∈ CN (Hr⃗), define

Ψr⃗(c) := (σ(1), . . . , σ(N)),

where
σ(i) := v ∈ V : there exists a ∈ [rv] such that c(v, a) = i.

Lemma 3.4. Let Hr⃗ and Ψr⃗ be the graph and the map defined above.
First, for every c ∈ CN (Hr⃗), one has

Ψr⃗(c) ∈ Ωss
N,r⃗.

Second, for every σ ∈ Ωss
N,r⃗,

Ψ−1
r⃗ (σ) =

∏
v∈V

rv!.

Consequently, if c is sampled uniformly from CN (Hr⃗), then Ψr⃗(c) is distributed according
to µss

N,r⃗.

Proof. Fix c ∈ CN (Hr⃗), and let

Ψr⃗(c) = (σ(1), . . . , σ(N)).

Since Cv is a clique of size rv, the coloring c uses rv distinct colors on Cv. Therefore v
belongs to exactly rv of the sets σ(1), . . . , σ(N), and hence

N∑
i=1

σ(i) = r⃗.

It remains to show that each σ(i) is an independent set. Suppose that u, v ∈ σ(i) for some
i ∈ [N ]. Then there exist a ∈ [ru] and b ∈ [rv] such that c(u, a) = c(v, b) = i. Since c is
proper, (u, a) and (v, b) are not adjacent in Hr⃗. In particular, one cannot have {u, v} ∈ E.
Thus σ(i) is an independent set, and therefore Ψr⃗(c) ∈ Ωss

N,r⃗.

Now fix σ = (σ(1), . . . , σ(N)) ∈ Ωss
N,r⃗. For each v ∈ V , let

Iv := i ∈ [N ] : v ∈ σ(i).
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Note that Iv = rv for every v ∈ V . Moreover, if {u, v} ∈ E, then Iu ∩ Iv = ∅, since each
σ(i) is an independent set.

A coloring c satisfies Ψr⃗(c) = σ if and only if, for every v ∈ V , the colors used on Cv

are exactly the elements of Iv. Since Cv is a clique, this is equivalent to choosing a bijection
from Cv onto Iv. The number of such choices is rv!, independently for each v ∈ V . Hence

Ψ−1
r⃗ (σ) =

∏
v∈V

rv!.

The final claim follows immediately, since every element of Ωss
N,r⃗ has the same number

of preimages under Ψr⃗.

The following theorem proves the chain P ss
N mixes rapidly by comparing it with Pcol.

Theorem 3.5. Let γ ∈ (0, 1), and let ccol > 1 and ∆0 > 0 be the coloring-mixing constants
from Section 3.1. Let G = (V,E) be a graph on n vertices with maximum degree ∆ ≥ ∆0.
Then there exists C0 = C0(∆, ccol) such that, for every N ≥ C0, if r⃗ ∈ ZV

≥0 satisfies (3.7),
then the particle system chain P ss

N mixes within total variation distance ζ of µss
N,r⃗ in

Oγ,∆,ccol

(
Nn log Nn

ζ

)
steps.

Proof. For every (v, a) ∈ V (Hr⃗),

degHr⃗
(v, a) = (rv − 1) +

∑
u∈v

ru ≤
∑
u∈v

ru.

Now we have
degHr⃗

(v, a) ≤ (∆ + 1) max
u∈V

ru ≤
N

ccol
,

where the last inequality follows from (3.7). Hence

N ≥ ccol∆(Hr⃗).

Also, ∆(Hr⃗) ≥ ∆ ≥ ∆0. Therefore, by Section 3.1, Pcol mixes within total variation
distance ζ of the uniform distribution on CN (Hr⃗) in

Occol,∆0

(
|V (Hr⃗)| log |V (Hr⃗)|

ζ

)
steps.

We now compare P ss
N with Pcol. Let

mr⃗ := |V (Hr⃗)| =
∑
v∈V

rv.
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Define an auxiliary coloring chain P̂col on CN (Hr⃗) as follows. At each step, choose v ∈ V
uniformly at random and choose an ordered pair of distinct colors i, j ∈ [N ] uniformly at
random. If exactly one of the colors i, j appears on the clique Cv, recolor the unique vertex
of Cv carrying the present color with the absent color, provided the resulting coloring is
proper; otherwise stay put. If either both colors appear on Cv or neither appears on Cv,
stay put.

We claim that the projection of P̂col under Ψr⃗ is exactly P ss
N . Suppose that Ψr⃗(c) = σ.

For each v ∈ V , the colors used on Cv are exactly the indices k ∈ [N ] such that v ∈ σ(k).
Thus, choosing v, i, j in the coloring chain corresponds to choosing the same v, i, j in the
particle system chain. If exactly one of i, j appears on Cv, then exactly one of the particles
σ(i) and σ(j) contains v. Recoloring on Cv replaces the present color by the absent color,
which is the same as swapping the site v between σ(i) and σ(j). The recoloring is proper if
and only if the resulting two particle configurations are independent sets. Therefore the
projected update is exactly the update of P ss

N .
It remains to compare P̂col with Pcol. Consider a nontrivial recoloring move c→ c′ in

which a vertex of some clique Cv with current color i is recolored with color j. Under the
standard Glauber chain,

Pcol(c, c′) = 1
mr⃗N

.

Under P̂col, the same move is proposed by the two ordered choices (i, j) and (j, i), and
hence

P̂col(c, c′) = 2
nN(N − 1) .

Define β := 2mr⃗
n(N−1) . By (3.7), we have

2mr⃗

n(N − 1) ≤
2 maxv∈V rv

N − 1 ≤ N

ccol(∆ + 1)(N − 1) .

Thus if we choose C0 = C0(∆, ccol) sufficiently large, for N ≥ C0,

β ≤ 1.

Now, note that for off-diagonal transition,

P̂col(c, c′) = β Pcol(c, c′).

Thus
P̂col = (1− β)I + βPcol.

The lower bound rv
N ≥ γ also gives

mr⃗ =
∑
v∈V

rv ≥ Nnγ.
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Thus β = Θγ,∆,ccol(1). Consequently, P̂col is a constant-factor lazy version of Pcol, and
hence it mixes within total variation distance ζ of the uniform distribution on CN (Hr⃗) in

Oγ,∆,ccol

(
mr⃗ log mr⃗

ζ

)
steps.

Since P ss
N is the projection of P̂col under Ψr⃗, total variation distance cannot increase

under this projection. Moreover, by Theorem 3.4, the uniform distribution on CN (Hr⃗) is
mapped by Ψr⃗ to µss

N,r⃗. Therefore P ss
N has stationary distribution µss

N,r⃗ and mixes within
total variation distance ζ of µss

N,r⃗ in

Oγ,∆,ccol

(
mr⃗ log mr⃗

ζ

)
steps. Finally, since

mr⃗ = |V (Hr⃗)| =
∑
v∈V

rv = Oγ,∆,ccol(Nn),

the claimed bound follows.

In Section 3.2.3, we apply Theorem 3.5 to analyze the mixing time of our single-site
particle-system sampler.

3.2 Algorithmic Applications

We now turn to the algorithmic problem of sampling from the hard-core model when the
desired conserved quantities are prescribed in advance. There are two natural versions
of this problem. In the mean-field setting, a target density α is given, and we want to
sample from the unique uniform-fugacity Gibbs measure with density α. In the single-site
setting, a target marginal vector (mv)v∈V is given, and we want to sample from the unique
hard-core Gibbs measure whose vertex marginals are given by (mv)v∈V .

Remark 3.6. Drawing one sample from a distribution with prescribed vertex marginals
can be done efficiently. Given a graph G = (V,E) and a marginal vector m = (mv)v∈V

satisfying
max
v∈V

mv ≤
1

∆ + 1 ,

the following algorithm outputs an independent set σ ∈ ΩG with

Pr[σv = 1] = mv ∀v ∈ V.

Each color class is an independent set, so the output belongs to ΩG. Moreover, for
every v ∈ V ,

Pr[σv = 1] = 1
∆ + 1 · (∆ + 1)mv = mv.
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Algorithm 3 Initialization with prescribed marginals
Require: Graph G = (V,E) with maximum degree ∆, and marginals m = (mv)v∈V

satisfying maxv∈V mv ≤ 1/(∆ + 1).
Ensure: A random independent set σ ∈ ΩG with Pr[σv = 1] = mv for all v ∈ V .

1: Find a proper coloring c : V → [∆ + 1].
2: Choose a color i ∈ [∆ + 1] uniformly at random.
3: Initialize σv ← 0 for all v ∈ V .
4: for all v ∈ c−1(i) do
5: Set σv ← 1 with probability (∆ + 1)mv, independently.
6: end for
7: return σ.

For prescribed density α, the same algorithm applied to the constant marginal vector
mv = α gives an initial distribution with density α, provided α ≤ 1/(∆ + 1).

In order to sample from the maximum entropy distributions with the prescribed
marginals or density, one possible approach is to use the nonlinear dynamics directly. First,
we choose an initial distribution with the prescribed conserved quantity as in Theorem 3.6:
density α in the mean-field case, or vertex marginals (mv)v∈V in the single-site case.
Then we run the corresponding nonlinear dynamics until it is close to its limiting Gibbs
measure. The issue is that this dynamics is not easy to implement efficiently. For example,
one can use the derivation tree construction of [CS24b]: to sample from the distribution
obtained after T nonlinear steps, draw 2T independent samples from an initial distribution
µ0 ∈ P(ΩG) with the prescribed conserved quantity, place them at the leaves of a binary
tree of height T , and apply the exchange kernel level by level from the leaves to the root.
The configuration at the root has the law obtained after T steps of the nonlinear dynamics.
However, this method already requires 2T initial samples, and is therefore not efficient.

For this reason, we do not use the nonlinear dynamics itself as the algorithm. Instead,
we use the particle system introduced in Section 3.1. In the prescribed-density case, we
work on the fixed total-occupation space Ωmf

N,α and use the mean-field particle chain Pmf
N .

In the prescribed-marginal case, we work on the fixed vertex-count space Ωss
N,r⃗ and use

the single-site particle chain P ss
N . In both cases, we run the corresponding particle-system

chain close to stationarity and output one particle.

3.2.1 Sampling with prescribed density

We now consider the mean-field inverse sampling problem, where the prescribed conserved
quantity is the density α. Fix γ, δ ∈ (0, 1). Throughout this subsection we assume that

γ ≤ α ≤ (1− δ)αc(∆). (3.8)

One can show that there exists a unique fugacity λα > 0 for which the density of the
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uniform fugacity hard-core Gibbs measure µG,λα is exactly α. Further, λα lies in the regime

γ ≤ λα ≤ (1− δ)λc(∆).

See the beginning of Appendix B.1.2 for the detailed proof.
The goal is to approximately sample from µG,λα . For simplicity, throughout this subsection
we write

µα
G := µG,λα .

For sufficiently large N , we write
M = Nnα,

and we consider the space Ωmf
N,α with uniform measure µmf

N,α. We first observe that, if σ

is a uniform draw from µmf
N,α, then the law of σ(1) is a good approximation for µα

G. After
that, we show that the mean-field particle system chain Pmf

N mixes rapidly to µmf
N,α.

The next lemma proves the first step.

Lemma 3.7. Assume ∆ ≥ 3, and α satisfies (3.8). Then there exist constants C =
C(γ, δ,∆) > 0 and N0 = N0(γ, δ,∆) such that, for every N ≥ N0,

∥∥∥P1µ
mf
N,α − µα

G

∥∥∥
TV
≤ C

N
.

Proof. We write µ := µα
G. By the bounds on λα stated at the beginning of this subsection,

γ ≤ λα ≤ (1− δ)λc(∆).

All constants below depend only on γ, δ, and ∆. Note that

µmf
N,α = µ⊗N ( · | Ωmf

N,α).

By duality of total variation distance, it suffices to show that for every f : ΩG → R,

∣∣∣Eσ∼µmf
N,α

[
f(σ(1))

]
− Eσ∼µ[f(σ)]

∣∣∣ ≤ C

N
∥f∥∞.

Let

XN := M(σ) =
N∑

i=1
|σ(i)| when σ ∼ µ⊗N .

Set
aN := Eσ∼µ⊗N [XN ] = Nnα, v2

N := Varσ∼µ⊗N (XN ).

Since Ωmf
N,α = {σ : M(σ) = M} = {XN = M}, we have

Eσ∼µmf
N,α

[
f(σ(1))

]
− Eσ∼µ[f(σ)] = N (f)

µ⊗N (XN = M) , (3.9)

125



where

N (f) := Eσ∼µ⊗N

[
f(σ(1))1{XN = M}

]
− Eσ∼µ[f(σ)]µ⊗N (XN = M).

We estimate the denominator and the numerator in (3.9) separately.

Denominator. Let
Y := |σ| when σ ∼ µ,

and set
v2

1 := Varσ∼µ(Y ).

Since
(1− δ)λc(∆) = λc(∆)− δλc(∆),

the variance estimate [Jai+22, Lemma 3.2] applies with additive gap δλc(∆) from the
threshold. Since also λα ≥ γ, there exist constants c0, C0 > 0, depending only on γ, δ, and
∆, such that

c0n ≤ v2
1 ≤ C0n.

Equivalently, since v2
N = Nv2

1,

c0Nn ≤ v2
N ≤ C0Nn.

Recall that GN is the disjoint union of N copies of G. Thus GN has Nn vertices and
maximum degree at most ∆. Moreover, the hard-core Gibbs measure on GN with fugacity
λα is exactly µ⊗N , and XN is the size of the independent set sampled from this measure.
Therefore, by the local central limit theorem [Jai+23, Corollary 13], applied to GN , we
have ∣∣∣∣∣µ⊗N (XN = M)− 1√

2π vN

exp
(
−(M − aN )2

2v2
N

)∣∣∣∣∣ ≤ C1(Nn)−3/2,

for some constant C1 > 0.
Since M = Nnα and aN = Nnα, we have

|M − aN | ≤ 1.

We first lower bound the Gaussian leading term. Using v2
N ≤ C0Nn, we get

1
vN
≥ 1√

C0Nn
.

Using v2
N ≥ c0Nn and |M − aN | ≤ 1, we also get

(M − aN )2

2v2
N

≤ 1
2c0Nn

.
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Hence, for all sufficiently large N ,

exp
(
−(M − aN )2

2v2
N

)
≥ 1

2 .

Therefore,
1√

2π vN

exp
(
−(M − aN )2

2v2
N

)
≥ 1

2
√

2πC0

1√
Nn

.

On the other hand,
C1(Nn)−3/2 = C1

Nn

1√
Nn

,

and hence, for all sufficiently large N ,

C1(Nn)−3/2 ≤ 1
4
√

2πC0

1√
Nn

.

Combining this with the local central limit theorem gives

µ⊗N (XN = M) ≥ 1√
2π vN

exp
(
−(M − aN )2

2v2
N

)
− C1(Nn)−3/2

≥ 1
2
√

2πC0

1√
Nn
− 1

4
√

2πC0

1√
Nn

= 1
4
√

2πC0

1√
Nn

.

Thus, after setting
c1 := 1

4
√

2πC0
,

we obtain
µ⊗N (XN = M) ≥ c1√

Nn
. (3.10)

Numerator. Define the normalized characteristic function

ψ(t) := Eσ∼µ

[
exp

(
it(Y − nα)

v1

)]
.

Using again the additive gap δλc(∆) from the threshold, the characteristic function estimate
[Jai+22, Lemma 3.5], applied with λ = λα, gives a constant c > 0, depending only on δ

and ∆, such that

|ψ(t)| ≤ exp
(
−cλαnt

2

v2
1

)
∀ t ∈ [−πv1, πv1].

Since λα ≥ γ, setting c2 := cγ gives

|ψ(t)| ≤ exp
(
−c2nt

2

v2
1

)
∀ t ∈ [−πv1, πv1].
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We shall estimate the numerator N (f) with f replaced by a recentered function f̃ , and
then control the recentering term separately.

To this end, note that for any function h : ΩG → R, Fourier inversion gives

N (h) = 1
2πvN

∫ πvN

−πvN

e−it(aN −M)/vNψ(t/
√
N)N−1 Covµ

(
h, exp

(
it(Y − nα)

vN

))
dt. (3.11)

For t ∈ [−πvN , πvN ], we have t/
√
N ∈ [−πv1, πv1]. Hence, for all sufficiently large N ,

|ψ(t/
√
N)|N−1 ≤ exp

(
−c2nt

2

2v2
1

)
.

We now recenter f by removing its component in the direction of the conserved quantity.
Set

βf := Covµ(f, Y )
v2

1
, g(σ) := βf (|σ| − nα), f̃ := f − g.

Then
Covµ(f̃ , Y ) = 0, Eµ[g] = 0.

Moreover, by Cauchy–Schwarz,

|βf | ≤

√
Varµ(f)
v1

≤ ∥f∥∞
v1

.

Therefore
Varµ(g) = β2

fv
2
1 ≤ ∥f∥2∞,

and hence
Varµ(f̃) ≤ 2 Varµ(f) + 2 Varµ(g) ≤ C∥f∥2∞.

By the cumulant bound of [Jai+23, Lemma 11], for every fixed d ≥ 1,

|κd(Y )| ≤ O∆,δ,d(n), κd(Y ) = dd

dtd
logEµ

[
etY
] ∣∣∣

t=0
.

In particular, taking d = 4, there exists a constant C such that

|κ4(Y )| ≤ Cn. (3.12)

Recall also that v2
1 = Varµ(Y ) ≤ C0n for some constant C0. Now, note that

Eµ

[
(Y − nα)4

]
= κ4(Y ) + 3 Varµ(Y )2 ≤ |κ4(Y )|+ 3 Varµ(Y )2.

Thus, by applying (3.12) and the variance bound, there exists a constant C4 such that

Eµ

[
(Y − nα)4

]
≤ C4n

2. (3.13)
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Since Covµ(f̃ , Y ) = 0, we have

Covµ

(
f̃ , exp

(
it(Y − nα)

vN

))
= Covµ

(
f̃ , exp

(
it(Y − nα)

vN

)
− 1− it(Y − nα)

vN

)
.

Using

|eiθ − 1− iθ| ≤ θ2

2 ,

Cauchy–Schwarz, and (3.13), we get∣∣∣∣Covµ

(
f̃ , exp

(
it(Y − nα)

vN

))∣∣∣∣
≤
√

Varµ(f̃)
(
Eµ

[∣∣∣∣exp
(
it(Y − nα)

vN

)
− 1− it(Y − nα)

vN

∣∣∣∣2
])1/2

≤ C∥f∥∞
t2

v2
N

(
Eµ

[
(Y − nα)4

])1/2

≤ C∥f∥∞
t2

N
. (3.14)

In the last step we used v2
N = Nv2

1 and v2
1 ≥ c0n. The value of the constant C may change

from line to line but it remains independent of N,n.
Combining (3.11) and (3.14), we obtain

|N (f̃)| ≤ 1
2πvN

∫ πvN

−πvN

exp
(
−c2nt

2

2v2
1

)
C∥f∥∞

t2

N
dt

≤ C∥f∥∞
NvN

≤ C∥f∥∞
N
√
Nn

. (3.15)

Combining (3.9), (3.10), and (3.15), gives

∣∣∣Eσ∼µmf
N,α

[
f̃(σ(1))

]
− Eσ∼µ

[
f̃(σ)

]∣∣∣ ≤ C∥f∥∞
N

.

It remains to estimate the linear correction g. Since Eµ[g] = 0 and, by symmetry under
µmf

N,α,

Eσ∼µmf
N,α

[
|σ(1)|

]
= M

N
,

we have ∣∣∣Eσ∼µmf
N,α

[
g(σ(1))

]
− Eσ∼µ[g(σ)]

∣∣∣ = |βf |
|M −Nnα|

N

≤ ∥f∥∞
v1

1
N

≤ C∥f∥∞
N
√
n
.
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Here we used |M −Nnα| ≤ 1 and v2
1 ≥ c0n.

Since f = f̃ + g, we conclude that

∣∣∣Eσ∼µmf
N,α

[
f(σ(1))

]
− Eσ∼µ [f(σ)]

∣∣∣ ≤ C∥f∥∞
N

.

Taking the supremum over ∥f∥∞ ≤ 1 gives

∥∥∥P1µ
mf
N,α − µα

G

∥∥∥
TV
≤ C

N
.

It remains to show that we can efficiently sample from µmf
N,α by running the chain Pmf

N .
Recall that the pair (Pmf

N , µmf
N,α) is reversible. The following lemma is a direct implication

of Theorem 3.2.

Lemma 3.8. Assume ∆ ≥ 3, and suppose α satisfies (3.8). Then, there exists a constant
N0 := N0(γ, δ,∆) such that for every ζ ∈ (0, 1) and every N ≥ N0, the chain Pmf

N mixes
within total variation distance ζ of µmf

N,α in

Oγ,δ,∆

(
Nn log Nn

ζ

)
steps.

Proof. By Theorem 3.2, applied with parameters γ/2 and δ/2, there exist constants
r = r(γ, δ,∆) > 0 and N0 = N0(γ, δ,∆) such that, for every N ≥ N0 and every probability
measure ν on Ωmf

N,α,

H(νPmf
N | µmf

N,α) ≤
(

1− r

Nn

)
H(ν | µmf

N,α).

Iterating the entropy contraction gives

H(ν(Pmf
N )t | µmf

N,α) ≤ exp
(
− rt

Nn

)
H(ν | µmf

N,α).

Since µmf
N,α is uniform on Ωmf

N,α, for every initial distribution ν we have

H(ν | µmf
N,α) ≤ log |Ωmf

N,α| ≤ Nn log 2.

Thus
H(ν(Pmf

N )t | µmf
N,α) ≤ Nn log 2 exp

(
− rt

Nn

)
.

By Pinsker’s inequality,

∥∥∥ν(Pmf
N )t − µmf

N,α

∥∥∥
TV
≤
√
Nn log 2

2 exp
(
− rt

Nn

)
.
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Choosing the implicit constant sufficiently large in

t = Oγ,δ,∆

(
Nn log Nn

ζ

)
makes the right-hand side at most ζ. This proves the claimed mixing bound.

We now describe the resulting algorithm. By Theorem 3.7, if σ is sampled from µmf
N,α,

then the first particle σ(1) has law close to µα
G. Thus it remains to approximately sample

from µmf
N,α. For this, we run the chain Pmf

N , which mixes rapidly to µmf
N,α by Theorem 3.8,

and then output the first particle.
We first explain how to initialize the chain. Since

α ≤ (1− δ)αc(∆) < 1
∆ + 1 ,

we have
M = Nnα <

Nn

∆ + 1 .

Find a proper (∆ + 1)-coloring of G by the greedy algorithm, and use the same coloring on
each of the N copies of G in GN . Then some color class of GN has size at least Nn/(∆+1).
Thus, choosing any M vertices of this color class gives an independent set of GN of size
M , or equivalently an initial configuration in Ωmf

N,α.

Algorithm 4 Prescribed-Density Particle System Sampler
Require: Graph G = (V,E) with maximum degree ∆, target density α satisfying the

assumptions above, and accuracy ε ∈ (0, 1).
Ensure: A random independent set whose law is within total variation distance ε from

µα
G.

1: Choose N = Oγ,δ,∆(1
ε ) sufficiently large.

2: Set M := Nnα.
3: Find a proper (∆ + 1)-coloring of G by the greedy algorithm, and use the same coloring

on each of the N copies of G in GN .
4: Choose a color class of GN of size at least Nn/(∆ + 1), and choose any M vertices

from this color class.
5: Let σ0 ∈ Ωmf

N,α be the corresponding initial particle configuration.
6: Run the particle system chain Pmf

N from σ0 for

Oγ,δ,∆

(
Nn log Nn

ε

)
steps.

7: return σ(1), where σ = (σ(1), . . . , σ(N)) is the resulting particle configuration.

Theorem 3.9. Let γ, δ ∈ (0, 1). Let G = (V,E) be a graph on n vertices with maximum
degree ∆ ≥ 3, and let the target density α satisfy

γ ≤ α ≤ (1− δ)αc(∆).
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Then, for every ε ∈ (0, 1), Algorithm 4 outputs a random independent set whose law is
within total variation distance ε from µα

G. Moreover, the running time is

Õγ,δ,∆

(
n

ε

)
.

Proof. Let C and N1 be the constants from Theorem 3.7, and let N2 be the constant from
Theorem 3.8. We choose N sufficiently large so that

N ≥ max
{
N1, N2,

2C
ε

}
.

In particular,
N = Oγ,δ,∆(1

ε
).

Let µ̂ be the law of the particle configuration after running Pmf
N for the number of steps

specified in Algorithm 4. By Theorem 3.8, choosing the implicit constant in the running
time sufficiently large gives ∥∥∥µ̂− µmf

N,α

∥∥∥
TV
≤ ε

2 .

Let ν denote the law of the output σ(1). Since total variation distance cannot increase
under projection to the first particle,∥∥∥ν − P1µ

mf
N,α

∥∥∥
TV

=
∥∥∥P1µ̂− P1µ

mf
N,α

∥∥∥
TV
≤ ε

2 .

On the other hand, by Theorem 3.7,

∥∥∥P1µ
mf
N,α − µα

G

∥∥∥
TV
≤ C

N
≤ ε

2 .

Therefore,
∥ν − µα

G∥TV ≤
∥∥∥ν − P1µ

mf
N,α

∥∥∥
TV

+
∥∥∥P1µ

mf
N,α − µα

G

∥∥∥
TV
≤ ε.

It remains to bound the running time. The initialization takes O∆(Nn) time. The
chain is run for

Oγ,δ,∆

(
Nn log Nn

ε

)
steps, and each step can be implemented in O∆(1) time. Since N = Oγ,δ,∆(1

ε ), the total
running time is

Oγ,δ,∆

(
n

ε
log n

ε

)
= Õγ,δ,∆

(
n

ε

)
.

This completes the proof.

Remark 3.10. The same approach can be used to generate k independent samples from
µα

G. Let G′ be the disjoint union of k copies of G. The Gibbs measure on G′ with density
α is

µα
G′ = (µα

G)⊗k.
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We can apply Algorithm 4 to G′, which has kn vertices and the same maximum degree
as G, and produce a sample whose distribution is within total variation distance ε from
(µα

G)⊗k in time
Õγ,δ,∆

(
kn

ε

)
.

For comparison, there is also a classical approach to address the same algorithmic problem:
first estimate the fugacity λα and then sample from µG,λα using existing samplers for
the hard-core model. We present this approach in Appendix B.1.2. As shown there, the
bisection approach requires time

Õγ,δ,∆

(
n

ε2

)
for one sample (k = 1). Applied to G′, for all k ≥ 1, it requires time

Õγ,δ,∆

(
kn

ε2

)

to approximate (µα
G)⊗k. Thus, the particle-system approach improves the dependence on ε

for both one sample and k independent samples.

3.2.2 Hardness of prescribed-density sampling

To complete our understanding of prescribed-density sampling problem, we show that the
threshold αc(∆) is also a computational barrier for this problem.

Throughout this section we use the notion of polynomial time approximate sampler : a
polynomial time approximate sampler for µα

G is an algorithm that, given a graph G and an
accuracy parameter ε, in time poly(|G|, 1/ε) outputs a random independent set whose law
is within ε total variation distance of µα

G.
The following is the hardness result we prove in this section.

Theorem 3.11. Fix ∆ ≥ 3 and α ∈ (αc(∆), 1
∆+1). Unless NP = RP, there is no

polynomial time approximate sampler for µα
G on graphs with maximum degree ∆.

This hardness result should be compared with the known hardness of approximately
counting independent sets of size αn above αc(∆) [DP23]. Our argument is a direct
adaptation of that of [DP23]. The main difference is that our target is µα

G, not a uniform
distribution on fixed-size independent sets. For a suitable choice of λ, we reduce the hard
problem of approximately sampling from µG,λ on graphs with maximum degree ∆ to our
problem [SS12]. As in [DP23], we add many copies of cliques K∆+1 to G in order to bring
down the density of the resulting graph H close to α. Then, by a variance comparison we
show that approximately sampling from µα

H gives an approximate sample from µG,λ.

Lemma 3.12. Let G be a graph on n vertices and α̂ ≥ α > 0. Assume there exist constants
c, C such that for every β ∈ [α, α̂],

cn ≤ Var
σ∼µβ

G
(|σ|) ≤ Cn.
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Then, we have

∥µα
G − µα̂

G∥TV ≤
√
Cn

2c |α̂− α|.

We provide the proof of Theorem 3.12 in Appendix B.1.3.

Lemma 3.13. Fix ∆ ≥ 3 and α ∈ (αc(∆), 1
∆+1), and let

λ := α

1− α(∆ + 1) .

If there is a polynomial time approximate sampler for µα
G on graphs with maximum degree

∆, then there is a polynomial time approximate sampler for µG,λ on graphs with maximum
degree ∆.

Proof. Assume Oα is an oracle that, given a graph H with maximum degree ∆ and ε > 0, in
time poly(|H|, 1/ε) outputs a random independent set whose law is within ε total variation
distance of µα

H .
Let G = (V,E) be a graph with maximum degree ∆, and write n = |V |. We construct

a graph H by adding M disjoint copies of complete graphs on ∆ + 1 vertices to G, i.e.,

H := G ⊔MK∆+1,

where M will be chosen later as a polynomial in n and 1/ε. Note that the graph H also
has maximum degree ∆.

Note also that α(µK∆+1,λ) = α. Let

α̂ := α(µH,λ).

Since H is a disjoint union, and the lowest density of µG′,λ occurs when G′ = K∆+1, we
conclude α̂ ≥ α. Also, we have

α̂ = n

|V (H)|α(µG,λ) + M(∆ + 1)
|V (H)| α.

Therefore,
α̂ ≤ α+ n

|V (H)| .

We next verify that the variance assumption in Theorem 3.12 holds for all β ∈ [α, α̂].
Let λβ be the fugacity such that

µβ
H = µH,λβ

.

Since H is a disjoint union,

Var
σ∼µβ

H
(|σ|) = Varσ∼µG,λβ

(|σ|) +M Varσ∼µK∆+1,λβ
(|σ|).
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We first prove the upper bound. Since 0 ≤ |σ| ≤ n on G,

Varσ∼µG,λβ
(|σ|) ≤ n2

4 .

Also, on K∆+1, the size of an independent set is either 0 or 1, so

Varσ∼µK∆+1,λβ
(|σ|) ≤ 1

4 .

Therefore,

Var
σ∼µβ

H
(|σ|) ≤ n2

4 + M

4 .

If M ≥ n2, then
Var

σ∼µβ
H

(|σ|) ≤ M

2 ≤
|V (H)|

2 .

This gives the desired upper bound with C = 1/2.
We now prove the lower bound. Since

β = n

|V (H)|α(µG,λβ
) + M(∆ + 1)

|V (H)| α(µK∆+1,λβ
),

with a similar argument as above, we have

α(µK∆+1,λβ
) ≤ β ≤ α(µK∆+1,λβ

) + n

|V (H)| .

Moreover, since β lies between α and α̂, and |α̂− α| ≤ n
|V (H)| , we get

|β − α| ≤ n

|V (H)| .

Hence
|α(µK∆+1,λβ

)− α| ≤ 2n
|V (H)| .

Since α ∈ (αc(∆), 1
∆+1) is fixed, by taking M ≥ Aα,∆n for a sufficiently large constant

Aα,∆, we can ensure that

α(µK∆+1,λβ
) ∈

[
α

2 ,
α+ 1

∆+1
2

]
.

On K∆+1, the random variable |σ| is Bernoulli with parameter

xβ = Pr
σ∼µK∆+1,λβ

[|σ| = 1] = (∆ + 1)α(µK∆+1,λβ
).

The previous display implies that xβ is bounded away from both 0 and 1 by constants
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depending only on α and ∆. Therefore, there exists a constant b = b(α,∆) > 0 such that

Varσ∼µK∆+1,λβ
(|σ|) = xβ(1− xβ) ≥ b.

Consequently,
Var

σ∼µβ
H

(|σ|) ≥Mb.

If M ≥ n, then
|V (H)| = n+M(∆ + 1) ≤M(∆ + 2),

and hence
Var

σ∼µβ
H

(|σ|) ≥ b

∆ + 2 |V (H)|.

Thus the variance lower bound in Theorem 3.12 holds with

c = b

∆ + 2 .

Combining the upper and lower bounds, Theorem 3.12 gives

∥µα
H − µα̂

H∥TV ≤
√
C|V (H)|

2c |α̂− α| ≤
√
C|V (H)|

2c · n

|V (H)| =
√
C

2c
n√
|V (H)|

.

But by definition of α̂, we have
µα̂

H = µH,λ.

Choose
M =

⌈
Aα,∆

n2

ε2

⌉
for a sufficiently large constant Aα,∆. Then

∥µα
H − µH,λ∥TV ≤

ε

2 .

Now run the oracle Oα on H with accuracy ε/2, and let ν be the law of its output.
Then

∥ν − µα
H∥TV ≤

ε

2 .

We output the restriction of this independent set to the original vertex set V (G). Let PG

denote this projection. Since total variation distance cannot increase under projection,

∥PGν − PGµ
α
H∥TV ≤

ε

2 .

Also,
∥PGµ

α
H − PGµH,λ∥TV ≤ ∥µα

H − µH,λ∥TV ≤
ε

2 .

Finally, because H = G ⊔MK∆+1 is a disjoint union,

PGµH,λ = µG,λ.
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Therefore,
∥PGν − µG,λ∥TV ≤ ε.

Note that by the choice of M , |H| is polynomial in |G|, and the oracle runs in time
poly(|H|, 1/ε). Thus the whole procedure runs in time poly(|G|, 1/ε).

Proof of Theorem 3.11. Set
λ := α

1− α(∆ + 1) .

Since
αc(∆) = λc(∆)

1 + (∆ + 1)λc(∆) ,

and the map x 7→ x
1+(∆+1)x is strictly increasing on (0,∞), the assumption α > αc(∆)

implies that
λ > λc(∆).

Assume for contradiction that there is a polynomial time approximate sampler for µα
G on

graphs with maximum degree ∆. By Theorem 3.13, this gives a polynomial time approxi-
mate sampler for µG,λ on graphs with maximum degree ∆. But hard-core approximate
sampling at fugacity λ > λc(∆) on ∆-regular graphs is known to be hard [SS12]. Thus,
unless NP = RP, there is no polynomial approximate sampler for µα

G on graphs with
maximum degree ∆.

3.2.3 Sampling with prescribed vertex marginals

We now focus on the single-site inverse sampling problem. Let m = (mv)v∈V be a target
marginal vector, and let λm ∈ (0,∞)V be the unique fugacity vector such that 1

Pr
σ∼µG,λm

[σv = 1] = mv ∀v ∈ V.

For brevity, throughout this subsection we write

µm
G := µG,λm .

The particle system approach is as follows. We choose N sufficiently large, set

rv = Nmv ∀v ∈ V,

and consider the space Ωss
N,r⃗ with uniform measure µss

N,r⃗. We then run the single-site
particle chain P ss

N close to its stationary distribution µss
N,r⃗ and output the first particle.

Thus the law of the output is approximately P1µ
ss
N,r⃗.

The analysis has two parts. First, we prove that P1µ
ss
N,r⃗ is close to the target measure

µm
G . Second, we show how to sample efficiently from µss

N,r⃗ by running the particle chain
1See Appendix B.1 for a discussion of existence and uniqueness of the fugacity vector realizing a

prescribed marginal vector.
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P ss
N .

To prove the first step, we use a relative entropy argument, along with concentration
inequalities. One could also proceed as in the mean-field case, by using a direct estimation
via the local central limit theorem (Theorem 3.7). In this case, however, one has to deal
with an n-dimensional event and the Fourier transform argument used there appears to
lead to a substantially worse dependence of N on n.2

The next lemmas provide the proof of the first step.

Lemma 3.14. With the above notation, assume Ωss
N,r⃗ ̸= ∅. Then we have

DKL
(
P1µ

ss
N,r⃗

∥∥∥µm
G

)
≤ 1
N

log 1(
µm

G

)⊗N (Ωss
N,r⃗)

.

Consequently, ∥∥∥P1µ
ss
N,r⃗ − µm

G

∥∥∥
TV
≤
√√√√ 1

2N log 1(
µm

G

)⊗N (Ωss
N,r⃗)

.

Proof. First, note that for σ ∈ Ωss
N,r⃗ and λ = λm, we have

µ⊗N
G,λ(σ) ∝

∏
i∈[N ]

µG,λ(σ(i)) ∝
∏

i∈[N ]

∏
v∈V

λσ
(i)
v

v =
∏
v∈V

λ

∑
i∈[N ] σ

(i)
v

v =
∏
v∈V

λrv
v .

Hence, all elements of Ωss
N,r⃗ have the same measure under

(
µm

G

)⊗N , which means that

µss
N,r⃗ =

(
µm

G

)⊗N
(
·
∣∣∣Ωss

N,r⃗

)
.

We now have

µss
N,r⃗(σ) =

(
µm

G

)⊗N (σ)(
µm

G

)⊗N (Ωss
N,r⃗)

1(σ ∈ Ωss
N,r⃗), σ ∈ ΩN

G .

Hence, for every σ ∈ Ωss
N,r⃗,

µss
N,r⃗(σ)(

µm
G

)⊗N (σ)
= 1(

µm
G

)⊗N (Ωss
N,r⃗)

.

Therefore,

DKL(µss
N,r⃗ ∥

(
µm

G

)⊗N ) =
∑

σ∈Ωss
N,r⃗

µss
N,r⃗(σ) log 1(

µm
G

)⊗N (Ωss
N,r⃗)

= log 1(
µm

G

)⊗N (Ωss
N,r⃗)

. (3.16)

Now, by the chain rule for relative entropy,

DKL(µss
N,r⃗ ∥

(
µm

G

)⊗N ) =
N∑

i=1
Eσ∼µss

N,r⃗

[
DKL

(
µss

N,r⃗(σ(i) | σ(1), . . . , σ(i−1)) ∥µm
G

)]
.

2On the other hand, we note that a relative entropy argument, along with concentration inequalities,
could also be used in the mean-field case, but it gives a worse dependence on N than the one-dimensional
local central limit theorem.
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By convexity of relative entropy in the first argument,

Eσ∼µss
N,r⃗

[
DKL

(
µss

N,r⃗(σ(i) | σ(1), . . . , σ(i−1)) ∥µm
G

)]
≥ DKL(Piµ

ss
N,r⃗ ∥µm

G ).

Thus,

DKL(µss
N,r⃗ ∥

(
µm

G

)⊗N ) ≥
N∑

i=1
DKL(Piµ

ss
N,r⃗ ∥µm

G ) = N ·DKL(P1µ
ss
N,r⃗ ∥µm

G ).

Combining this with (3.16) gives

DKL(P1µ
ss
N,r⃗ ∥µm

G ) ≤ 1
N

log 1(
µm

G

)⊗N (Ωss
N,r⃗)

.

Finally, by Pinsker’s inequality,

∥P1µ
ss
N,r⃗ − µm

G ∥TV ≤
√

1
2DKL(P1µss

N,r⃗ ∥µm
G ),

and therefore

∥P1µ
ss
N,r⃗ − µm

G ∥TV ≤
√√√√ 1

2N log 1(
µm

G

)⊗N (Ωss
N,r⃗)

.

By Theorem 3.14, to find an upper bound on the total variation distance, it suffices to
provide a lower bound on the probability

(
µm

G

)⊗N (Ωss
N,r⃗). The next two lemmas establish

such a lower bound for the case where r⃗ is an integer vector such that ∥r⃗ − Nm∥∞ is
O(
√
N logn).

Lemma 3.15. Assume that

γ ≤ mu ≤
1− δ
∆ + 1 ∀u ∈ V

for some constants γ > 0 and δ ∈ (0, 1). Then there exists C = C(γ, δ,∆) such that for all
N ≥ C log(4n), the following hold.

First, for every s⃗ ∈ ZV
≥0 satisfying

∥s⃗−Nm∥∞ ≤

√
N

2 log(4n),

one has Ωss
N,s⃗ ̸= ∅.

Second, let r⃗, r⃗′ ∈ ZV
≥0 satisfy

∥r⃗ −Nm∥∞ ≤

√
N

2 log(4n), ∥r⃗′ −Nm∥∞ ≤

√
N

2 log(4n),
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and suppose that for some v ∈ V ,

r′
v = rv + 1, r′

u = ru for all u ∈ V \ {v}.

Then
γ

2 ≤
Ωss

N,r⃗

Ωss
N,r⃗′
≤ 2
δ
.

Proof. Let C = C(γ, δ,∆) be sufficiently large so that for every N ≥ C log(4n) one has

2(∆ + 1)
√
N

2 log(4n) ≤ δN and
√
N

2 log(4n) ≤ γ

2N.

We now prove the first statement. Fix s⃗ ∈ ZV
≥0 satisfying ∥s⃗−Nm∥∞ ≤

√
N
2 log(4n).

We show that Ωss
N,s⃗ ̸= ∅. Indeed, since G has maximum degree at most ∆, it admits a

proper (∆ + 1)-coloring. Let V = V1 ∪ · · · ∪ V∆+1 be the corresponding partition of V into
independent sets. For each j ∈ [∆ + 1], define

Mj := max
u∈Vj

su,

with the convention that Mj = 0 if Vj = ∅. Since ∥s⃗−Nm∥∞ ≤
√

N
2 log(4n), we have for

every u ∈ V ,

su ≤ Nmu +
√
N

2 log(4n) ≤ 1− δ
∆ + 1N +

√
N

2 log(4n).

Hence

Mj ≤
1− δ
∆ + 1N +

√
N

2 log(4n) for all j ∈ [∆ + 1].

Therefore,
∆+1∑
j=1

Mj ≤ (1− δ)N + (∆ + 1)
√
N

2 log(4n) ≤ N.

Now, partition [N ] into pairwise disjoint sets I1, . . . , I∆+1, I0 such that Ij = Mj for
each j ∈ [∆ + 1]. For each j ∈ [∆ + 1] and each u ∈ Vj , since su ≤Mj , we may choose a set

Ju ⊆ Ij with Ju = su.

Now, for each t ∈ Ij , define
σ(t) := u ∈ Vj : t ∈ Ju,

and for each t ∈ I0, set σ(t) := ∅.
Since each Vj is an independent set, every σ(t) is an independent set. Moreover, for

each u ∈ Vj , the vertex u belongs to exactly the sets σ(t) with t ∈ Ju, and hence appears
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exactly su times among σ(1), . . . , σ(N). Therefore

N∑
t=1

σ(t) = s⃗,

which shows that (σ(1), . . . , σ(N)) ∈ Ωss
N,s⃗. Hence Ωss

N,s⃗ ̸= ∅.
Note that the first part of the lemma shows that the ratio we want to bound in the

second part is well-defined, and thus now we can prove the second statement.
Let

L := Ωss
N,r⃗, R := Ωss

N,r⃗′ ,

and define a bipartite graph H = (L ∪R,F ) as follows. For σ = (σ(1), . . . , σ(N)) ∈ L and
τ = (τ (1), . . . , τ (N)) ∈ R, we place an edge between σ and τ if there exists j ∈ [N ] such
that

τ (j) = σ(j) ∪ {v}, τ (k) = σ(k) for all k ̸= j,

and σ(j) ∪ {v} is an independent set. Equivalently, σ is obtained from τ by deleting v
from exactly one coordinate j for which v ∈ τ (j). Clearly, every vertex of H has degree at
most N .

We first bound the degree of vertices in R from below. Fix τ ∈ R. Then degH(τ ) = r′
v,

since each coordinate i ∈ [N ] with v ∈ τ (i) yields one neighbor in L, obtained by deleting
v from τ (i). Therefore,

degH(τ ) = r′
v ≥ Nmv −

√
N

2 log(4n) ≥ γN −
√
N

2 log(4n) ≥ γ

2N.

Next, we bound the degree of vertices in L from below. Fix σ ∈ L, and let

M :=
∑

i∈[N ]
σ(i)

v .

Let
B := i ∈ [N ] : σ(i)

v ̸= ∅.

Note that if i /∈ B, then v can be added to σ(i) while preserving independence. Thus

degH(σ) = N −B.

Since each i ∈ B contributes at least 1 to the sum defining M , we have B ≤ M , and
therefore

degH(σ) ≥ N −M.

On the other hand, since σ ∈ Ωss
N,r⃗,

M =
∑
u∈v

ru.
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Using v ≤ ∆ + 1 and the bound ru ≤ Nmu +
√

N
2 log(4n) for every u ∈ V , we obtain

M ≤ (∆ + 1)

max
u∈V

mu ·N +
√
N

2 log(4n)

 ≤ (∆ + 1)

 1− δ
∆ + 1N +

√
N

2 log(4n)

 .
Hence

M ≤ (1− δ)N + (∆ + 1)
√
N

2 log(4n),

and so

degH(σ) ≥ N −M ≥ δN − (∆ + 1)
√
N

2 log(4n) ≥ δ

2N.

We now double-count the edges of H. Since every vertex has degree at most N , while
every vertex in L has degree at least δ

2N and every vertex in R has degree at least γ
2N , we

have
δ

2N L ≤ F ≤ N R,

and
γ

2N R ≤ F ≤ N L.

Therefore,
L

R
≤ 2
δ

and L

R
≥ γ

2 .

Since L = Ωss
N,r⃗ and R = Ωss

N,r⃗′ , this gives

γ

2 ≤
Ωss

N,r⃗

Ωss
N,r⃗′
≤ 2
δ
,

as claimed.

Lemma 3.16. Assume that

γ ≤ mu ≤
1− δ
∆ + 1 ∀u ∈ V

for some constants γ > 0 and δ ∈ (0, 1). Then there exists C = C(γ, δ,∆) such that for all
N ≥ C log(4n), if we define

L :=
√
N

2 log(4n) and B := r⃗ ∈ ZV : ∥r⃗ −Nm∥∞ ≤ L,

then
min
r⃗∈B

(
µm

G

)⊗N (Ωss
N,r⃗) ≥ 1

2(2L+ 1)−n
(
δγ

2

)2nL

.

Proof. Let C = C(γ, δ,∆) be as in Theorem 3.15, and fix N ≥ C log(4n). For r⃗ ∈ B, we
first show that ∑

r⃗∈B

(
µm

G

)⊗N (Ωss
N,r⃗) ≥ 1

2 .
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Let σ = (σ(1), . . . , σ(N)) ∼
(
µm

G

)⊗N , and set R⃗ := ∑N
i=1 σ

(i). Fix v ∈ V . Then Rv =∑N
i=1 σ

(i)
v , where σ(1)

v , . . . , σ
(N)
v are independent {0, 1}-valued random variables with E[σ(i)

v ] =
mv. Hence, by Hoeffding’s inequality,

(
µm

G

)⊗N (|Rv −Nmv| > L) ≤ 2 exp
(
−2L2

N

)
= 2e− log(4n) = 1

2n.

Applying the union bound over all v ∈ V , we obtain

(
µm

G

)⊗N
(
∥R⃗−Nm∥∞ > L

)
≤ 1

2 .

Therefore, ∑
r⃗∈B

(
µm

G

)⊗N (Ωss
N,r⃗) =

(
µm

G

)⊗N
(
∥R⃗−Nm∥∞ ≤ L

)
≥ 1

2 .

We next compare the probabilities of neighboring vectors. Let r⃗, r⃗′ ∈ B satisfy

r′
v = rv + 1, r′

u = ru for all u ∈ V \ {v},

for some v ∈ V . Let λ = λm. Since all elements of Ωss
N,r⃗ have the same measure under(

µm
G

)⊗N , we have

(
µm

G

)⊗N (Ωss
N,r⃗)(

µm
G

)⊗N (Ωss
N,r⃗′)

=
|Ωss

N,r⃗|
|Ωss

N,r⃗′ |
∏

u∈V

λru−r′
u

u =
|Ωss

N,r⃗|
|Ωss

N,r⃗′ |
· 1
λv
.

By Theorem 3.15,
γ

2 ≤
|Ωss

N,r⃗|
|Ωss

N,r⃗′ |
≤ 2
δ
.

We now bound the fugacities. For each v ∈ V , one has

mv = λv µ
m
G (σu = 0 for all u ∈ v) .

Hence λv ≥ mv ≥ γ. Also, by the union bound,

µm
G (σu = 0 for all u ∈ v) ≥ 1−

∑
u∈v

mu ≥ 1− (∆ + 1) · 1− δ
∆ + 1 = δ,

and therefore
λv = mv

µm
G (σu = 0 for all u ∈ v) ≤

1
δ
.

Thus γ ≤ λv ≤ 1
δ , which implies

δγ

2 ≤
(
µm

G

)⊗N (Ωss
N,r⃗)(

µm
G

)⊗N (Ωss
N,r⃗′)

≤ 2
δγ
.
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Now let r⃗∗ ∈ B be such that

(
µm

G

)⊗N (Ωss
N,r⃗∗) = min

r⃗∈B

(
µm

G

)⊗N (Ωss
N,r⃗).

Fix any s⃗ ∈ B. There exists a path r⃗∗ = r⃗(0), r⃗(1), . . . , r⃗(m) = s⃗ in B such that consecutive
points differ in exactly one coordinate by ±1, and m = ∥s⃗− r⃗∗∥1. Applying the previous
bound along this path gives

(
µm

G

)⊗N (Ωss
N,s⃗) ≤

( 2
δγ

)m (
µm

G

)⊗N (Ωss
N,r⃗∗) =

( 2
δγ

)∥s⃗−r⃗∗∥1 (
µm

G

)⊗N (Ωss
N,r⃗∗).

Since s⃗, r⃗∗ ∈ B,

∥s⃗− r⃗∗∥1 ≤
∑
u∈V

(
|su −Nmu|+ |r∗,u −Nmu|

)
≤ 2nL.

Hence (
µm

G

)⊗N (Ωss
N,s⃗) ≤

( 2
δγ

)2nL (
µm

G

)⊗N (Ωss
N,r⃗∗).

Also, for each u ∈ V , the coordinate ru ranges over an interval of length 2L, and hence
has at most 2L+ 1 possible integer values. Therefore |B| ≤ (2L+ 1)n. Summing over s⃗ ∈ B,
we obtain

1
2 ≤

∑
s⃗∈B

(
µm

G

)⊗N (Ωss
N,s⃗) ≤ |B|

( 2
δγ

)2nL (
µm

G

)⊗N (Ωss
N,r⃗∗) ≤ (2L+1)n

( 2
δγ

)2nL (
µm

G

)⊗N (Ωss
N,r⃗∗).

Rearranging yields (
µm

G

)⊗N (Ωss
N,r⃗∗) ≥ 1

2(2L+ 1)−n
(
δγ

2

)2nL

.

we conclude that

min
r⃗∈B

(
µm

G

)⊗N (Ωss
N,r⃗) =

(
µm

G

)⊗N (Ωss
N,r⃗∗) ≥ 1

2(2L+ 1)−n
(
δγ

2

)2nL

.

This proves the lemma.

Corollary 3.17. By Theorems 3.14 to 3.16, for every r⃗ ∈ B,

∥P1µ
ss
N,r⃗ − µm

G ∥TV ≤
√

1
2N

(
log 2 + n log(2L+ 1) + 2nL log 2

δγ

)
,

where

L =
√
N

2 log(4n).

In particular, there exists C = C(γ, δ,∆) such that if

N ≥ Cn
2 log(4n)
ε4 ,
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then
∥P1µ

ss
N,r⃗ − µm

G ∥TV ≤ ε ∀r⃗ ∈ B.

Moreover, one has r⃗ = Nm ∈ B, and hence

∥P1µ
ss
N,r⃗ − µm

G ∥TV ≤ ε.

We now consider sampling from µss
N,r⃗ by running the particle-system chain P ss

N . Let
γ ∈ (0, 1), and let ccol > 1 and ∆0 be the coloring-mixing constants in Section 3.1. Assume
that

∆ ≥ ∆0, γ ≤ mv ≤
1

ccol(∆ + 1) ∀v ∈ V. (3.17)

Note that
rv

N
= Nmv

N
≤ 1
ccol(∆ + 1) .

Also, if N ≥ 2
γ

rv

N
= Nmv

N
≥ mv −

1
N
≥ γ

2 .

Thus, for N ≥ 2
γ , r⃗ satisfies the assumption in (3.7) with parameter γ

2 . Thus, applying
Theorem 3.5 with parameter γ

2 , we conclude that for every N ≥ N0(∆, ccol), P ss
N mixes

within total variation distance ζ of µss
N,r⃗ in

Oγ,∆,ccol

(
Nn log Nn

ζ

)
steps.

We are now ready to state the resulting algorithm. First, we give a deterministic
procedure for constructing an initial configuration in Ωss

N,r⃗. This will be used as the starting
point for the particle-system chain in the final sampling algorithm. Algorithm 5 constructs
an element of Ωss

N,r⃗ whenever
(∆ + 1) max

v∈V
rv ≤ N.

In our application, this condition holds for rv = Nmv by (3.17). Note that this is exactly
the constructive procedure used in the proof of Theorem 3.15 to show that Ωss

N,r⃗ ̸= ∅.

Theorem 3.18. Let γ ∈ (0, 1), and let ccol > 1 and ∆0 be the coloring-mixing constants
in Section 3.1. Let G = (V,E) be a graph on n vertices with maximum degree ∆ ≥ ∆0,
and let m be a marginal vector satisfying

γ ≤ mv ≤
1

ccol(∆ + 1) ∀v ∈ V.

Then, for every ε ∈ (0, 1), Algorithm 6 outputs a random independent set whose law is
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Algorithm 5 Constructing an Initial Particle Configuration
Require: Graph G = (V,E) with maximum degree ∆, an integer vector r⃗ ∈ ZV

≥0 satisfying
maxv∈V rv ≤ N

∆+1 , and an integer N .
Ensure: A configuration σ0 ∈ Ωss

N,r⃗.
1: Find a proper (∆ + 1)-coloring of G, and let

V = V1 ∪ · · · ∪ V∆+1

be the corresponding partition into independent sets.
2: Set

Mk := max
v∈Vk

rv with Mk = 0 if Vk = ∅ ∀k ∈ [∆ + 1]

3: Partition [N ] into pairwise disjoint sets

I1, . . . , I∆+1, I0

such that Ik = Mk for every k ∈ [∆ + 1].
4: For every k ∈ [∆ + 1] and every v ∈ Vk, choose

Jv ⊆ Ik with Jv = rv.

5: Define
σ(t) := v ∈ V : t ∈ Jv for every t ∈ [N ].

6: return σ0 = (σ(1), . . . , σ(N)).

within total variation distance ε from µm
G . Moreover, the running time is

Õγ,∆,ccol

(
n3

ε4

)
.

Proof. By choosing the constant C = C(γ,∆, ccol) sufficiently large, Theorem 3.17, applied
with δ = 1− 1

ccol
and accuracy ε/2, gives

∥∥∥P1µ
ss
N,r⃗ − µm

G

∥∥∥
TV
≤ ε

2 .

Also, by Theorem 3.5, after running P ss
N for

Oγ,∆,ccol

(
Nn log Nn

ε

)
steps, the law µ̂ of the resulting particle configuration satisfies∥∥∥µ̂− µss

N,r⃗

∥∥∥
TV
≤ ε

2 .

Let ν denote the law of the output σ(1). Since total variation distance cannot increase
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Algorithm 6 Particle System Sampler
Require: Graph G = (V,E) with maximum degree ∆, target marginals m = (mv)v∈V

satisfying (3.17), and accuracy ε ∈ (0, 1).
Ensure: A random independent set whose law is within total variation distance ε from

µm
G .

1: Choose
N ≥ Cn

2 log(4n)
ε4 ,

where C = C(γ,∆, ccol) is a sufficiently large constant.
2: Set

rv := Nmv for every v ∈ V.

3: Use Algorithm 5 to construct an initial configuration

σ0 ∈ Ωss
N,r⃗.

4: Run the particle system chain P ss
N from σ0 for

Oγ,∆,ccol

(
Nn log Nn

ε

)
steps.

5: return σ(1), where
σ = (σ(1), . . . , σ(N))

is the resulting particle configuration.

under projection to the first particle,∥∥∥ν − P1µ
ss
N,r⃗

∥∥∥
TV

=
∥∥∥P1µ̂− P1µ

ss
N,r⃗

∥∥∥
TV
≤ ε

2 .

Therefore,
∥ν − µm

G ∥TV ≤
∥∥∥ν − P1µ

ss
N,r⃗

∥∥∥
TV

+
∥∥∥P1µ

ss
N,r⃗ − µm

G

∥∥∥
TV
≤ ε.

Finally, by the choice of N ,

N = Oγ,∆,ccol

(
n2 logn
ε4

)
.

The initial construction takes O∆(Nn) time, and the running time of the chain is

Oγ,∆,ccol

(
Nn log Nn

ε

)
.

Thus the total running time is

Õγ,∆,ccol

(
n3

ε4

)
.

Remark 3.19. There is also a classical approach to the same algorithmic problem: first,
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estimate the fugacity vector λm, and then sample from µG,λm using existing samplers for
the hard-core model. We present this approach in Appendix B.1.1.
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Appendix A

Proof of Lemma 2.34 and Lemma
2.35

For all σ ∈ ΩN,α, define

M≥2[σ] := {(j, k) ∈ {2, . . . , N} × [n] : N+((j, k)) ∩ σ = ∅}, (A.1)

and denote by M≥2[σ] the cardinality of M≥2[σ].

Proof of Lemma 2.34

First, assume that (η0, η
′
0) are given by the following rule:

0) Sample η̄ ∼ νℓ.

1) Select uniformly at random two pairs (i, ℓ′) and (j, k) in [N ]× [n].

2) If either (i, ℓ′) or (j, k) is equal to u := (1, ℓ), define

η0 := η̄, η′
0 := η̄i,ℓ′;j,k.

If both (i, ℓ′) and (j, k) are different from u, there are two cases:

i) One of i or j is equal to 1; then define η0 = η′
0 = η̄.

ii) Both i and j are different from 1; then define η0 = η′
0 = η̄i,ℓ′;j,k.

We call Γ0 the above coupling of (η0, η
′
0). Note that η0 ∼ νℓ, and η′

0 ∼ νℓPν,N . Therefore,

∣∣Eνℓ
[Pνℓ,Nh− Pν,Nh]

∣∣ ≤ 2
Nn

∣∣∣EE(η0,η′
0)∼Γ0

[ ∞∑
t=0

(
F (ηt)− F (η′

t)
) ∣∣ η0 ̸= η′

0

]∣∣∣, (A.2)

where we used the bound P[η0 ̸= η′
0] ≤ 2

nN , and for a fixed realization of η0, η
′
0 we use an

arbitrary coupling of ηt, η
′
t.
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On the event {η0 ̸= η′
0}, there exists (j, k) with j ≥ 2 such that (η0)k(j) = 0 and

(ℓ, k)η0(1),η0(j) is satisfied; in words, (j, k) is an empty and available vertex. According
to the definition given in (A.1), the law L ∈ P(Ω2

N,α) of (η0, η
′
0) ∼ Γ0 conditioned on

{η0 ̸= η′
0} is given by

L(η0, η
′
0) = νℓ(η0)

∑
j≥2

k∈[n]

1{(j, k) ∈M≥2[η0]}
M≥2[η0] 1{η′

0 = η1,ℓ;j,k
0 }.

We may compare the measures L and Γ. For all η0 ∈ ΩN,α such that η0(1) = τ ℓ and all
(j, k) ∈M≥2[η0], by definition one has

L(η0, η
1,ℓ;j,k
0 ) ≲γ,δ,∆ Γ(η0, η

1,ℓ;j,k
0 ) ⇐= νℓ(η0)

M≥2[η0] ≲γ,δ,∆
µ̄N,α(η0)
(N − 1)n. (A.3)

where we used the short-hand µ̄N,α = µN,α(· | σ(1) = τ ℓ, σ(j)k′ = 0, ∀k′ ∈ N+(k)).
We now focus on proving

νℓ(η0)
M≥2[η0] ≲γ,δ,∆

µ̄N,α(η0)
(N − 1)n. (A.4)

Recalling the definition
ατ = N

N − 1α−
|τ |

(N − 1)n,

we have

M≥2[η0] ≥ (N − 1)n− (N − 1)nατℓ(∆ + 1) (A.5)

= (N − 1)n
(
1− N

N − 1α(∆ + 1) + |τ |(∆ + 1)
(N − 1)n

)
≥ (N − 1)n(1− Nα(1 + ∆)

N − 1 + 1
N − 1)

= (N − 1)n(N(1− α(1 + ∆))
N − 1 )

and using α ≤ (1− δ)αc(∆) together with αc(∆) ≤ 0, 74/∆ and ∆ ≥ 3, we have

1− α(∆ + 1) ≥ 1− 0, 74(1− δ)(∆ + 1)/∆

= 1− 0, 74(1− δ)− 0, 74(1− δ)/∆

= 0, 26 + 0, 74δ − 0, 74(1− δ)/∆

≥ 0, 26 + 0, 74δ − 0, 74/3 ≥ 1/100

which returns M≥2[η0] ≥ n(N − 1)/100.
Our goal is to show that

R(ℓ, η0, α) = νℓ(η0)
µ̄N,α(η0) = Oγ,δ,∆(1). (A.6)
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Now fix a subcritical fugacity λ such that α(µλ,G) = α. Then

µ̄N,α(η0) = µN,α(σ = η0)
µN,α(σ(1) = τ ℓ, σ(j)k′ = 0, ∀k′ ∈ N+(k))

=
µ⊗N

λ,G(σ = η0)
µ⊗N

λ,G(σ(1) = τ ℓ, σ(j)k′ = 0, ∀k′ ∈ N+(k), σ ∈ ΩN,α)
,

and similarly,

νℓ(η0) =
µ⊗N

λ,G(σ = η0)
µ⊗N

λ,G(σ(1) = τ ℓ, σ ∈ ΩN,α, )
.

We have,

R(ℓ, η0, α) =
µ⊗N

λ,G(σ(1) = τ ℓ, σ(j)k′ = 0, ∀k′ ∈ N+(k), σ ∈ ΩN,α)
µ⊗N

λ,G(σ(1) = τ ℓ, σ ∈ ΩN,α)

=
∑

η:ηN+(k)=0
µλ,G(η)

µ⊗N−2

λ,G

(
Ω

N−2,ατℓ,η

)
µ⊗N−1

λ,G

(
Ω

N−1,ατℓ

)
where ατℓ,η = N

N−2α−
|τℓ|+|η|
(N−2)n and ατℓ = N

N−1α−
|τℓ|

(N−1)n . By Proposition 2.28 and since
N ≥ n since uniformly in τ, η ∈ ΩG holds that

|ατ,η − α|2(N − 2)n =
∣∣∣ |τ |+ |η|2n − α

∣∣∣2 4n
(N − 2) = O(1),

then,
µ⊗N−2

λ,G

(
ΩN−2,ατ,η

)
µ⊗N−1

λ,G

(
ΩN,ατ

) = Θγ,δ,∆(1). We finally obtain

R(ℓ, η0, α) ∼γ,δ,∆ µλ,G(σN+(k) = 0) = Oγ,δ,∆(1).

This ends the proof of (A.4)
It is clear that (A.2) together with (A.3) yields

∣∣Eνℓ
[Pνℓ,Nh− Pν,Nh]

∣∣ ≲γ,δ,∆
1
Nn

∣∣∣ ∞∑
t=0

EE(η0,η′
0)∼Γ

[(
F (ηt)− F (η′

t)
)]∣∣∣, (A.7)

To complete the proof, we show how (A.7) implies (2.56). Define

ξt := EE(η0,η′
0)∼Γ

[
F (ηt) + F (η′

t)
]
.

Note that, uniformly in t,

ξt = EE(η0,η′
0)∼Γ[F (ηt)] + EE(η0,η′

0)∼Γ[F (η′
t)] ≲γ,δ,∆ Eν [F ], (A.8)

since Pν,N is reversible with respect to ν and the marginals of Γ can be estimated from
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above with a constant multiple of ν (with constants depending only on γ, δ,∆), which
follows from the local central limit theorem similar to (A.6).

Let c > 0 be a positive constant. Using the Cauchy–Schwarz inequality, (A.7), we have

∣∣Eνℓ
[Pνℓ,Nh− Pν,Nh]

∣∣2
Eν [F ] ≲γ,δ,∆

1
(Nn)2Eν [F ]

∣∣∣ ∞∑
t=0

EE(η0,η′
0)∼Γ[F (ηt)− F (η′

t)]
∣∣∣2

≤ 1
(Nn)2Eν [F ]

[ ∞∑
t=0

e−ct/nNξt

]

×
[ ∞∑

t=0
ect/nN

∣∣EE(η0,η′
0)∼Γ[F (ηt)− F (η′

t)]
∣∣2

ξt

]
.

Using (A.8), we obtain
∞∑

t=0
e−ct/nNξt ≲γ,δ,∆

nN

c
Eν [F ].

Next, by another application of the Cauchy–Schwarz inequality,

∣∣EE(η0,η′
0)∼Γ[F (ηt)− F (η′

t)]
∣∣2 ≤ EE(η0,η′

0)∼Γ

[(√
F (ηt)−

√
F (η′

t)
)2]

× EE(η0,η′
0)∼Γ

[(√
F (ηt) +

√
F (η′

t)
)2]

≤ 2 ξt EE(η0,η′
0)∼Γ

[(√
F (ηt)−

√
F (η′

t)
)2]

.

Combining the above estimates, we conclude that
∣∣Eνℓ

[Pνℓ,Nh− Pν,Nh]
∣∣2

Eν [F ] ≲γ,δ,∆
1

cNn

∞∑
t=0

ect/nNEE(η0,η′
0)∼Γ

[(√
F (ηt)−

√
F (η′

t)
)2]

,

which proves (2.56). This ends the proof of Lemma 2.34.

Proof of Lemma 2.35

We recall the definition in (2.55)

H(c,Γ) :=
∞∑

t=0
ect/nNE

[(√
F (ηt)−

√
F (η′

t)
)2]

.

The quantity H(c,Γ) depends on the specific choice of the coupling between ηt and η′
t. The

inequality stated in Lemma 2.57 follows from a suitable construction of such a coupling. It
is sufficient to specify the coupling at time t = 1 and only for pairs of independent sets
η0, η

′
0 ∈ supp(Γ). The extension to all remaining cases can then be obtained by standard

arguments, for instance by applying the Gluing Lemma.
Let η0, η

′
0 ∈ supp(Γ). By definition, the pair satisfies η0 ∼ η′

0. Denoting u = (1, ℓ), we
have η0(1)ℓ = 1 and there exists a site v = (iv, ℓv) with ℓv > 1 such that η′

0 = η
(u;v)
0 . We
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now describe the coupling.

1) Select uniformly at random two pairs (i, ℓ′) and (j, k).

2) Perform the following update, with the convention that the exchange is carried out
only if it produces two admissible independent sets; otherwise, the update is rejected.

i) If (i, ℓ′) = u, set
η1 = η

(u;j,k)
0 , η′

1 = (η′
0)(v;j,k).

If (i, ℓ′) = v, set
η1 = η

(v;j,k)
0 , η′

1 = (η′
0)(u;j,k).

By symmetry, the same definitions apply when (j, k) coincides with u or v.

ii) If both (i, ℓ′) and (j, k) are different from u and v, we distinguish the following
cases:

A) If either i = 1 or j = 1, reject the update and set

η1 = η0, η′
1 = η′

0.

B) If both i and j are different from 1, set

η1 = η
(i,ℓ′;j,k)
0 , η′

1 = (η′
0)(i,ℓ′;j,k).

We now prove that if α ≤ 1
C∆2 , for C ≥ 241 and c ≤ 1/1000

H(c,Γ) ≤ NnE(η0,η′
0)∼Γ

[
(
√
F (η0)−

√
F (η′

0))2]. (A.9)

The inequality (A.9) is obtained by analyzing the evolution at time t = 1, which leads to
a recursive inequality for H(c,Γ), see (A.11) below. Consider therefore the coupled pair
(η1, η

′
1) at time t = 1.

Exactly one of the following three situations may occur:

(1) η1 = η′
1;

(2) η1 = (η′
1)(u;v);

(3) η1 = η
(w;w′)
0 and η′

1 = η′
0, where w = (iw, ℓw) and w′ = (iw′ , ℓw′) belong to

{2, . . . , N} × [n], with iw = iv, ℓw ∈ N(ℓv), and (η0)w = (η0)w′ = 1.

The third case corresponds to subcase (B) in the coupling construction, where the
update is admissible for η0 but rejected for η′

0. This occurs because the presence of a
particle at v prevents the insertion of a particle at a neighboring site in η′

0.
Let p1, p2, and p3 denote the probabilities of cases (1), (2), and (3), respectively. Observe

that, on the event corresponding to the second case, the law of (η1, η
′
1) coincides with Γ.
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Let Γ′ denote the law of (η1, η
′
1) conditioned on the third case. We then obtain

H(c,Γ) =E(η0,η′
0)∼Γ

[(√
F (η0)−

√
F (η′

0)
)2]+ p2e

c/nNH(c,Γ) + p3e
c/nN H

(
c,Γ′).

The key estimate needed to close the argument is the following comparison result.

Proposition A.1. Suppose that α ≤ 1
C∆2 with C ≥ 5. Then

H(c,Γ′) ≤ 120∆H(c,Γ). (A.10)

Assuming Proposition A.1, we can complete the proof of (A.9). Indeed, combining the
previous identity with (A.10) yields

H(c,Γ) ≤ E(η0,η′
0)∼Γ

[(√
F (η0)−

√
F (η′

0)
)2] (A.11)

+ ec/nN(1− p1 + (120∆− 1)p3
)
H(c,Γ).

Proof of (A.9) assuming Proposition A.1

Assume that the density satisfies α ≤ 1
C∆2 with C ≥ 241. We estimate the probabilities

p1, p2, and p3 and substitute the resulting bounds into (A.11).
The probability p3 of the third case satisfies

ατℓ

nN
≤ p3 ≤

ατℓ∆
Nn

.

The probability p1 of the first case satisfies

2
Nn
≥ p1 ≥

1
Nn

(
1− ατℓ∆

)
.

Indeed, this event corresponds to two possible choices of (i, ℓ) ∈ {u, v} and to a choice of
(j, k) among admissible vertices:

2
Nn
≥ p1 = 2

Nn

(
P
[
(j, k) ∈M≥2[η0]

]
+ P

[
(j, k) : (η0)k(j) = 1

])
≥ 2
nN

(N − 1
N

(
1− ατℓ(∆ + 1)

)
+ N − 1

N
ατℓ

)
= 1
nN

(
1− ατℓ∆

)
,

where M≥2[η0] is defined in (A.1).
As a consequence, since p2 = 1− p1 − p3, we obtain

1− 1
nN

(2 + ατℓ) ≤ p2 ≤ 1− 1
nN

(
1− ατℓ(∆− 1)

)
.

If α ≤ 1/(C∆2) with C ≥ 241, then

p1 − (120∆− 1)p3 ≥
1
2
(
1− 1

1000
) 1
Nn

.
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In the end, if c < 1/1000, then

ec/Nn
(
1− 1

2
(
1− 1

1000
) 1
Nn

)
≤ 1− 1

2Nn,

which yields the claim of Lemma (A.9).
It therefore remains to prove Proposition A.1.

Proof of Proposition A.1

Let η1, η
′
1 ∈ ΩN,α be sampled according to Γ′. The construction starts from η0, η

′
0 ∼ Γ, with

η′
0 = η

(u;v)
0 for some vertex v such that jv ≥ 2. Choose uniformly at random a neighbor

w = (jw, ℓw) of v; by construction, jw = jv. Then choose a site w′ = (jw′ , ℓw′) such that
(η0)ℓw′ (jw′) = 1, and set η1 = η

(w;w′)
0 and η′

1 = η′
0.

The discrepancy of the pair (η1, η
′
1) is therefore increased by two with respect to that

of (η0, η
′
0), i.e. |η1 \ η′

1| = 2 while |η0 \ η′
0| = 1, see figure A. However, the distribution Γ

is supported only on pairs with the same discrepancy. Hence, in order to compare the
distributions Γ and Γ′, it is necessary to introduce auxiliary random variables that restore
the correct discrepancy.

We now describe such a construction.
Let z = (ℓz, jz), with jz ≥ 2, be chosen uniformly at random among the available empty

sites of η1; equivalently, z ∈M≥2(η′
1) (see definition (A.1)).

Consider the following sequence of configurations:

η1 → X0 = (η1)(u;z) → X1 = (X0)(w;u) → X2 = (X1)(u;w′) → (A.12)

→ η0 = (X2)(u;z) → η′
0 = (η0)(u;v) → η′

1 = (η0)(u,v).

Our claim is that the distributions Law(η1, X0), Law(X1, X0), Law(X1, X2), and Law(η0, X2)
are all bounded above by 24∆ Γ. Once this claim is established, the conclusion follows
immediately. Indeed, by the Cauchy–Schwarz inequality,

H(c,Γ′) ≤ H
(
c, Law(η1, X0)

)
+H

(
c, Law(X1, X0)

)
+H

(
c, Law(X1, X2)

)
+H

(
c, Law(η0, η1)

)
+H

(
c, Law(η0, η

′
1)
)

≤ 120∆H(c,Γ).

In what follows, we explicitly write the laws of the auxiliary random variables and
compare each of them with Γ. The comparison relies on change-of-measure arguments
based on the Local Central Limit Theorem (Proposition 2.28) and on the bounds provided
by Proposition A.2. For clarity, it is useful to keep in mind the supports of the auxiliary
random variables defined through the sequence (A.12).
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Figure A.1: Schematic representation of the sequence of independent sets appearing in
(A.12). All configurations belong to the space ΩN,α and differ only by the occupation
status of the randomly selected vertices v, w,w′, z and fixed vertex u = (1, ℓ). Filled
vertices represent occupied sites, while empty vertices represent unoccupied sites; edges
between vertices indicate adjacency relations in the underlying graph. The top row, where
the distinguished site u appears, represents the particle configuration σ(1). Keeping this
picture in mind is useful for the study of the comparison arguments; in particular, observe
that the support of the measures involved is generated by varying the vertices v, w,w′, z.

Law of η0.
P(η0 = σ) = 1

(N − 1)n
∑

v: jv≥2
µv

N,α(σ),

where
µv

N,α(σ) = µN,α

(
σ | σ(1) = τ ℓ, σN+(ℓv)(jv) = 0

)
.

The measure µv
N,α leaves the site v = (iv, ℓv) available. A key point in the comparison

arguments below is that the choice of this available vertex can be modified without
significantly perturbing the reference measure µN,α. We now make this statement precise.

Consider two vertices z′ and z′′ such that jz′ , jz′′ ≥ 2. We compare the corresponding
conditional measures µz′

N,α and µz′′
N,α and claim that

µz′
N,α

µz′′
N,α

≤ 12. (A.13)

Let λτℓ denote the fugacity of the hardcore model µ such that α(µ) = ατℓ . Suppose
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that σ ∈ supp(µz′
N,α) ∩ supp(µz′′

N,α). Then

µz′
N,α(σ) ∈ µ⊗N (σ)

µ(τ ℓ)µ
(
σN+(ℓz′ ) = 0

) [min
s∈[n]

µ⊗(N−2)
(
Ω

N−2,αηℓ,s

)−1
,min

s∈[n]
µ⊗(N−2)

(
Ω

N−2,αηℓ,s

)−1
]
.

As a consequence,

µz′
N,α

µz′′
N,α

≤ max
0≤s,s′≤n

µ⊗(N−2)
(
Ω

N−2,αηℓ,s

)
µ⊗(N−2)

(
Ω

N−2,αηℓ,s′

) µ(σN+(ℓz′ ) = 0)
µ(σN+(ℓz′′ ) = 0) . (A.14)

Here, for s ∈ [n], we define

ατℓ,s = N − 1
N − 2α

τℓ − s

(N − 2)n.

By Proposition 2.28,

µ⊗(N−2)
(
Ω

N−2,αηℓ,s

)
µ⊗(N−2)

(
Ω

N−2,αηℓ,s′

) ≤ exp
(
−

(N − 2)n
(
|αηℓ − αηℓ,s|2 − |αηℓ − αηℓ,s′ |2

)
2v2

N−2

)
+ Cγ,δ,∆√

(N − 2)n

≤ 2,

for N ≥ n sufficiently large.
Finally, by Proposition A.2 (see below), we obtain

µz′
N,α

µz′′
N,α

≤ 2 max
k,k′∈[n]

µ(σN+(k) = 0)
µ(σN+(k′) = 0) ≤ 2

[
(1 + λτℓ)∆−1 + 1

]
. (A.15)

By Lemma 2.12, the parameters λτℓ and ατℓ satisfy ατℓ ≥ λτℓ

1+λτℓ (1+∆)
, since α(µ

G,λτℓ ) =

ατℓ . Moreover, if α ≤ 1/(C∆2), then ατℓ ≤ 1
N−1 + 1

C∆2 ≤ 1
(C−1)∆2 for N ≥ C(C − 1)∆.

In particular, λτℓ ≤ 3
(C−1)∆2 . Substituting this bound into (A.15) yields (A.13).

We now proceed to the analysis of the law of η1.

Law of η1. By definition, η1 is obtained from η0 by moving a particle from a site w′ to a
site w, where w is chosen uniformly at random from the neighborhood of v. Throughout the
remainder of the proof, we implicitly assume that jv, jw, jw′ ≥ 2, jw = jv, and ℓw ∈ N(ℓv),
that is, w ∈ N(v); for simplicity, we do not repeat these assumptions every time.

P(η1 = σ) = 1
(N − 1)n

∑
σ′,v

µv
N,α(σ′)

∑
w′

1(σ′
ℓw′ (jw′) = 1)

(N − 1)nατℓ

∑
w∈N(v)

1(σ = (σ′)(w;w′))
|N(v)|

= 1
(N − 1)n

∑
v,w,w′

µv
N,α(σ(w;w′))1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)nατℓ .
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Law of (η1, X0). Given η1, v, w,w
′, the configuration X0 is obtained by selecting uniformly

a vertex z among the available sites inM≥2(η1)\(N+(w′)∪N+(v)), and setting X0 = η
(u;z)
1 .

Thus,

P(η1 = σ, X0 = σ′) =
∑

v,w,w′,z

µv
N,α(σ(w;w′))1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2(σ) \ (N+(w′) ∪N+(v))

)∣∣M≥2(σ) \ (N+(w′) ∪N+(v))
∣∣ 1(σ′ = σ(u;z)).

Law of X0. Taking the second marginal of the previous law,

P(X0 = σ) =
∑

v,w,w′,z

µv
N,α((σ(u;z))(w;w′))1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2((σ(u;z))) \ (N+(w′) ∪N+(v))

)∣∣M≥2((σ(u;z))) \ (N+(w′) ∪N+(v))
∣∣ .

Law of (X0, X1). Given v, w,w′, z and X0, define X1 = X
(w;u)
0 . Then

P(X0 = σ,X1 = σ′) =
∑

v,w,w′,z

µv
N,α((σ(u;z))(w;w′))1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2((σ(u;z))) \ (N+(w′) ∪N+(v))

)∣∣M≥2((σ(u;z))) \ (N+(w′) ∪N+(v))
∣∣ 1(σ′ = σ(w;u))

Law of X1.

P(X1 = σ′) =
∑

v,w,w′,z

µv
N,α(σz,w′)1(σN+(w′) = 0, σN(w) = 0, σℓ(1) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2(σ(w;z)) \ (N+(w′) ∪N+(v))

)∣∣M≥2(σ(w;z)) \ (N+(w′) ∪N+(v))
∣∣ .

Law of (X1, X2). Given v, w,w′, z and X1, by definition X2 = (X1)(u;w′)

P(X1 = σ,X2 = σ′) =
∑

v,w,w′,z

µv
N,α(σz,w′)1(σN+(w′) = 0, σN(w) = 0, σx(1) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2(σ(w;z)) \ (N+(w′) ∪N+(v))

)∣∣M≥2(σ(w;z)) \ (N+(w′) ∪N+(v))
∣∣ 1(σ′ = σ(u;w′)).
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Law of X2.

P(X2 = σ) =
∑

v,w,w′,z

µv
N,α(σu,z)1(σℓw′ (jw′) = 1, σN(w) = 0)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2((σ(w;z))(u;w′)) \ (N+(w′) ∪N+(v))

)∣∣M≥2((σ(w;z))(u;w′)) \ (N+(w′) ∪N+(v))
∣∣ .

Law of (X2, η0). Given v, w,w′, z and X1, by definition η0 = (X2)(u;v)

P(X2 = σ, η0 = σ′) =
∑

v,w,w′,z

µv
N,α(σu,z)1(σℓw′ (jw′) = 1, σN(w) = 0)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2((σ(w;z))(u;w′)) \ (N+(w′) ∪N+(v))

)∣∣M≥2((σ(w;z))(u;w′)) \ (N+(w′) ∪N+(v))
∣∣ 1(σ′ = σ(z;u)).

Finally, the law of (η0, η
′
1) is Γ, since in the third case we have η′

1 = η′
0.

Comparison between the law of (η1, X0) and Γ. Explicitly, the law of (η1, X0) is

P(η1 = σ,X0 = σ′) =
∑

v,w,w′,z

µv
N,α(σ(w;w′))1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)2n2ατℓ ×

1
(
z ∈M≥2(σ) \ (N+(w′) ∪N+(v))

)∣∣M≥2(σ) \ (N+(w′) ∪N+(v))
∣∣ 1(σ′ = σ(u;z)),

where the quantity in the sum is non-zero only if σN+(z) = 0. Therefore, σ lies in the
support of µz

N,α, and by homogeneity we can apply estimate (A.13). This gives

P(η1 = σ,X0 = σ′)(σ, σ′) ≤ 12
(N − 1)n

∑
z

µz
N,α(σ)1(σ′ = σ(u;z))×

∑
v,w,w′

1(w′ ∈ N(v))∣∣M≥2(σ) \ (N+(w′) ∪N+(v))
∣∣ 1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)nατℓ .

Proceeding similarly to (A.5) and using the hypothesis α ≤ 1
C∆2 , which implies

ατℓ ≤ 1
(C−1)∆ , we get for C ≥ 5

|M≥2(σ) \ (N+(w′) ∪N+(v))| ≥ (N − 1)n
[
1− (∆ + 1)(ατℓ + 2/(N − 1)n)

]
≥ 1

2(N − 1)n.

Moreover,

∑
v,w

1(w ∈ N(v), σℓw(jw) = 1) =
∑
v,w

1(v ∈ N(w), σℓw(jw) = 1) ≤ ∆N(n− 1)ατℓ
.
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Finally, we obtain

∑
v,w,w′

1(w′ ∈ N(v))∣∣M≥2(σ) \ (N+(w′) ∪N+(v))
∣∣ 1(σN+(ℓw′ ) = 0, σℓw(jw) = 1)

|N(v)|(N − 1)nατℓ

≤ 2
(N − 1)2n2ατℓ

∑
w′

1(σN+(ℓw′ ) = 0)
∑
v,w

1(w ∈ N(v), σℓw(jw) = 1)
|N(v)|

≤ 2
(N − 1)2n2ατℓ (N − 1)2n2ατℓ∆ = 2∆,

which leads to
P(η1 = σ,X0 = σ′) ≤ 24∆ Γ(σ, σ′).

Comparison between the law of (X1, X0) and Γ. Note that σ′ = σ(w;u) is in
the support of µv

N,α and µw
N,α, allowing a change of measure as in Proposition (A.2).

Moreover, z must satisfy σ′
ℓz

(jz) = 1. Using the previous observation and the lower bound
|M≥2(σ(u;z)) \ (N+(w′) ∪N+(v))| ≥ 1

2(N − 1)n, we obtain

P(X1 = σ,X0 = σ′) ≤ 24
(N − 1)2n2

∑
w:jw≥2

µw
N,α(σ′)1(σ = σ′(w;u))×

∑
v,w′,z

1(σN+(w′) = 0, σℓw(jw) = 1, v ∈ N(w), σ′
N+(z) = 0)

|N(v)|(N − 1)nατℓ

≤ 24 1
(N − 1)n

∑
w:jw≥2

µw
N,α(σ′)1(σ = σ′(w;u)),

where the second sum is estimated by ∆(N − 1)2n2ατℓ , giving

P(X1 = σ,X0 = σ′) ≤ 24∆ Γ(σ, σ′).

Comparison between the law of (X1, X2) and Γ. The sum over z is non-zero only for
z such that σℓz (jz) = 1. Proceeding as before, we have

P(X1 = σ,X2 = σ′) ≤ 24
(N − 1)2n2

∑
w′:jw′ ≥2

µw′
N,α(σ)1(σ′ = σ(u;w))×

∑
v,w,z

1(σℓz (jz) = 1, w ∈ N(v))
(N − 1)nατℓ

≤ 24∆
(N − 1)n

∑
w′:jw′ ≥2

µw′
N,α(σ)1(σ′ = σ(u;w)),

leading to
P(X1 = σ,X2 = σ′) ≤ 24∆ Γ(σ, σ′).

Comparison between the law of (η0, X2) and Γ. Since σ′ is in the support of µz
N,α,
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we can change the measure and reorganize the sum as before:

P(η0 = σ,X2 = σ′) ≤ 24
(N − 1)2n2

∑
z:jz≥2

µz
N,α(σ′)1(σ′ = σ(u;z))×

∑
v,w,w′

1(σℓw′ (jw′) = 1, σN(w) = 0)
|N(v)|(N − 1)n .

The last sum is bounded by ∆(N − 1)n, giving

P(η0 = σ,X2 = σ′) ≤ 24∆ Γ(σ, σ′).

This concludes the comparison that we need.

We conclude this subsection with an estimate we used in the previous proof.

Proposition A.2. Consider a graph G with n vertices and maximum degree ∆ ≥ 3. Then,
for all τ ∈ ΩG and for all ℓ ∈ [n] such that τk = 0 for all k ∈ N+(ℓ), we have

1
(1 + λ)∆ + λ

≤ Pσ∼µλ,G

(
σN+(ℓ) = 0 | σΛ = τΛ

)
≤ 1

1 + λ
, (A.16)

where Λ = (N+(ℓ))c denotes the complement of N+(ℓ).

Proof. Let σ be an independent set of the graph G sampled according to µG,λ. Conditioned
on the configuration outside N+(ℓ) being equal to some τΛ, the restriction σ̃ = {σk :
k ∈ N+(ℓ)} is again an independent set, distributed according to a hardcore model with
fugacity λ, with some vertices forced to be 0, on a graph with maximum degree ∆.

Let Z̃λ denote the partition function of this conditioned hardcore model. Then,

(1 + λ)∆ + λ ≥ Z̃λ ≥ 1 + λ,

which yields the estimate (A.16). Here, we used that Z̃λ is maximized on the star graph
with ℓ as the center. This concludes the proof of proposition.
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Appendix B

B.1 The marginal polytope

Let
PIS := conv{σ : σ ∈ ΩG} ⊆ RV

be the independent set polytope. Equivalently, PIS is the set of all feasible one vertex
marginal vectors of probability measures supported on ΩG. Also, we write P◦

IS for its
interior.

We first note that the marginal assumption used in ?? implies that the prescribed
vector belongs to the interior of this polytope.

Lemma B.1. Let m = (mv)v∈V satisfy

0 ≤ mv ≤
1

∆ + 1 ∀v ∈ V.

Then m ∈ PIS. Moreover, if for some γ, δ > 0,

γ ≤ mv ≤
1− δ
∆ + 1 ∀v ∈ V,

then m ∈ P◦
IS.

Proof. The first statement follows from the initialization construction in Algorithm 3,
which gives a probability distribution on ΩG with one-vertex marginals m whenever
maxv mv ≤ 1/(∆ + 1).

For the second statement, choose

η := 1
2 min

{
γ,

δ

∆ + 1

}
.

If ∥m−m′∥∞ ≤ η, then
0 ≤ m′

v ≤
1

∆ + 1 ∀v ∈ V.

Hence every such m′ belongs to PIS by the first part. Thus an ℓ∞-neighborhood of m is
contained in PIS, and so m ∈ P◦

IS.

By the standard canonical parameter correspondence for finite exponential families,
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for m ∈ P◦
IS, there is a unique fugacity vector λ ∈ (0,∞)V whose hard-core measure

has marginal vector m; see, e.g., [WJ08]. Thus, Theorem B.1 verifies that the marginal
assumptions used in the main text indeed correspond to a well-defined hard-core Gibbs
measure µm

G .

B.1.1 Gradient descent for prescribed marginals

In this section, we answer the same algorithmic question addressed in Section 3.2.3, this
time using an optimization approach. The method we present is an adaptation of the
approach of [Dia+21].

Note that the hard-core model can be viewed as a canonical exponential family. In
general, an exponential family has the form

Pθ(x) = exp(⟨θ, T (x)⟩ −A(θ)) ,

where T (x) is the sufficient statistic and A(θ) is the log-partition function. For the hard-core
model, the sufficient statistic is simply the independent-set vector σ. In the notation of
the preliminaries, for θ ∈ RV ,

µG,θ(σ) = exp (⟨θ, σ⟩ −AG(θ)) , σ ∈ ΩG.

Equivalently, θv = log λv, where λv is the fugacity of v.
Let PIS be the independent set polytope introduced in Appendix B.1. In Appendix B.1

we noted that, for every m ∈ P◦
IS, there is a unique finite canonical parameter θm ∈ RV

such that
EµG,θm

[σ] = m.

This is the usual backward map from mean parameters to canonical parameters; see, for
example, [WJ08; BGS14].

The problem of finding the fugacities corresponding to a prescribed marginal vector m

is therefore the problem of computing this backward map. The standard dual objective for
this problem is

Fm(θ) := AG(θ)− ⟨θ,m⟩.

Indeed, the Fenchel conjugate of AG is

A∗
G(m) := sup

θ∈RV

{⟨m,θ⟩ −AG(θ)} .

For m ∈ P◦
IS, the supremum is attained at the unique parameter θm satisfying

∇AG(θm) = m.
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Thus, for the target marginal vector m, the desired log-fugacity vector is characterized by

θm ∈θ∈RV {⟨m,θ⟩ −AG(θ)} .

Equivalently,
θm ∈θ∈RV {AG(θ)− ⟨θ,m⟩} =θ∈RV Fm(θ).

Thus minimizing Fm is exactly the convex-dual formulation of recovering the canonical
parameter whose Gibbs measure has marginals m. Projected gradient descent for this type
of exponential-family objective, including with approximate gradients, has been used in
related works; see, for example, [WJ08; BGS14; Dia+21].

We now compute the derivative of Fm. For every v ∈ V ,

∂

∂θv
AG(θ) = EµG,θ

[σv].

Hence
∇Fm(θ) = EµG,θ

[σ]−m.

Therefore, the minimizer θ∗ = θm of Fm satisfies

EµG,θ∗ [σ] = m.

Thus gradient descent on Fm has a simple interpretation: if the current marginal of a
vertex v is larger than the target value mv, then the update decreases the corresponding
log-fugacity θv; if it is smaller than mv, then the update increases θv. In this way, the
algorithm iteratively adjusts the fugacities to reduce the discrepancy between the current
marginals and the target marginals.

Moreover,
∇2Fm(θ) = CovµG,θ

(σ).

Consequently, a uniform lower bound on the minimum eigenvalue of CovµG,θ
(σ) gives strong

convexity, while a uniform upper bound on the maximum eigenvalue gives smoothness.
Once these two bounds are available, we can apply projected gradient descent to Fm. In
our setting, the gradient need not be computed exactly; instead, we estimate EµG,θ

[σ] by
approximately sampling from µG,θ.

Throughout this section, we assume that

γ ≤ mv ≤ (1− δ)αc(∆) ∀v ∈ V, (B.1)

where γ, δ > 0 are fixed constants. The lower bound in (B.1) will be used to obtain a
uniform lower bound on the minimum eigenvalue of the covariance matrix, and hence
strong convexity. Note that since αc(∆) < 1/(∆ + 1), (B.1) implies that there exists δ′ > 0
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such that
max
v∈V

mv ≤
1− δ′

∆ + 1 .

Hence, by Theorem B.1, the assumption implies m ∈ P◦
IS.

We now state the consequence of (B.1) for the fugacities. Let µ = µG,λm . For every
v ∈ V , we have

mv = (λm)v µ(σu = 0 for all u ∈ v) .

Therefore, since the probability above is at most one,

(λm)v ≥ mv ≥ γ.

On the other hand, by the union bound,

µ(σu = 0 for all u ∈ v) ≥ 1−
∑
u∈v

mu ≥ 1− (∆ + 1)αc(∆).

Hence
(λm)v = mv

µ(σu = 0 for all u ∈ v) ≤
(1− δ)αc(∆)

1− (∆ + 1)αc(∆) .

Since
λc(∆) = αc(∆)

1− (∆ + 1)αc(∆) ,

we conclude that
(λm)v ≤ (1− δ)λc(∆) for all v ∈ V.

Thus the desired fugacity vector lies uniformly below the uniqueness threshold. In particular,
if we define

λmax := (1− δ)λc(∆),

then
γ ≤ (λm)v ≤ λmax for all v ∈ V.

Equivalently, the desired log-fugacity vector θ∗ = θm belongs to the box

D :=
{

θ ∈ RV : log γ ≤ θv ≤ log λmax for all v ∈ V
}
.

We will run projected gradient descent on this set D.
The next lemma gives the strong convexity of Fm on D. The proof uses the same

conditioning idea as in [DP23]: after choosing a large independent set, we condition on
its complement, so that the remaining available vertices behave as independent Bernoulli
random variables.

Lemma B.2. For every θ ∈ D, one has

CovµG,θ
(σ) ⪰ ℓI,
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where
ℓ := γ

(∆ + 1)(1 + λmax)∆+2 .

Consequently, Fm is ℓ-strongly convex on D.

Proof. Fix θ ∈ D, and write λv = eθv . Then

γ ≤ λv ≤ λmax ∀v ∈ V.

It is enough to show that for every a ∈ RV ,

VarµG,θ

(∑
v∈V

avσv

)
≥ ℓ∥a∥22.

Since G has maximum degree at most ∆, we can color it using ∆ + 1 colors. Let
V = V1 ∪ . . . ∪ V∆+1 be the corresponding partition of V into independent sets. Choose
i ∈ [∆ + 1] such that ∑

v∈Vi

a2
v ≥

1
∆ + 1∥a∥

2
2.

By the law of total variance,

VarµG,θ

(∑
v∈V

avσv

)
≥ EµG,θ

VarµG,θ

∑
v∈Vi

avσv

∣∣∣∣∣∣σV \Vi

 .
Since Vi is an independent set, once σV \Vi

is fixed, the variables (σv)v∈Vi are conditionally
independent. Moreover, for each v ∈ Vi, if some neighbor of v is occupied, then σv = 0
deterministically; otherwise σv is Bernoulli with parameter λv/(1 + λv). Therefore,

VarµG,θ

(
σv

∣∣∣σV \Vi

)
= 1{σu = 0 for all u ∈ v} λv

(1 + λv)2 .

Hence

EµG,θ

VarµG,θ

∑
v∈Vi

avσv

∣∣∣∣∣∣σV \Vi


=
∑
v∈Vi

a2
v µG,θ(σu = 0 for all u ∈ v) λv

(1 + λv)2 .

We now lower bound the probability that all neighbors of v are unoccupied. Reveal the
vertices of v one at a time. At each step, regardless of the previously revealed values, the
conditional probability that the next vertex is unoccupied is at least 1/(1 + λmax). Indeed,
if all its neighbors are unoccupied, its conditional probability of being occupied is at most
λmax/(1 + λmax), and otherwise it is forced to be unoccupied. Therefore,

µG,θ(σu = 0 for all u ∈ v) ≥ 1
(1 + λmax)∆ .
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Also,
λv

(1 + λv)2 ≥
γ

(1 + λmax)2 .

Thus,
µG,θ(σu = 0 for all u ∈ v) λv

(1 + λv)2 ≥
γ

(1 + λmax)∆+2 .

Combining the previous estimates gives

VarµG,θ

(∑
v∈V

avσv

)
≥ γ

(1 + λmax)∆+2

∑
v∈Vi

a2
v

≥ γ

(∆ + 1)(1 + λmax)∆+2 ∥a∥
2
2.

Since this holds for every a ∈ RV , we conclude that

CovµG,θ
(σ) ⪰ γ

(∆ + 1)(1 + λmax)∆+2 I.

Finally, since
∇2Fm(θ) = CovµG,θ

(σ),

the same bound implies that Fm is ℓ-strongly convex on D.

We now prove the corresponding smoothness bound. We use the complete spectral
independence for the hard-core model below the uniqueness threshold established in
[Che+21]. Since every θ ∈ D satisfies

eθv ≤ λmax = (1− δ)λc(∆) for all v ∈ V,

the measure µG,θ can be viewed as the hard-core model with uniform fugacity λmax, followed
by local fields

ϕv := eθv

λmax
≤ 1.

Thus complete spectral independence applies uniformly throughout D.

Lemma B.3. Assume ∆ ≥ 3. Then there exists a constant L = L(∆, δ) such that for
every θ ∈ D, one has

CovµG,θ
(σ) ⪯ LI.

Consequently, Fm is L-smooth on D.

Proof. Fix θ ∈ D, and for u ̸= v, define the signed influence

Ju,v := µG,θ(σv = 1 | σu = 1)− µG,θ(σv = 1 | σu = 0),

and set Jv,v = 0. By complete spectral independence of the hard-core model below
the uniqueness threshold [Che+21, Lemma 8.4], there exists CSI = CSI(∆, δ) such that
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αsp(|J |) ≤ CSI, where |J | denotes the entrywise absolute value of J , and αsp denotes
spectral radius.

Let
Vθ := diag

(
VarµG,θ

(σv) : v ∈ V
)
.

For u ̸= v, we have

CovµG,θ
(σu, σv) = VarµG,θ

(σu) [µG,θ(σv = 1 | σu = 1)− µG,θ(σv = 1 | σu = 0)] .

This means that
CovµG,θ

(σ) = Vθ(I + J),

where I is the identity matrix. Equivalently,

V−1/2
θ CovµG,θ

(σ)V−1/2
θ = V1/2

θ (I + J)V−1/2
θ .

The matrix on the left is symmetric, and it is similar to I + J . Hence its eigenvalues are
the same as the eigenvalues of I + J . Also, note that αsp(J) ≤ αsp(|J |) ≤ CSI. Therefore,
the max eigen value of V−1/2

θ CovµG,θ
(σ)V−1/2

θ is at most 1 + CSI. Thus

V−1/2
θ CovµG,θ

(σ)V−1/2
θ ⪯ (1 + CSI)I.

Multiplying on the left and right by V1/2
θ gives

CovµG,θ
(σ) ⪯ (1 + CSI)Vθ.

Finally, since each σv is {0, 1}-valued, VarµG,θ
(σv) ≤ 1

4 , and hence

CovµG,θ
(σ) ⪯ 1 + CSI

4 I.

Taking L := 1+CSI
4 gives CovµG,θ

(σ) ⪯ LI. Since ∇2Fm(θ) = CovµG,θ
(σ), we conclude that

Fm is L-smooth on D.

We now apply projected gradient descent on D. The projection onto D is explicit. For
z ∈ RV ,

ΠD(z)v = min {log λmax,max{log γ, zv}} .

Thus there is no projection error in our application.
We consider the projected gradient descent iterates

θ(t+1) = ΠD

(
θ(t) − 1

L
ĝ(t)
)
,

where ĝ(t) is an approximation to ∇Fm(θ(t)). We use the following guarantee, which is the
specialization of [Dia+21, Algorithm 3 and Claim D.2] to our setting.
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Lemma B.4. Let θm be the unique minimizer of Fm over D. Suppose that∥∥∥ĝ(t) −∇Fm(θ(t))
∥∥∥

2
≤ η1 for all t.

Then after T = O
(

L
ℓ log diam(D)

η

)
iterations, one has

∥∥∥θ(T ) − θm

∥∥∥
2
≤ η + η1/L

1−
√

1− ℓ/L
.

In particular, since 1−
√

1− ℓ/L ≥ ℓ
2L , we have

∥∥∥θ(T ) − θm

∥∥∥
2
≤ η + 2η1

ℓ
.

We now explain how accurate the output parameter needs to be. For any θ̂ ∈ D, we
have

DKL
(
µG,θm

∥∥∥µ
G,̂θ

)
= AG(θ̂)−AG(θm)−

〈
∇AG(θm), θ̂ − θm

〉
.

Since AG is L-smooth on D, it follows that

DKL
(
µG,θm

∥∥∥µ
G,̂θ

)
≤ L

2
∥∥∥θ̂ − θm

∥∥∥2

2
.

Therefore, by Pinsker’s inequality,

∥∥∥µ
G,̂θ
− µG,θm

∥∥∥
TV
≤
√
L

2
∥∥∥θ̂ − θm

∥∥∥
2
.

Note that our algorithm first runs projected gradient descent with approximate gradients
to find an estimate θ̂. At iteration t, it estimates the gradient by sampling from µG,θ(t) .
The algorithm then uses Glauber dynamics to generate an approximate sample from µ

G,̂θ
.

Hence there are three sources of error in the output: the event that some gradient estimate
is inaccurate, the parameter estimation error

∥∥∥θ̂ − θm

∥∥∥
2
, and the final sampling error from

approximately sampling µ
G,̂θ

. The following lemma, assuming that all gradient estimates
are accurate, chooses the gradient accuracy and number of iterations so that the combined
contribution of the parameter error and the final sampling error is at most ε/2.

Lemma B.5. Let ε > 0, and set

η := ε

4
√
L
, η1 := ℓε

8
√
L
.

Suppose that for every t = 0, . . . , T−1,
∥∥∥ĝ(t) −∇Fm(θ(t))

∥∥∥
2
≤ η1, where T = O

(
L
ℓ log diam(D)

η

)
.

Then the output θ̂ := θ(T ) satisfies ∥∥∥θ̂ − θm

∥∥∥
2
≤ ε

2
√
L
.
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Consequently, ∥∥∥µ
G,̂θ
− µm

G

∥∥∥
TV
≤ ε

4 .

If, in addition, the final sample is generated from a distribution within total variation
distance ε/4 from µ

G,̂θ
, then the final output distribution is within total variation distance

ε/2 from µm
G .

Proof. By Theorem B.4, after T iterations we have∥∥∥θ(T ) − θm

∥∥∥
2
≤ η + 2η1

ℓ
.

By our choice of η and η1,

η + 2η1
ℓ

= ε

4
√
L

+ ε

4
√
L

= ε

2
√
L
.

Thus ∥∥∥θ̂ − θm

∥∥∥
2
≤ ε

2
√
L
.

Using the total variation bound proved above, we get

∥∥∥µ
G,̂θ
− µG,θm

∥∥∥
TV
≤
√
L

2
∥∥∥θ̂ − θm

∥∥∥
2
≤ ε

4 .

Since µG,θm = µm
G , this gives ∥∥∥µ

G,̂θ
− µm

G

∥∥∥
TV
≤ ε

4 .

Finally, if the last Glauber-dynamics sample is drawn from a distribution within total
variation distance ε/4 from µ

G,̂θ
, then by the triangle inequality the final output distribution

is within total variation distance ε/2 from µm
G .

Throughout the gradient descent we need to estimate the gradient. Recall that

∇Fm(θ) = EµG,θ
[σ]−m.

The estimation of EµG,θ
[σ] will be done by sampling from µG,θ multiple times and then

taking the average. Therefore, we need to make sure that we can sample from µG,θ for
every θ ∈ D.

Since every θ ∈ D satisfies

eθv ≤ λmax = (1− δ)λc(∆) for all v ∈ V,

the fugacity vector from which we need to sample is uniformly below the uniqueness
threshold, with slack δ. Therefore, the Glauber dynamics for µG,θ mixes to total variation
distance ζ in

O∆,δ

(
n log n

ζ

)
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steps [CLV21; Ana+22; Che+22; CE22]. We note that, although the results in these works
are presented only for uniform fugacity below the critical threshold with slack δ, they can
be easily extended to non-uniform fugacity vectors as well. This extension assumes that
each entry is at most (1− δ)λc(∆), consistent with our case. Therefore, for every sampling
accuracy ζ > 0, we can sample from a distribution within total variation distance ζ from
µG,θ in

O∆,δ

(
n log n

ζ

)
steps of Glauber dynamics.

The following lemma shows that if the number of samples that are taken to estimate the
gradient at each iteration is sufficiently large, then the event that all the gradient estimates
are accurate occurs with probability at least 1 − ε

2 . Thus, together with Theorem B.5,
it shows that our algorithm outputs an independent set whose law is within ε variation
distance of the target measure.

Lemma B.6. Let ε ∈ (0, 1) and η1 > 0. At each step t = 0, . . . , T − 1, suppose that we
generate independent samples σ(t,1), . . . , σ(t,M) such that each sample has law within total
variation distance η1

2
√

n
from µG,θ(t). Define

ĝ(t) := 1
M

M∑
i=1

σ(t,i) −m.

If M ≥ 2n
η2

1
log 4nT

ε , then

Pr
(∥∥∥ĝ(t) −∇Fm(θ(t))

∥∥∥
2
≤ η1 for all t = 0, . . . , T − 1

)
≥ 1− ε

2 .

Proof. For each t, let
Et :=

{∥∥∥ĝ(t) −∇Fm(θ(t))
∥∥∥

2
≤ η1

}
.

We show that Pr(Ec
t ) ≤ ε

2T for every t, and then take a union bound.
Fix t, and condition on all randomness before step t. Then θ(t) is fixed. Write

q(t)
v := Eµ

G,θ(t) [σv], v ∈ V.

For each v ∈ V , set

q(t)
v := 1

M

M∑
i=1
E[σ(t,i)

v ],

where the expectation is with respect to the actual law of the samples used at step t. Since
each sample is within total variation distance η1/(2

√
n) from µG,θ(t) , we have

∣∣∣q(t)
v − q(t)

v

∣∣∣ ≤ η1
2
√
n
.

Moreover, the random variables σ(t,1)
v , . . . , σ

(t,M)
v are independent and take values in {0, 1}.
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Hence, by Hoeffding’s inequality,

Pr
(∣∣∣∣∣ 1
M

M∑
i=1

σ(t,i)
v − q(t)

v

∣∣∣∣∣ > η1
2
√
n

)
≤ 2 exp

(
−Mη2

1
2n

)
.

By the union bound over v ∈ V , with probability at least

1− 2n exp
(
−Mη2

1
2n

)
,

we have, for every v ∈ V , ∣∣∣∣∣ 1
M

M∑
i=1

σ(t,i)
v − q(t)

v

∣∣∣∣∣ ≤ η1√
n
.

On this event, ∥∥∥∥∥ 1
M

M∑
i=1

σ(t,i) − Eµ
G,θ(t) [σ]

∥∥∥∥∥
2
≤ η1.

Since
∇Fm(θ(t)) = Eµ

G,θ(t) [σ]−m,

this implies the event Et. Therefore,

Pr(Ec
t ) ≤ 2n exp

(
−Mη2

1
2n

)
.

By the choice of M ,

2n exp
(
−Mη2

1
2n

)
≤ ε

2T .

Finally, taking a union bound over t = 0, . . . , T − 1 gives

Pr
(

T −1⋂
t=0
Et

)
≥ 1− ε

2 .

This proves the lemma.

We now state the resulting algorithm.
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Algorithm 7 Sampling from the hard-core model with prescribed marginals
Require: Graph G = (V,E) with maximum degree ∆ ≥ 3, target marginals m = (mv)v∈V

satisfying (B.1) with parameters γ, δ > 0, and accuracy ε ∈ (0, 1).
Ensure: A random independent set whose law is within total variation distance ε from

µm
G .

1: Set
λmax := (1− δ)λc(∆).

2: Set
D :=

{
θ ∈ RV : log γ ≤ θv ≤ log λmax for all v ∈ V

}
.

3: Set ℓ, L to be the constants introduced in Theorem B.2 and Theorem B.3, respectively.
4: Define

η := ε

4
√
L
, η1 := ℓε

8
√
L
.

5: Set
T = O

(
L

ℓ
log diam(D)

η

)
.

6: Choose an integer M satisfying

M ≥ 2n
η2

1
log 4nT

ε
.

7: Choose an arbitrary initial point θ(0) ∈ D.
8: for t = 0, . . . , T − 1 do
9: Independently generate samples

σ(t,1), . . . , σ(t,M)

such that each sample has law within total variation distance at most η1/(2
√
n) from

µG,θ(t) .
10: Define

ĝ(t) := 1
M

M∑
i=1

σ(t,i) −m.

11: Update
θ(t+1) = ΠD

(
θ(t) − 1

L
ĝ(t)
)
.

12: end for
13: Run Glauber dynamics for µG,θ(T ) to total variation distance ε/4.
14: return the resulting independent set.

Theorem B.7. Let δ, γ ∈ (0, 1). Let G = (V,E) be a graph on n vertices with maximum
degree ∆ ≥ 3, and let m be a marginal vector satisfying

γ ≤ mv ≤ (1− δ)αc(∆) ∀v ∈ V.
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Then, for every ε ∈ (0, 1), Algorithm 7 outputs a random independent set whose law is
within total variation distance ε from µm

G . Moreover, its running time is

Õ∆,δ,γ

(
n2

ε2

)
.

Proof. Let
E :=

{∥∥∥ĝ(t) −∇Fm(θ(t))
∥∥∥

2
≤ η1 for all t = 0, . . . , T − 1

}
.

By Theorem B.6, the choice of M in Algorithm 7 implies that

Pr(E) ≥ 1− ε

2 .

On the event E , Theorem B.5 implies that the law of the final output is within total
variation distance ε/2 from µm

G . Therefore, if ν denotes the law of the output, then

∥ν − µm
G ∥TV ≤ Pr(Ec) + ∥ν( · | E)− µm

G ∥TV ≤
ε

2 + ε

2 = ε.

The running time bound follows from the choices of T and M in Algorithm 7, together
with the O∆,δ(n log(n/ζ)) mixing bound for Glauber dynamics below the uniqueness
threshold to within ζ total variation distance. Indeed, T is logarithmic in n and 1/ε up to
constants depending on ∆, δ, γ, and

M = Õ∆,δ,γ

(
n

ε2

)
.

Each approximate sample costs Õ∆,δ,γ(n) Glauber updates. Hence the total running time
is

Õ∆,δ,γ

(
n2

ε2

)
.

B.1.2 Bisection for prescribed density

In this section we use the bisection method to answer the same algorithmic question
addressed in Section 3.2.1: given a target density α∗, approximately sample from the
uniform fugacity hard-core Gibbs measure with density α∗. Our bisection method is an
adaptation of the binary search approach used in [DP23] for sampling from the uniform
distribution on fixed-size independent sets.

Following the canonical parametrization of exponential families, we use θ := log λ and
write

ZG(θ) :=
∑

σ∈ΩG

eθ|σ|, µG,θ(σ) = eθ|σ|

ZG(θ) ∀σ ∈ ΩG.
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Note that

(logZG(θ))′ = Eσ∼µG,θ
[|σ|], (logZG(θ))′′ = Varσ∼µG,θ

(|σ|).

Since Varσ∼µG,θ
(|σ|) > 0, the map θ 7→ α(µG,θ) is strictly increasing. Moreover, it is a

bijection from (−∞,∞) to (0, imax/n), where imax is the size of a maximum independent
set in G. Therefore, for every α ∈ (0, imax/n), there is a unique θ(α) such that the density
of µG,θ(α) is exactly α.

Consider the function
q(θ) := Eσ∼µG,θ

[|σ|].

Since
q′(θ) = Varσ∼µG,θ

(|σ|) > 0,

the map θ 7→ q(θ) is strictly increasing. Hence the unique parameter θ∗ satisfying

q(θ∗) = nα∗

can be approximated by the bisection method. Thus, we first approximate θ∗, and then
approximately sample from the Gibbs measure µ

G,θ̂
, where θ̂ is the output of the bisection

procedure.
Throughout this section, we assume that

γ ≤ α∗ ≤ (1− δ)αc(∆), (B.2)

where γ, δ > 0 are fixed constants. We need to find the range of fugacities corresponding to
densities satisfying (B.2). For any such density α, let λ(α) be the corresponding fugacity.
Then

nα =
∑
v∈V

µG,λ(α)(σv = 1) =
∑
v∈V

λ(α)µG,λ(α) (σu = 0 for all u ∈ v) ≤ nλ(α).

Therefore,
λ(α) ≥ α ≥ γ.

On the other hand, by the union bound,

nα = λ(α)
∑
v∈V

µG,λ(α) (σu = 0 for all u ∈ v)

≥ λ(α)
∑
v∈V

(
1−

∑
u∈v

µG,λ(α)(σu = 1)
)

≥ λ(α)
(
n− (∆ + 1)

∑
u∈V

µG,λ(α)(σu = 1)
)

≥ λ(α)n
(
1− (∆ + 1)αc(∆)

)
.
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Hence, using α ≤ (1− δ)αc(∆), we get

λ(α) ≤ (1− δ)αc(∆)
1− (∆ + 1)αc(∆) = (1− δ)λc(∆).

Therefore, defining
λmax := (1− δ)λc(∆),

the corresponding range for the parameter θ is the interval

I := [log γ, log λmax].

We will apply the bisection method on I. In Theorems B.8 and B.9, we show lower
and upper bounds on q′(θ). The lower bound ensures that approximate signs of q(θ)− nα∗

are reliable away from θ∗, while the upper bound is used to convert parameter error into
total variation error.

Lemma B.8. For every θ ∈ I, one has

VarµG,θ
(|σ|) ≥ ℓn,

where
ℓ := γ

(∆ + 1)(1 + λmax)∆+2 .

Consequently, q′(θ) is lower bounded by ℓn on I.

Proof. Let θ := (θ)v∈V . By the definition of I, we have θ ∈ D, where D is the box used in
Appendix B.1.1. Also, µG,θ = µG,θ. By Theorem B.2, we have

CovµG,θ
(σ) ⪰ ℓI.

Taking the all-ones vector 1 ∈ RV , this gives

VarµG,θ
(|σ|) = 1 CovµG,θ

(σ)1 ≥ ℓ∥1∥22 = ℓn.

Since q′(θ) = VarµG,θ
(|σ|), this proves the claim.

Lemma B.9. There exists a constant

L = L(∆, δ)

such that for every θ ∈ I, one has

VarµG,θ
(|σ|) ≤ Ln.

Consequently, q′(θ) is upper bounded by Ln on I.
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Proof. Let θ := (θ)v∈V . By the definition of I, we have θ ∈ D, where D is the box used in
Appendix B.1.1. Also, µG,θ = µG,θ. By Theorem B.3, there exists a constant L = L(∆, δ)
such that

CovµG,θ
(σ) ⪯ LI.

Taking the all-ones vector 1 ∈ RV , this gives

VarµG,θ
(|σ|) = 1 CovµG,θ

(σ)1 ≤ L∥1∥22 = Ln.

Since q′(θ) = VarµG,θ
(|σ|), this proves the claim.

The following lemma gives the number of bisection steps needed to approximate θ∗,
assuming access to approximate evaluations of q on I. Recall that the bisection method
proceeds as follows. Start with the interval I. At each step, we query the midpoint θt of
the current interval and estimate q(θt) by q̂t. If

|q̂t − nα∗|

is small, then we stop and output θt. Otherwise, since q is increasing, we keep the left
half if q̂t > nα∗, and keep the right half if q̂t < nα∗. The lower bound on q′ ensures that
stopping in the first case already gives a good approximation to θ∗, while in the second
case the sign is reliable.

Lemma B.10. Assume that at each bisection step t, with midpoint θt, we have an estimate
q̂t satisfying

|q̂t − q(θt)| ≤ η1.

Consider the following bisection procedure. If

|q̂t − nα∗| ≤ η1,

then stop and output θ̂ = θt. Otherwise, keep the left or right half according to the sign of
q̂t − nα∗. If the procedure does not stop early, then after

T =
⌈
log2

diam(I)
η

⌉

bisection steps, output any point θ̂ from the final interval. Then the output satisfies

|θ̂ − θ∗| ≤ max
{
η,

2η1
ℓn

}
.

Proof. Suppose first that the algorithm stops at some step t. Then

|q̂t − nα∗| ≤ η1.
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Since |q̂t − q(θt)| ≤ η1, we get

|q(θt)− nα∗| ≤ |q(θt)− q̂t|+ |q̂t − nα∗| ≤ 2η1.

By Theorem B.8, we have q′(θ) ≥ ℓn on I. Since q(θ∗) = nα∗, this implies

ℓn|θt − θ∗| ≤ |q(θt)− q(θ∗)| = |q(θt)− nα∗| ≤ 2η1.

Therefore,
|θt − θ∗| ≤

2η1
ℓn

.

Since θ̂ = θt, this gives the desired bound in the case where the algorithm stops early.
It remains to consider the case where the algorithm does not stop during the first T

steps. Then, at every step t < T ,

|q̂t − nα∗| > η1.

Since |q̂t − q(θt)| ≤ η1, the quantities q̂t − nα∗ and q(θt)− nα∗ have the same sign. Hence
every bisection decision is correct, and θ∗ remains inside the maintained interval throughout
the procedure.

After
T =

⌈
log2

diam(I)
η

⌉
steps, the final interval has length at most η. Since θ∗ belongs to this interval, any output
θ̂ from the final interval satisfies

|θ̂ − θ∗| ≤ η.

Combining the two cases, we obtain

|θ̂ − θ∗| ≤ max
{
η,

2η1
ℓn

}
.

This completes the proof.

For θ ∈ I, let
A(θ) := logZG(θ).

Then
DKL (µG,θ∗ ∥µG,θ) = A(θ)−A(θ∗)−A′(θ∗)(θ − θ∗).

By Theorem B.9, the function A is Ln-smooth on I, and thus

DKL (µG,θ∗ ∥µG,θ) ≤ Ln

2 (θ − θ∗)2.

187



Therefore, by Pinsker’s inequality,

∥µG,θ∗ − µG,θ∥TV ≤
√
Ln

2 |θ − θ∗|.

Consequently, to make the error coming from parameter estimation at most ε/4 in total
variation, it is enough to ensure that

|θ − θ∗| ≤
ε

2
√
Ln

.

If we then sample from a distribution within total variation distance ε/4 from µG,θ, the
final output distribution is within ε/2 of µG,θ∗ .

The following, assuming that the estimates of the expected size q(θt) used in the
bisection procedure are accurate, chooses the estimation accuracy and number of bisection
steps so that the combined contribution of the parameter error and the final sampling error
is at most ε/2. The remaining ε/2 will be used to account for the probability that one of
the expected-size estimates fails.

Lemma B.11. Let ε > 0, and set

η := ε

2
√
Ln

, η1 := ℓnε

4
√
Ln

.

Suppose that at every bisection step t, with midpoint θt, we have an estimate q̂t satisfying

|q̂t − q(θt)| ≤ η1.

Run the bisection procedure of Theorem B.10 for at most

T =
⌈
log2

diam(I)
η

⌉

steps, and let θ̂ be its output. Then ∣∣∣θ̂ − θ∗
∣∣∣ ≤ ε

2
√
Ln

.

Consequently, ∥∥∥µ
G,θ̂
− µG,θ∗

∥∥∥
TV
≤ ε

4 .

If, in addition, the final sample is generated from a distribution within total variation
distance ε/4 from µ

G,θ̂
, then the final output distribution is within total variation distance

ε/2 from µG,θ∗.

Proof. By Theorem B.10, the output θ̂ satisfies

|θ̂ − θ∗| ≤ max
{
η,

2η1
ℓn

}
.
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With our choices of η and η1, we have

η = ε

2
√
Ln

,
2η1
ℓn

= ε

2
√
Ln

.

Therefore,
|θ̂ − θ∗| ≤

ε

2
√
Ln

.

By the smoothness discussion above,

∥∥∥µ
G,θ̂
− µG,θ∗

∥∥∥
TV
≤
√
Ln

2 · ε

2
√
Ln

= ε

4 .

Finally, if the distribution used to generate the final sample is within total variation
distance ε/4 from µ

G,θ̂
, then by the triangle inequality its distance from µG,θ∗ is at most

ε
4 + ε

4 = ε
2 . This completes the proof.

We first compute an approximation θ̂ ∈ I to θ∗ using the bisection method, and then
sample from the hard-core model with fugacity eθ̂. Note that, since

q(θ) = EµG,θ
[|σ|],

throughout the bisection process we also need to sample from µG,θ in order to estimate
EµG,θ

[|σ|].
Since θ ∈ I, we have

eθ ≤ λmax = (1− δ)λc(∆).

Thus the fugacity is uniformly below the uniqueness threshold, with slack δ. Hence,
by the rapid-mixing theorem for Glauber dynamics for the hard-core model below the
uniqueness threshold [CLV21; Ana+22; Che+22; CE22], for every ζ > 0 we can sample
from a distribution within total variation distance ζ from µG,θ in

O∆,δ

(
n log n

ζ

)
steps of Glauber dynamics.

The following lemma shows that by taking sufficiently many approximate samples from
µG,θt at each bisection step, the estimates of the expected size q(θt) are accurate throughout
the bisection procedure with probability at least 1− ε

2 . Together with Theorem B.11, this
proves that the algorithm outputs an independent set whose law is within total variation
distance ε of the target measure.

Lemma B.12. Let ε ∈ (0, 1) and η1 > 0. Set

ζ := min
{
η1
2n,

L

n

}
.
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At each bisection step t = 0, . . . , T − 1, suppose that we generate independent samples

σ(t,1), . . . , σ(t,M)

such that each sample has law within total variation distance ζ from µG,θt . Write M = BK,
and partition the samples into K blocks of size B. For each j = 1, . . . ,K, define

Y
(t)

j := 1
B

jB∑
i=(j−1)B+1

|σ(t,i)|.

Let
q̂t := median{Y (t)

1 , . . . , Y
(t)

K }.

If
B ≥ 32Ln

η2
1
, K ≥ 8 log 2T

ε
,

then
Pr (|q̂t − q(θt)| ≤ η1 for all t = 0, . . . , T − 1) ≥ 1− ε

2 .

Proof. For each t, let
Et := {|q̂t − q(θt)| ≤ η1} .

We show that
Pr(Ec

t ) ≤ ε

2T
for every t, and then take a union bound.

Fix t, and condition on all randomness before step t. Then θt is fixed. Write

qt := q(θt) = EµG,θt
[|σ|].

By Theorem B.9,
VarµG,θt

(|σ|) ≤ Ln.

Fix a block j, and set
q

(t)
j := E[Y (t)

j ],

where the expectation is with respect to the actual laws of the samples used at step t.
Since each sample is within total variation distance ζ from µG,θt , and since 0 ≤ |σ| ≤ n,
we have ∣∣∣q(t)

j − qt

∣∣∣ ≤ nζ ≤ η1
2 .

Moreover, if X denotes one of the random variables |σ(t,i)| in the block, then

Var(X) ≤ E
[
(X − qt)2

]
≤ VarµG,θt

(|σ|) + n2ζ ≤ 2Ln,
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where we used ζ ≤ L/n. Since the samples in the block are independent,

Var(Y (t)
j ) ≤ 2Ln

B
.

Therefore, by Chebyshev’s inequality,

Pr
(∣∣∣Y (t)

j − q(t)
j

∣∣∣ > η1
2

)
≤ 8Ln
Bη2

1
≤ 1

4 .

It follows that
Pr
(∣∣∣Y (t)

j − qt

∣∣∣ > η1
)
≤ 1

4 .

Thus each block is good, meaning∣∣∣Y (t)
j − qt

∣∣∣ ≤ η1,

with probability at least 3/4. Since the blocks are independent, Hoeffding’s inequality gives

Pr (|q̂t − qt| > η1) ≤ exp
(
−K8

)
.

By the choice of K,
exp

(
−K8

)
≤ ε

2T .

Therefore,
Pr(Ec

t ) ≤ ε

2T .

Finally, taking a union bound over t = 0, . . . , T − 1 gives

Pr
(

T −1⋂
t=0
Et

)
≥ 1− ε

2 .

This proves the lemma.

We now state the resulting algorithm.
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Algorithm 8 Bisection sampler for the hard-core model with prescribed density
Require: Graph G = (V,E) with maximum degree ∆ ≥ 3, target density α∗ satisfying (B.2) with

parameters γ, δ > 0, and accuracy ε ∈ (0, 1).
Ensure: A random independent set whose law is within total variation distance ε from µG,θ∗ ,

where q(θ∗) = nα∗.
1: Set λmax := (1− δ)λc(∆) and I := [log γ, log λmax].
2: Let ℓ, L be the constants from Theorems B.8 and B.9.
3: Set

η := ε

2
√
Ln

, η1 := ℓnε

4
√
Ln

, ζ := min
{
η1

2n,
L

n

}
.

4: Set
T :=

⌈
log2

diam(I)
η

⌉
.

5: Choose integers B,K with
B ≥ 32Ln

η2
1
, K ≥ 8 log 2T

ε
,

and set M := BK.
6: Initialize a0 := log γ and b0 := log λmax.
7: for t = 0, . . . , T − 1 do
8: Set θt := (at + bt)/2.
9: Generate independent samples σ(t,1), . . . , σ(t,M), each within total variation distance ζ from
µG,θt

.
10: Partition the samples into K blocks of size B, and define

Y
(t)

j := 1
B

jB∑
i=(j−1)B+1

|σ(t,i)|, j = 1, . . . ,K.

11: Set
q̂t := median{Y (t)

1 , . . . , Y
(t)

K }.

12: if |q̂t − nα∗| ≤ η1 then
13: Set θ̂ := θt and terminate the loop.
14: else if q̂t > nα∗ then
15: Set at+1 := at and bt+1 := θt.
16: else
17: Set at+1 := θt and bt+1 := bt.
18: end if
19: end for
20: if the loop was not terminated early then
21: Set θ̂ := (aT + bT )/2.
22: end if
23: Run Glauber dynamics for µ

G,θ̂
to total variation distance ε/4.

24: return the resulting independent set.

Theorem B.13. Let γ, δ ∈ (0, 1). Let G = (V,E) be a graph on n vertices with maximum
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degree ∆ ≥ 3, and let α∗ be a density satisfying

γ ≤ α∗ ≤ (1− δ)αc(∆).

Then, for every ε ∈ (0, 1), Algorithm 8 outputs a random independent set whose law is
within total variation distance ε from µG,θ∗, where q(θ∗) = nα∗. Moreover, its running
time is

Õ∆,δ,γ

(
n

ε2

)
.

Proof. Let E be the event that every estimate actually used by the bisection procedure
satisfies

|q̂t − q(θt)| ≤ η1.

By Theorem B.12, the choice of M in Algorithm 8 implies that

Pr(E) ≥ 1− ε

2 .

On the event E , the deterministic bisection guarantee in Theorem B.11 implies that the
law of the final output is within total variation distance ε/2 from µG,θ∗ . Therefore, if ν
denotes the law of the output, then

∥ν − µG,θ∗∥TV ≤ Pr(Ec) + ∥ν( · | E)− µG,θ∗∥TV ≤
ε

2 + ε

2 = ε.

The running time bound follows from the choices of T,M,B,K in Algorithm 8, together
with the O∆,δ(n log(n/ζ)) mixing bound for Glauber dynamics below the uniqueness
threshold to within ζ total variation distance. Indeed, T and K are logarithmic in n and
1/ε, up to constants depending on ∆, δ, γ, and

B = O∆,δ,γ

( 1
ε2

)
.

Thus
M = BK = Õ∆,δ,γ

( 1
ε2

)
.

Each approximate sample costs Õ∆,δ,γ(n) Glauber updates. Hence the total running time
is

Õ∆,δ,γ

(
n

ε2

)
.

B.1.3 Missing proofs from Section 3.2.2

Proof of Theorem 3.12. Similar to Appendix B.1.2, we use the log-fugacity coordinate
θ = log λ. We write θα for the log-fugacity parameter corresponding to α. Recall from
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Appendix B.1.2 that

A(θα) := logZG(θα), A′(θα) = nα, A′′(θα) = Varσ∼µα
G

(|σ|).

Also, the interval [α, α̂] corresponds to an interval [θα, θα̂] for the log-fugacity parameters.
Note that the upper bound assumption on the variance for densities in [α, α̂] shows that A
is Cn-smooth on [θα, θ̂α]. Thus, as we proved in Appendix B.1.2, we have

∥µα
G − µα̂

G∥TV ≤
√
Cn

2 |θα − θα̂|.

Moreover, note that by the lower bound assumption on the variance and the mean value
theorem, there exists a density β ∈ [α, α̂] such that

|nα̂− nα| = Var
σ∼µβ

G
(|σ|)|θα − θα̂| ≥ cn|θα − θα̂|.

Thus, we conclude that

∥µα
G − µα̂

G∥TV ≤
√
Cn

2c |α− α̂|.
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